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Chapter 1

Introduction

Suppose researchers wish to test a certain medical treatment. They do this

in a so called randomized clinical trial. The patients that partake in such a

trial are randomly placed in either of two groups: one group that will receive

the treatment being tested, and another group that will receive a placebo

treatment. The group that does not receive a treatment acts as a control

group, so that the effect of the treatment can be isolated. It is crucial that

patients are randomly allocated into groups, since the statistical procedures

used for verifying the efficacy of the treatment only work when groups have

been allocated randomly.

It is usually the case that patients do not know which group they are

assigned to, since this knowledge could influence the trial. Furthermore,

it also possible that the doctors overseeing the trial and administering the

treatments are not aware which group they are treating. In that case, the

trial is called double blinded.

Imagine that in this supposed trial, the researchers decide to test 2500

patients, by randomly giving them either the treatment, or a placebo. Since

randomized clinical trials cost hospitals a great deal of money, the hospital

administrators are interested in monitoring their progress and thus require

interim tests to oversee the trial. Suppose that halfway through the exper-

iment an interim test is conducted and we see that out of 1250 patients

treated, in the control group 30 patients have died, while in the treatment

group 150 have died. Most hospitals would immediately shut down a trial

with such a result!

While the example above is obviously unrealistic, it is of great im-

portance that randomized clinical trials are monitored and stopped when

necessary. There are a number of reasons why stopping a trial early would
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CHAPTER 1. INTRODUCTION

be beneficial, which can be summarized as:

1. Stopping for a positive effect: if a large population in the trial shows a

positive response to the treatment, it would be unethical to withhold

the treatment from other patients.

2. Stopping for a negative effect: if a large percentage of patients show

a negative effect, it would be unsafe to enter new patients into the

trial.

3. Stopping for futility: no effect has been found so far, and it would be

financially irresponsible to continue.

The above illustrates that adding the possibility of stopping a trial early

would certainly benefit everyone. The important question is: at what point

should we stop a clinical trial? Since we use statistics to interpret the result

of a trial, our decision to stop early should also be based on statistics.

That is, we should base our decision to stop on a stopping rule, which for

every observation indicates whether (1) to stop for a large positive result,

(2) stop for a large negative result or futility, or (3) to continue the trial.

There are many varieties of stopping rules available, and our focus will

be on a stopping rule that was used in a randomized clinical trial in the

Netherlands, to test for the beneficial effects of probiotica.

1.1 The PROPATRIA Trial

Probiotica are benevolent micro-organisms, some of which are already present

in our digestion system. The idea of the PROPATRIA trial, which ran in a

number of hospitals in the Netherlands from 2004–2007, was to administer

a cocktail of probiotica to critically ill patients.

Specifically, probiotica would be administered to patients suffering from

acute pancreatitis, an inflammation of the pancreas which requires immedi-

ate attention. Pancreatitits eventually creates small punctures in a patients

intestines, allowing harmful bacteria to enter the patients bloodstream.

By administering the probiotica, the researchers hoped that these micro-

organisms would counter some of the harmful bacteria, increasing patients’

chances of survival.

An interim test was planned, in which the researchers made use of

Snapinn’s stopping rule, which is described in Schouten’s standard medical
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textbook ‘Klinische Statistiek’. While Schouten describes this stopping rule

as very elegant, it is simultaneously quite hard to comprehend [Schouten,

1999].

The main strength of this stopping rule is its utilization of two bound-

aries to balance the probabilities of Type I errors (rejecting H0 while it is

true) and Type II errors (accepting H0 while it is false). For every observa-

tion, this results in two critical p-values, which are compared to the actual

p-value of the observations so far. If the actual p-value is below the lower

boundary or above the upper boundary, the test is stopped early, while if

the actual p-value is between the two critical values, another observation is

made.

A graph of Snapinn’s stopping rule can be seen in figure 1.1, which shows

that Snapinn’s stopping rule consists of two sloping lines. In the PROPA-

TRIA trial, the researchers made an error in calculating the statistical test,

which resulted in the trial being continued, while the correct p-value indi-

cated that the trial should be halted immediately. This is clearly visible

from figure 1.1, where at a sample fraction of 0.6 two points are shown:

the red point is the miscalculated value, and the green point is the actual

value. In the end, the trial ran to full completion, and out of 300 patients

entered, 33 people died, 24 in the test group, and 9 in the control group.

In figure 1.1, the final result is the blue point at sample fraction 1.

1.2 Research Outline

In this thesis, our focus is on Snapinn’s stopping rule, specifically the

boundaries he used for this rule. It seems from figure 1.1 that the bound-

aries, while curved, could possibly be approximated by boundaries consist-

ing of two straight lines. A stopping rule utilizing straight lines would be

much easier to understand and implement, especially for users that are not

well versed in statistics. We do require that this simpler boundary has a

similar performance to Snapinn’s boundaries though.

Our main goal is developing the underlying theories that will allow us to

calculate boundary crossing probabilities of straight lines, and to compare

the performance of our boundaries with those of Snapinn’s. This leads to

the following research question:

How do boundaries consisting of two straight lines compare to Snapinn’s

boundaries, when both procedures have the same significance level?
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Figure 1.1: A graph of Snapinn’s stopping rule. The two points at
sample fraction 0.6 indicate the miscalculated and actual result of the
trial. The point at sample fraction 1 shows the final result. Copyright
prof. dr. R. D. Gill.

1.3 Outline of Chapters

We will start the main part of the thesis with an introduction to sequential

testing by investigating an article by A. Wald. In Chapter 3 we modify

the testing variables, in order to use Brownian motion processes; this will

allow us to use more general theories. In Chapter 4 we learn the formulas

for calculating the boundary crossing probabilities for linear boundaries, by

using theorems from an article by T. W. Anderson. Our model needs addi-

tional restrictions however, which is one of the main reasons for carefully

examining Snapinn’s stopping rule in Chapter 5. We can finally compare

the two types of boundaries in Chapter 6, for which we use three types of

models, all of which have different properties. We close the thesis with a

conclusion, in which we restate the general results of our research, answers

the research question, and give some suggestions for further research.
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Chapter 2

Sequential Analysis

One of the first people to focus on sequential testing was Abraham Wald,

an Austro-Hungarian mathematician who moved to the United States af-

ter Austria-Hungary collapsed, in the aftermath of World War I. Under the

sponsorship of the Office of Naval Research, he founded the field of sequen-

tial analysis, by introducing a test called the sequential probability ratio

test. In this chapter we will discuss Wald’s initial theorems in the field of

sequential testing and later modify his stopping rule to suit our purposes.

The text in this chapter is primarily based on the material found in [Wald,

1945].

2.1 Sequential Testing of Hypotheses

In his article ‘Sequential Testing of Hypotheses’, Wald [1945] discusses se-

quential testing, which is a statistical procedure used for testing hypotheses

at any stage of an experiment. For each observation one of three decisions

can be made: (1) to accept the null hypothesis being tested, (2) to reject

the null hypothesis, (3) to continue making observations. Wald notes that

as long as the first or the second decision is not made, the experiment will

continue.

This procedure is quite different from the regular test, as the number of

observations for the experiment is not predetermined in sequential testing.

Additionally, the decision to stop the experiment early in a certain stage,

depends only on the results from previous observations. The number of

observations required by the sequential test is thus a random variable.

As is the case with fixed-sample test procedures, Wald shows that two

types of errors can be made: we can reject the null hypothesis when it is
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CHAPTER 2. SEQUENTIAL ANALYSIS

true (Type I error), or we can accept the null hypothesis while it is false

(Type II error).

Suppose we wish to test a certain hypothesis, and want our test to have

the following properties: we have a null hypothesis H0 that we test against

an alternative hypothesis H1, and we additionally require the probability

of making an error of the first kind to not exceed a predetermined value α

and the probability of making an error of the second kind to not exceed a

predetermined value β.

To accomplish this, Wald describes a particular test procedure, called

the sequential probability ratio test (SPRT), which has some very nice prop-

erties. First, Wald shows that the SPRT has certain optimum properties,

which makes it one of the most precise sequential tests available. Second,

the SPRT in general requires a lower expected number of observations when

compared to the sample size of a fixed-sample test which has the same α

and β.

A final feature of the SPRT that Wald discusses is that we do not

necessarily have to specify any probability distribution, we only need alge-

braic calculations. This is in contrast with fixed-sample procedures, which

require that the probability distribution is known.

Although more general versions are available, for our purposes the se-

quential test of a simple hypothesis against a single alternative is sufficient,

and we shall focus on this version.

2.2 The Sequential Probability Ratio Test

We will now construct Wald’s sequential probability ratio test. Let X be

a random variable, which can either have a continuous probability density

function or a discrete distribution. It follows that the probability distri-

bution f(x) of a random variable X can be either the probability density

function of X, or the probability that X = x. Under the null hypothe-

sis H0, we expect X to have a distribution f0(x), and likewise under the

alternative hypothesis H1 we expect the distribution of X to be given by

f1(x).

Wald describes a sequential test using the following procedure: for each

positive integer m, we split the m-dimensional sample space Mm into three

mutually exclusive parts R0
m, R1

m and Rm. We draw the first observation

x1, and its position in the three parts determines what decision we make;
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H0 is accepted if x1 lies in R0
1, H0 is rejected (i.e. H1 is accepted) if x1

lies in R1
1, or a second observation is drawn if x1 lies in R1. We continue

taking observations and comparing them to the three parts of the sample

space Mm, until either the first or second decision is reached.

Only the matter of choosing the regions R0
m, R1

m and Rm remains.

Wald develops a proper choice for these regions using Bayesian statistics,

the result of which suggest the use of the following sequential test: at each

stage calculate the likelihood function p1m/p0m, where pim is the probability

density in the m-dimensional sample space calculated under the hypothesis

Hi, i = 0, 1. If p1m = p0m = 0, we define the value of the ratio p1m/p0m to

be equal to 1.

Next, we decide to accept H1 if

p1m
p0m

≥ A. (2.1)

We accept H0 if

p1m
p0m

≤ B. (2.2)

And finally, we take an additional observation if

B <
p1m
p0m

< A. (2.3)

Notice again that the number n of observations required by the test is

the smallest value of m for which either inequality 2.1 or 2.2 holds. It is

not hard to see that the constants A and B determine the probabilities of

errors of the first and second kind. Correctly choosing these values ensures

that 0 < B < A and that the test has the desired values α and β. Wald

calls the test procedure defined by 2.1, 2.2 and 2.3, a sequential probability

ratio test.

2.3 Relations Among α, β, A and B

While possible, it is quite intensive to exactly calculate the values of A

and B for which the probabilities of Type I and II errors take the values α

and β respectively. Wald acknowledges this problem, and provides certain

inequalities, that permit the values to be approximated, which is sufficient

for our practical purposes.
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CHAPTER 2. SEQUENTIAL ANALYSIS

Write A(α, β) and B(α, β) as the values of A and B for which the

probabilities of Type I and II errors take the values α and β, respectively,

then Wald provides us with the following inequalities:

A(α, β) ≤ 1− β
α

, (2.4)

B(α, β) ≥ β

1− α
. (2.5)

To approximate the exact values, it is Wald’s idea to put A = 1−β
α and

B = β
1−α . The result of this idea is that A is greater or equal to the exact

value A(α, β) and B is less than or equal to the exact value B(α, β). This

decision obviously changes the probabilities of errors of the first and second

kind however.

Wald shows the effect of this decision by first splitting it into two: if we

first use the exact value of B and choose A greater than the exact value,

then it is clear that we lower the value of α, but increase the value of β.

Secondly, if we use the exact value of A and choose the value of B again as

we defined earlier, then we lower the value of β and increase the value of

α. He thus shows that is not exactly clear what happens if we use a value

of A which is higher than the exact value, and a value of B which is lower

than the exact value.

Denote by α′ and β′ the resulting probabilities of errors of the first and

second kind, respectively, if we put A = 1−β
α and B = β

1−α . Using again

the same inequalities, Wald then shows that

α′

1− β′
≤ 1

A
=

α

1− β
, (2.6)

β′

1− α′
≤ B =

β

1− α
. (2.7)

From these inequalities it follows that

α′ ≤ α

1− β
, (2.8)

β′ ≤ β

1− α
. (2.9)

Multiplying inequality 2.6 by (1 − β)(1 − β′) and inequality 2.7 by (1 −
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2.4. MODIFYING THE SPRT

α)(1− α′) and adding the two resulting inequalities, we get

α′ + β′ ≤ α+ β. (2.10)

We thus see that at least one of the inequalities α′ ≤ α and β′ ≤ β must

hold. In other words, Wald thus shows that by using A and B instead of

A(α, β) and B(α, β), respectively, at most one of the probabilities α and β

may be increased. It is also helpful to see that as long as α and β are small,

as they usually are, α
1−β and β

1−α are nearly equal to α and β, respectively.

Hence for all practical purposes Wald suggests adopting the following

procedure: put A = 1−β
α and B = β

1−α , and carry out the sequential test

as defined by the inequalities 2.1, 2.2 and 2.3.

2.4 Modifying the SPRT

Suppose that we now specify the probability distributions of our hypothe-

ses. It is not uncommon to think of the result of a treatment as a success

or a failure. With that mindset, every observation xi can be denoted by 1

if it is a success, and 0 if it is a failure. For hypotheses in a randomized

clinical trial, it is thus possible to use Binomial distributions.

The testing parameter for a Binomial distribution is the chance of suc-

cess, so we write H0 : p0 for the null hypothesis, and H1 : p1 for the alter-

native hypothesis. Denote the number of successes by Xn = x1 + ... + xn,

where n is the current number of observations, then the likelihood function

is given by

(1− p1)n−XnpXn1

(1− p0)n−XnpXn0

. (2.11)

This stopping rule is characterised by two boundaries which are constants,

and a likelihood function that models the trial. Notice however that there

is no fixed endpoint for a trial using Wald’s procedure. While Wald proves

in his article that the procedure will eventually stop with a chance of 1 (see

Section 2.2 of [Wald, 1945]), for our purposes we need a trial that eventually

concludes, since Snapinn’s boundaries are based on this restriction.

One of the options we have for modifying Wald’s SPRT is taking the

logarithm of every parameter in the procedure, since logarithms preserve

order. The stopping rules are now A = log 1−β
α and B = log β

1−α and our

9



CHAPTER 2. SEQUENTIAL ANALYSIS

testing parameters changes to

Xn log
(1− p0)p1
(1− p1)p0

+ n log
1− p1
1− p0

. (2.12)

For every n, we can equate 2.12 to the boundary constants A and B,

to determine the values of Xn that will stop the trial early. Repeating this

procedure for every n results in a stopping rule that has sloping boundaries

consisting of two straight lines, since for every increase in n, a larger Xn is

needed to continue the trial.

We have no possibility of further modifying the lines however, and we

still have the same problem of a possibility of the procedure continuing

indefinitely. Adding to the problem, is that there is no practical formula

for calculating the boundary crossing probabilities in a Binomial setting.

We have no tools left for modifying the SPRT and shall thus have to look

at other possibilities for our boundaries.

10



Chapter 3

Brownian Motion

In this chapter, we make a number of changes to the observations x1, x2, ....,

so that at the end of the chapter, we can use a Brownian motion process

to model the randomized clinical trial. The method of changing our ran-

dom variables to a Brownian motion presented here is largely based on a

description presented in David Siegmund’s book ‘Sequential Analysis’ (see

[Siegmund, 1985]).

3.1 Normally Distributed Random Variables

There are several reasons for moving away from a Binomial probability

distribution towards normally distributed variables. First, using a more

abstract approach in our problem solving allows us to use more general

theories. As Siegmund mentions, the normal distribution has attained a

central role in statistics, because it is a rather simple distribution, but

simultaneously has the ability to approximate a large range of probability

distributions. We shall see in particular that when switching over to a

more abstract process, calculating the boundary crossing probabilities of

boundaries consisting of two straight lines is now possible with relatively

simple theory.

Second, and perhaps more important than the first reason, is that in

Snapinn’s procedure the relevant variables are also assumed to be normally

distributed. Since our main goal in this thesis is to formulate linear bound-

aries that can be compared with Snapinn’s complicated boundaries, it is

far more easier to have the relevant variables be identically distributed.

Thus, the first change we make, is to assume the results of the clinical

trial consist of random variables x1, x2, ..., xn, where each variable is inde-
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CHAPTER 3. BROWNIAN MOTION

pendent and identically distributed as a normal distribution with mean µ

and variance σ2.

3.2 Continuous Time Frame

It is beneficial to make one final step, from a discrete time frame to a

continuous time frame, as this will allow us to use a Brownian motion

process to model the clinical trial. Siegmund defines a Brownian motion

with drift µ and unit variance as a family of random variables {W (t), 0 ≤
t <∞} with the following properties:

1. W (0) = 0;

2. W (t)−W (s) has normal distribution with mean µ and variance t−s,
for 0 ≤ s < t <∞;

3. For all 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sn < tn < ∞, n = 2, 3, ...,

the random variables W (ti)−W (si), i = 1, 2, ..., n are stochastically

independent;

4. W (t), 0 ≤ t <∞ is a continuous function of t.

A Brownian motion process is even more general than normally dis-

tributed variables, although Siegmund cautions against using Brownian

motion as an approximation for precise calculations. He mentions that

the process is better suited to giving quick qualitative insights.

In the last section, we decided to continue with random variables that

are independent and normally distributed with mean µ and variance σ2.

Notice that if {W (t), 0 ≤ t <∞} is a Brownian motion with drift µ, then

Sn = x1 + ... + xn, n = 0, 1, ... and W (n), n = 0, 1, ... have the same joint

distributions.

Siegmund states that Brownian motion can be viewed as the result of

an interpolation of the discrete time random walk Sn, n = 0, 1, ..., so that

it has paths that are continuous in time, and the normal distribution of the

random walk is preserved. We shall now see a more detailed explanation

of this procedure.

Let x1, x2, ... be independent, identically distributed random variables

with mean 0 and variance σ2. It is clear that since the variance is not used,

we can assume that the variance is equal to 1 without losing generality. Let

Sn = x1 + ...+ xn, n = 0, 1, ... . Using the central limit theorem, Siegmund

12



3.2. CONTINUOUS TIME FRAME

shows that m−1/2Sm converges in law to a normally distributed random

variable with mean 0 and variance 1.

More generally, Siegmund shows that for each fixed t, m−1/2S[mt] con-

verges in law to a normal N (0, t) random variable, where [x] denotes the

largest integer smaller than or equal to x.

Since we are trying to develop a Brownian motion process, it would

be interesting to know whether the function t → m−1/2S[mt] converges

uniformly in law for all t, when we let m → ∞. Siegmund mentions that

the proof of existence is too large to treat, but assuming that this limit

exists, we are reasonably sure what kind of stochastic process the limit

must be.

Denote this limit byW (t), 0 ≤ t <∞. The preceding remarks show that

W (t) is normally distributed with mean 0 and variance t. Siegmund then

shows that since the convergence described above indicates convergence at

any fixed finite number of time points, it also holds that for each k = 1, 2, ...

and 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sk < tk the random variables

m−1/2(S[mtj ] − S[msj ]), j = 1, 2, ..., k (3.1)

converge to W (tj)−W (sj), j = 1, 2, ..., k, which therefore are independent

and normally distributed with mean 0 and variance tj − sj .
Additionally, Siegmund shows that for s < t the covariance of W (s) and

W (t) is be given by

E{W (s)W (t)} = lim
m→∞

m−1E(S[ms]S[mt]) (3.2)

= lim
m→∞

m−1E{S2
[ms] + S[ms](S[mt] − S[ms])} (3.3)

= lim
m→∞

m−1[ms] = s = min(s, t). (3.4)

Thus Siegmund shows that the process W (t), 0 ≤ t < ∞, has all the

properties of Brownian motion as defined earlier. The only property not

treated is the continuity of W (t) as a function of t. The proof of this

property is much more technical and not treated by Siegmund, so we ignore

it as well.

We see that we can extend the discrete framework with normally dis-

tributed random variables to a continuous time Brownian motion process.

As a Brownian motion is a very general, well-understood and much re-

searched process, the theories we can now apply have increased dramati-
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CHAPTER 3. BROWNIAN MOTION

cally.

For simplicity’s sake, we make one more assumption before going on:

the timespan T on which we view the Brownian motion, or the running

time of the trial, will be equal to 1.

Henceforth, we shall thus use a Brownian motion process {W (t), 0 ≤
t ≤ 1}, that is normally distributed with mean µ and variance 1 at time

t = 1. In our sequential testing procedure, the parameters of the hypotheses

will from now on be the drift µ of the Brownian motion: H0 : µ = 0 and

H1 : µ = µ1.

14



Chapter 4

Boundary Crossing

Probabilities

In the previous chapters we saw that sequential analysis was an interesting

framework for our problem, but was ultimately insufficient for our purposes.

We developed a new setting, in which we model the observations as a

Brownian motion process W (t), 0 ≤ t ≤ 1 with drift µ and variance t.

It is now of interest to develop a framework for calculating boundary

crossing probabilities. As mentioned earlier, we are particularly interested

in boundaries in the form of two straight lines. In this chapter, we will

use theory from T. W. Anderson’s article ‘A modification of the Sequential

Probability Ratio Test to Reduce the Sample Size’ to do just that (see

[Anderson, 1992]).

4.1 Anderson’s Sequential Test

Anderson begins his article by stating a different reason for not being satis-

fied with the sequential probability ratio test described in earlier chapters:

according to him, the simple version that tests two hypotheses against each

other generally has an expected sample size that is still very large. Espe-

cially when the trial moves in a way so that neither hypothesis is favoured,

the trial is expected to have a large number of observations.

Akin to our decisions from the last chapter, Anderson focuses on a prob-

lem in which the trial has a normal distribution, with a known variance,

and in which the main parameter is the mean. The sum of the observations

that the SPRT uses is replaced by Brownian motion, which Anderson ex-
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CHAPTER 4. BOUNDARY CROSSING PROBABILITIES

plains can be thought of intuitively as interpolating between observations,

which is roughly similar to adding more independent random variables to

the model.

The constants that the SPRT uses for deciding whether to stop early

are in turn replaced by two linear functions of the number observations

taken, and the number of observations is simply truncated so that we can

use the time t.

4.2 Determining Boundary Crossing Probabilities

Suppose that the Brownian motion W (t) with mean E(W (t)) = µt and

variance t depends on a single parameter µ. Anderson states that the

probability of accepting H0 is the probability of the process {W (t) | 0 ≤
t ≤ T} touching the lower boundary Y2 = y2 + d2t before touching the

upper boundary Y1 = y1 + d1t plus the probability of the process staying

between the boundaries to t = T and W (T ) ≤ k. Here k ∈ R is a number

with the property that y2 + d2T ≤ k ≤ y1 + d1T .

Let P1(T ) be the probability that the process touches the upper bound-

ary before touching the lower boundary, before t = T , and let P2(T ) be the

probability that the process touches the lower boundary before touching the

upper boundary, before t = T . Notice then that there is another probabil-

ity, denoted by P0(T ) = 1−P1(T ) = P2(T ) that the process touches neither

boundary before reaching t = T . In this section we shall find expressions

for these various probabilities.

Anderson shows that we can put

V (t) = W (t) + µt, (4.1)

where W (t) is a Brownian motion with E(W (t)) = 0 and E(W (t)2) = t.

Then V (t) = yi+dit is equivalent to W (t) = yi− (di−µ)t and V (T ) ≤ k is

equivalent to W (T ) ≤ k − µT . We should keep these conversions in mind,

as we will use them later on when calculating P2(T ), amongst others.

One of the results Anderson states is the formula for calculating the

probability of going over one line before going over the other in a fixed

time. This allows us to calculate P1(T ), which is as follows (see Theorem

4.3 in [Anderson, 1992]).

Suppose W (t) is a standard Brownian motion process, with E(W (t)) =

0 and E(W (t)2) = t. Also suppose that the parameters of the linear
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boundaries T , y1, y2, d1, and d2 are numbers such that y1 > 0, y2 < 0,

y1 + d1T ≥ y2 + d2T and T > 0. Anderson then shows that the probability

P1(T ) that W (t) ≥ y1 + d1t for a t ≤ T which is smaller than any t for

which W (t) ≤ y2 + d2t, is given by

P1(T ) = 1− Φ

(
d1T + y1√

T

)
+
∞∑
r=1

[
exp (−2(ry1 − (r − 1)y2)(rd1 − (r − 1)d2))

· Φ
(
d1T + 2(r − 1)y2 − (2r − 1)y1√

T

)
− exp

(
−2(r2(y1d1 + y2d2)− r(r − 1)y1d2 − r(r + 1)y2d1)

)
· Φ
(
d1T + 2ry2 − (2r − 1)y1√

T

)
− exp (−2((r − 1)y1 − ry2)((r − 1)d1 − rd2))

·
{

1− Φ

(
d1T − 2ry2 + (2r − 1)y1√

T

)}
+ exp

(
−2(r2(y1d1 + y2d2)− r(r − 1)y2d1 − r(r + 1)y1d2)

)
·
{

1− Φ

(
d1T + (2r + 1)y1 − 2ry2√

T

)}]
,

(4.2)

where Φ is the distribution function of the standard normal distribution.

Here we can use our conversions: to find the probability of first touch-

ing the lower boundary before touching the upper boundary, P2(T ), we

use equation 4.2 again, and replace (y1, d1) by (−y2, d2), and (y2, d2) by

(−y1,−d1).
Likewise, to express the probability of V (t) = W (t) + µt touching Y1 =

y1 + d1t before touching Y2 = y2 + d2t we replace (y1, d1) by (y1, d1 − µ)

and (y2, d2) by (y2, d2 − µ).

4.3 Mill’s Ratio

The probability from 4.2 can be rewritten to utilise Mill’s Ratio, which

makes it more convenient to use in programming languages. Mill’s Ratio is
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given by

R(x) =
1− Φ(x)

φ(x)
, (4.3)

where Φ is the CDF of the standard normal distribution, and φ is the

probability function of the standard normal distribution.

Anderson shows that rewriting equation 4.2 by using Mill’s Ratio gives

P1(T ) = φ

(
d1T + y1√

T

)

·
∞∑
r=0

[
exp (−(2r/T )((r + 1)y1 − ry2)(d1T + y1 − (d2T + y2)))

·
{
R

(
2((r + 1)y1 − ry2)− (d1T + y1)√

T

)

+R

(
2r(y1 − y2) + (d1T + y1)√

T

)}
− exp (−(2(r + 1)/T )(ry1 − (r + 1)y2)(d1T + y1 − (d2T + y2)))

·
{
R

(
2(r + 1)(y1 − y2)− (d1T + y1)√

T

)

+R

(
2(ry1 − (r + 1)y2) + (d1T + y1)√

T

)}]
.

(4.4)

Notice that this formula is introduced for convenience in computation,

and that P2(T ) and the probabilities P1(T ) and P2(T ) using V (t) instead

of W (t) are still calculated in the same manner mentioned earlier.

4.4 Application to our Problem

In the previous section we saw how to calculate the probability of crossing

one boundary before crossing the other. The inputs of these formula’s

are T , y1, d1, y2, d2 and µ, if we use a Brownian motion with drift V (t).

Anderson uses 4.2 to calculate the boundary crossing probabilities for lines

that he considers exogenous to his model. We do use Anderson’s result, but

in reverse order: we consider T to be exogenous and wish to find straight

lines Y1 = y1 + d1t and Y2 = y1 + d2t that have certain boundary crossing
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probabilities.

It is thus more convenient to change the inputs of the probabilities to

P1(y1, d1, y2, d2) and P2(y1, d1, y2, d2). There are still some restrictions we

must apply to this model however, before we can fully use it.

First, remember that we want our probability of making an error of

the first and second kind to be as close as possible to that of Snapinn’s

procedure, and to do this we must have a way of optimizing the inputs

of the boundary crossing probabilities. An error of the first kind is made

when H0 is rejected, when in fact H0 is true. In our model, such an error

is thus made when a Brownian motion without drift µ touches the upper

boundary before touching the lower boundary. Following this, we can secure

the correct significance level by requiring that

P1(y1, d1, y2, d2) = α. (4.5)

Secondly, we can also calculate the Type II error, in which we accept H0

while it is false. This error is made when the Brownian motion with drift µ

touches the lower boundary before the upper boundary, and requiring this

probability to be equal to β gives us

P2(y1, d1 − µ, y2, d2 − µ) = P1(−y2,−(d2 − µ),−y1,−(d1 − µ)) = β. (4.6)

Finally, we have seen in the beginning of this thesis that Snapinn’s

boundaries always end at the same coordinate at the conclusion of the

trial. There is no possibility of stopping and having a trial that is unde-

cided, for certain reasons that will be made clear when we investigate Snap-

inn’s bounds more closely in the next chapter. To compare with Snapinn’s

boundaries as best as possible, it is a good idea to also let the two lines

cross at t = 1.

Accomplishing this is easier if we think of the two straight lines in

terms of three coordinates: the y1 and y2 y-coordinates at t = 0, and a

y-coordinate d at t = 1. The equations of the straight lines are then given

as Y1 = y1 + (d−y1)t and Y2 = y2 + (d−y2)t. Notice that if we have values

for α, β, µ, d and y1, we could optimize equation 4.5 to find a value for y2

so that our procedure has a significance level of approximately α.
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Chapter 5

Snapinn Revisited

We are now able to calculate the crossing probabilities of boundaries con-

sisting of two straight lines, that cross at the end of the period at t = 1. In

the last chapter however, we saw that there were still a number of variables

that we were free to choose: the y-coordinate d at t = 1 and the µ of the

Brownian motion with drift. To further restrict our model, we need more

information.

This information we will gain from examining Snapinn’s boundaries,

which are described in Snapinn’s article ‘Monitoring Clinical Trials with

a Conditional Probability Stopping Rule’ (see [Snapinn, 1992]). In this

chapter we will see how exactly Snappin determined his boundaries, and

what the equivalent restrictions are for our model. This will allow us to

finally compare our linear boundary with Snapinn’s boundary!

5.1 A Conditional Probability Stopping Rule

In the introduction of his article, Snapinn describes a conditional proba-

bility procedure called stochastic curtailment, which Snapinn mentions is

specifically developed for sequential analysis of clinical trials. As he de-

scribes it, the basic idea behind this procedure is to stop the trial if the

data collected at an interim analysis almost surely determines the outcome

of the corresponding regular fixed-sample test at end of the trial. Snapinn

also describes a disadvantage of this rule however, and that is the fact that

the future data is assumed to be determined by the null hypothesis only.

This results in a rule that is so conservative, that the expected sample size

is only slightly reduced, when compared to that of a fixed-sample design.

In his article, Snapinn proposes a modification of this procedure by
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adding two things: first, Snapinn uses the currently available information

to base assumptions of the future data on. He mentions that this results in

a smaller expected sample size than stochastic curtailment. A downside is

that the significance level of the test is inflated more heavily. This happens

because some trails which would eventually end in acceptance, will have

positive early results, which causes the hypothesis to be falsely rejected.

Second, to counter this inflation, Snapinn adds to the stopping rule the

possibility for early acceptance of the null hypothesis. This decreases the

significance level of the test however, since there is now a chance of false

early acceptance. This new procedure mentioned by Snapinn, balances the

probabilities of false early rejection and false early acceptance to maintain

the overall significance level of the test.

In essence Snapinn uses the same method of balancing false early ac-

ceptance and rejection to maintain the significance level of his test as we

use. The difference with our work is that Snapinn focuses on interim tests,

at which Snapinn wants to stop if the result of a fixed-sample at the con-

clusion of the trial would already be determined. There are no free lunches

however, and the future information that a fixed-sample test would incor-

porate is lost. This loss of information causes the probability of an error of

the second kind of Snapinn’s test to rise above the probability of the same

error for a fixed-sample test.

5.2 Snapinn’s Procedure

In his article Snapinn describes the following stopping rule, which is based

on two stopping probabilities: prej and pacc.

Suppose that a clinical trial is conducted to compare two treatments A

and B, where we measure the results of the trial with regard to a normally

distributed variable, X, which is assumed to have known variance σ2. The

null hypothesis H0 is that the mean value of X in group A, µA, is equal to

that in groupB, µB. The one-tailed alternative hypothesis is then µA > µB,

since we simply standardize the problem by stating that H0 : µA = µB.

Suppose that the planned total sample size of the trial is n subjects, split

into two, with n/2 in each group, and that we define the mean difference

between the groups with respect to X as D.

Snapinn shows that at the conclusion of the trial under the null hypoth-

esis D is normally distributed with mean zero and variance 4σ2/n, and the
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test of µA = µB can be reduced to a simple rule:

reject H0 if
√
nD/2σ > z1−α (5.1)

accept H0 otherwise. (5.2)

Next Snapinn considers the situation where the total sample has been

split into two subsamples with sizes n1 and n2, so that n1 + n2 = n, and

where the sizes of the two groups are equal within each subsample. Let

D1 and D2 denote the observed mean differences between the groups in the

two subsamples. Since the two subsamples are independent, Snapinn shows

that we can use these two subsamples to test the null hypothesis using the

following rule:

reject H0 if D2 >
2
√
nσz1−α − n1D1

n2
. (5.3)

We can view this split as an interim analysis after n1 subjects, but at

that point in time, we do not know the value of D2. We do know that D2

is normally distributed with mean E(D2) and variance 4σ2/n2 however, so

Snapinn shows that we can calculate the probability of eventually rejecting

the null hypothesis using

P{reject H0 | D1} = Φ

(
n1D1 + n2E(D2)− 2

√
nσz1−α

2
√
n2σ

)
, (5.4)

where Φ is the CDF of the standard normal distribution.

The general outline of Snapinn’s stopping rule is then as follows: the

value 5.4 is compared with two predetermined critical values, prej and pacc,

to determine whether or not to stop the trial early. If equation 5.4 is greater

than prej , the trial stops early with the conclusion that the alternative

hypothesis H1 is accepted, while if equation 5.4 is less than pacc, the trial

stops early with the conclusion that the null hypothesis H0 is accepted.

Naturally, if equation 5.4 is between prej and pacc, the trial continues.

Snapinn then continues by making two assumptions about the distribu-

tion of the future data, one for the purpose of determining early rejection

and another for the purpose of determining early acception, so that E(D2)
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is given by

E(D2) = fD1, (5.5)

E(D2) = fD1 + (1− f)δ, (5.6)

where f is the fraction of the total sample already observed, and δ is the

estimated mean difference between the treatment groups.

The procedure for determining whether or not to stop the trial early

thus involves two steps, explains Snapinn: first, substitute the estimate of

E(D2) from 5.5 into equation 5.4, and if this value is greater than prej ,

stop the trial early with the conclusion that µA is greater than µB. Next,

substitute 5.6 into equation 5.4, and if this value is smaller than pacc, stop

the trial early with the conclusion that µA is not greater than µB. Continue

the trial if neither of these inequalities holds.

5.3 Determining pacc and prej

Clearly this procedure is dependent on the choice of the constants prej and

pacc. It are these values that should be balanced to maintain the overall

signifance level, Snapinn mentions. He states that false early rejections

tend to inflate the significance level, while false early acceptances have the

opposite effect, as already mentioned. Therefore, by appropriately choosing

pacc and prej so that the probability of false early rejection equals the prob-

ability of false early acceptance, it is possible to have the actual significance

level of the procedure equal to the nominal level α.

We first consider the case of early rejection of the null hypothesis H0.

By substituting the expression of E(D2) from equation 5.5 into equation

5.4, and setting this result equal to prej Snapinn finds an equation for the

rejection boundary:

Rejection boundary =
2σ(
√
n2zprej +

√
nz1−α)

n1(2− f)
. (5.7)

According to this formula, the trial stops early and rejects the null hypoth-

esis if the observed value of D1 after a fraction f of the total sample is

greater than the value in 5.7.

Using the same method as before, only substituting equation 5.6 into
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5.4 Snapinn obtains an acceptance boundary, given by

Acc. bound. =
2σ(
√
n2zpacc +

√
nf(2− f)z1−α − (1− f)2

√
nz1−β)

n1(2− f)
. (5.8)

Likewise, if the observed value of D1 after a fraction, f of the total sample

is less than the value in 5.8, the trial stops early and we accept the null

hypothesis H0.

The main use of these formulas is of course to calculate the boundaries

for every sample fraction f , once we have found suitable values of prej

and pacc. Snapinn also uses them to find the probabilities for false early

rejection and false early acceptance under the null hypothesis however.

While these probabilities are hard to find in general, Snapinn uses the

results in equations 5.4, 5.7 and 5.8 to find them for a procedure containing

only one interim test.

Suppose that at the start of a trial we know that an interim analysis will

be done after n1 observations. At that point of time, we have the following

information: (1) the distribution of D1 under the null hypothesis (normal

with mean zero and variance 4σ2/n1), (2) the true probability under the

null hypothesis that the fixed-sample analysis will eventually reject H0, as

a function of D1 (that is, equation 5.4), (3) the range of values of D1 which

would cause the sequential test to reject early (5.7) and accept early (5.8).

Using these equations, Snapinn shows that the probability of false early

rejection at the analysis with n1 observations is equal to∫ ∞
2σ(
√
n2zprej+

√
nz1−α)

n1(2−f)

(
1− Φ

[
n1u

2σ
√
n2
− z1−α√

1− f

])
e−n1u2/8σ2

σ
√

8π/n1
du. (5.9)

Similarly, the probability of false early acceptance at the analysis with n1

observations is shown by Snapinn to be

∫ 2σ(
√
n2zpacc+

√
nf(2−f)z1−α−(1−f)2

√
nz1−β)

n1(2−f)

−∞
Φ

[
n1u

2σ
√
n2
− z1−α√

1− f

]
e−n1u2/8σ2

σ
√

8π/n1
du.

(5.10)

Notice that these two integrals do not depend on n or σ2, and are

functions only of f , z1−α, z1−β, prej and pacc. As mentioned earlier, by

finding combinations of prej and pacc that make the probabilities of false

early rejection and false early acception approximately equal, we can keep
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the significance level of Snapinn’s procedure close to the nominal level α.

This last point deserves some attention: while our methods are the

same, Snapinn focuses on maintaining the significance level only at the in-

terim test. This means that if only the interim test was conducted, this

procedure would have a significance level equal to α. The procedure men-

tioned above, where stopping is possible at any point in the trial, is thus

not optimized for the significance level α! Clarifying this problem, Snapinn

mentions that this effect should be of relatively minor influence. In prac-

tice, adding more interim tests should not affect the procedure in a way

that prej or pacc are changed significantly.

5.4 Adjusting Snapinn’s Boundary

The previous section showed that we only need three parameters to calcu-

late Snapinn’s boundaries: α, β and prej . We can then equate integrals 5.9

and 5.12 to find the value of pacc that will give the procedure a significance

level that approximates the nominal level α. Finally, we use equations 5.7

and 5.8 to calculate Snapinn’s boundary for every value of f .

Since we use a framework in which the trial concludes at t = 1, or n = 1

in Snapinn’s case, the values for n1, n2 and n can be entered into all the

equations. Since we saw earlier that the difference between the two groups

D is normally distributed with variance 4σ2/n, we require that σ = 1/2,

giving D variance 1 at time t = 1. The integrals can then be simplified to∫ ∞
√
0.5zprej+z1−α

0.75

(
1− Φ

[√
0.5u− z1−α√

0.5

])
e−u

2/4

√
π

du, (5.11)

and

∫ √
0.5zpacc+0.75z1−α−0.25z1−β

0.75

−∞
Φ

[√
0.5u− z1−α√

0.5

]
e−u

2/4

√
π

du. (5.12)

5.5 Finding the Extra Parameters

In the introduction to this chapter, we mentioned that we needed additional

restrictions for our own parameters to match Snapinn’s model. This is our

last task before being able to compare both models with each other.

Remember that at any interim test during the trial, Snapinn wants the

procedure to stop early when enough evidence has been found to decide the
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result of the fixed-sample test. This can be extended over the whole time

line of the trial, even at the exact time of conclusion, t = 1. At this time,

the information in the conditional probability procedure is equal to that of

a fixed-sample test, and should thus yield exactly the same result.

With this information, we can determine the y-coordinate d where the

straight lines cross, since at time t = 1 the critical values prej and pacc

are equal to the critical values of a fixed-sample test. In a standard fixed-

sample test in which we have H0 : µA = µB and HA : µA > µB, we reject

H0 when z ≥ z1−α. Similarly, we accept H0 for all values below z1−α. The

y-coordinate d is thus equal to z1−α.

A choice of α, β and a fixed conclusion time of the trial, fixes the µ

of the alternative hypothesis. To see this, notice that for the alternative

hypothesis we want the probability of rejecting this hypothesis to be equal

to the probability of accepting the alternative hypothesis under the null

hypothesis, equal to α that is. Testing in the alternative hypothesis is

equal to µ+ zβ, and equating this to z1−α gives µ = z1−α − zβ.

We see that by applying Snapinn’s restrictions we lose two parameters:

the y-coordinate d at t = 1 and µ. The only parameters that are still

undecided for our model are the two y-coordinates y1 and y2 at t = 0. This

is equal to the undecided parameters pacc and prej , but choosing a value

prej decides the whole model. The same happens when we choose one of

the y-coordinates at t = 0.

Keeping Snapinn’s tradition we decide to choose the uppermost y-

coordinate y1, just like we decide to choose prej . One of the final measures

we can take is to pair prej and the uppermost y-coordinate y1. After trying

a few examples, it seems like a good pairing is as follows: make the upper

line cross Snapinn’s boundary exactly at t = 0.5. Using equation 5.7, we

see that at t = 1, the upper line Y1 takes a value

Y1 =

√
0.5zprej + z1−α

0.75
. (5.13)

The directional coefficient d1 is given by

d1 =
z1−α −

√
0.5zprej+z1−α

0.75

0.5
, (5.14)
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and the y-coordinate y1 we get is

y1 = z1−α −
z1−α −

√
0.5zprej+z1−α

0.75

0.5
. (5.15)

To conclude, given just one value, prej , we can now completely calculate

both Snapinn’s and our own boundaries. We can be sure that the signifi-

cance level of the test is reasonably approximated, however we still do not

know how much the nominal β of the procedures are deflated. For that we

need testing by experimentation.
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Chapter 6

Comparing Boundaries

In this chapter we will compare Snapinn’s boundaries with ours. Since

Snapinn’s boundaries are developed to have the probability of an error

of the first kind approximate the significance level α, we should see the

experimental value be close to α. We have modelled our boundaries after

Snapinn’s, so obviously we should see our probability of an error of the

first kind to approximate α as well. The difference in the probability of

an error of the second kind is really of interest to us however, especially

the difference between Snapinn’s boundaries and the linear boundaries we

developed.

We use Monte Carlo simulation for the experiments, using Brownian

motions that consist of 1000 points. The number of Brownian motions we

estimate is 10000.

6.1 Linear Boundaries That Cross at t = 1

We first examine the boundaries we developed in the last chapter. We can

check them visually, to see if they correspond with Snapinn’s boundaries,

and figures 6.1 and 6.2 show these results for several values of α, β, and prej .

The red linear boundaries are ours, and Snapinn’s boundaries are colored

blue. Overall, our boundaries seem to approximate Snapinn’s boundaries

quite closely! While our straight lines usually have a bigger y-coordinate

y2 at t = 0 for the lower boundary, Snapinn’s boundaries have more space

at the end, where his boundaries curve, and ours are very sharp, especially

for prej = 0.80.

We also use experimentation to check how well our boundaries hold

up to those of Snapinn. First, we start with the simulated probability of
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an error of the first kind. Since we specifically model both our linear and

Snapinn’s boundaries to arrive at α, we expect these values to be close to

α. The tables with simulated α’s are given in the appendix, specifically A.1

and A.2, where we can see that they approximate α very closely.

We are interested in the difference in performance of Snapinn’s bound-

aries and ours however, and this difference is given for α in table 6.1, calcu-

lated as our probability of an error of the first kind - Snapinn’s simulated

probability of error of the first kind. We see that overall the simulated α′s

of Snapinn’s and our boundaries do not differ very much. Our simulated

probabilities are smaller than Snapinn’s though, which is a result from that

fact that Snapinn optimizes the significance level of his test for one interim

test only, as discussed earlier in Chapter 5.

prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 -0.0065 -0.0054 -0.0048 -0.0029
0.10 -0.0062 -0.0051 -0.0046 -0.0028
0.05 -0.0062 -0.0049 -0.0045 -0.0026

0.01 0.20 -0.0145 -0.0101 -0.0093 -0.0064
0.10 -0.0142 -0.0097 -0.0088 -0.0059
0.05 -0.014 -0.0093 -0.0085 -0.0057

0.025 0.20 -0.0243 -0.0189 -0.0169 -0.0104
0.10 -0.0239 -0.0186 -0.0163 -0.0097
0.05 -0.0234 -0.0182 -0.0158 -0.0093

0.05 0.20 -0.0406 -0.0348 -0.0257 -0.009
0.10 -0.0397 -0.0336 -0.0242 -0.0083
0.05 -0.039 -0.0318 -0.0235 -0.008

Table 6.1: The difference in simulated probability of making an error of the
first kind for the first linear boundaries.

When we look at the simulated β’s we see a completely different story!

We knew from the beginning that Snapinn’s and our boundaries would have

a higher simulated β than the actual β we specify. This is from that fact

that we leave out information by early stopping, and we cannot have free

lunches.

Looking at the actual values in the appendix, specifically A.1 and A.2,

we see that Snapinn’s boundaries are somewhat larger than β, but not

dramatically so. Our boundaries are dramatically worse however! This is

especially visible from the differences table, which is given in table 6.2.
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prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 0.3159 0.2534 0.2072 0.1412
0.10 0.3105 0.252 0.1859 0.1206
0.05 0.2757 0.2131 0.1582 0.0957

0.01 0.20 0.2737 0.2306 0.1815 0.13
0.10 0.2752 0.2264 0.1658 0.1013
0.05 0.2445 0.1843 0.1378 0.084

0.025 0.20 0.2253 0.188 0.145 0.11
0.10 0.2256 0.1764 0.1381 0.0828
0.05 0.1977 0.1516 0.1046 0.0677

0.05 0.20 0.1932 0.1499 0.1189 0.0901
0.10 0.1918 0.148 0.1065 0.0687
0.05 0.167 0.1249 0.076 0.0566

Table 6.2: The difference in simulated probability of making an error of the
second kind for the first linear boundaries.

With differences as large as 0.3, we see that our boundaries have a

simulated β that is several times larger than the actual β we started with,

especially when prej is small. We can see on the next page that when prej

is small, the angle between our two linear boundaries is very sharp. This

causes β to rise, since a lot of paths of the Brownian motion process with

drift touch the lower boundary before the upper boundary.

For larger prej however, we see that our linear boundary is still worse,

but the difference is now only about 0.10 - 0.15. Since we can see on the next

page that Snappinn’s boundaries and ours are almost similar, the sharpness

near the end apparently increases β more than Snapinn’s boundaries does.
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Figure 6.1: A selection of boundaries. Note that our upper boundary is
rougly equal to Snapinn’s upper boundary.
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Figure 6.2: A selection of boundaries. For very low values of prej our
boundaries end in a very sharp angle.
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6.2 Linear Boundaries That Do Not Cross

We saw in the previous section that because our lines cross at t = 1, they

form a very sharp angle, that drives up the simulated β much more than

Snapinn’s boundaries do. To counter this, we consider a model that has

straight lines that do not cross at t = 1. This model consists of four

parameters y1, d1, y2 and d2 however, so we need additional restrictions.

We restrict the model by assuming that the upper boundary is horizon-

tal, and some distance from the convergence point in Snapinn’s boundaries,

z1−α. We also assume that the endpoint of the lower boundary is equally

distant from z1−α, and this leaves only the y-coordinate y2 at t = 0 for the

lower boundary undecided. Once we choose a y-coordinate y1 for the upper

boundary, the model is decided.

Ideally, we want the distance between y1 and z1−α to be dependent on

prej , since that parameter determines the shape of Snapinn’s boundaries.

To enforce this, we choose y1 as prej times a factor on top of z1−α. After

experimenting, we find that a factor of 0.2 works best, and we thus put

y1 = 0.2 · prej + z1−α. We again see that when looking at figures 6.3 and

6.4, these lines are fairly close to Snapinn’s boundaries. The figures also

show that the lower boundary now follows Snapinn’s lower boundary much

more closely.

The differences for the error of the first kind in table 6.3 again show

that we are very close to Snapinn’s boundaries, as we would expect. These

differences are again calculated as: probability of an error of our bound-

aries - the same probability of an error from Snapinn’s boundaries. We

saw in the section discussing the first linear boundaries that the formulas

for calculating the boundary crossing probabilites are solid, and table 6.3

reinforces this. Also, as mentioned in earlier sections, we expect our α to

be better approximated than Snapinn’s.

Looking at the differences in the error of the second kind in table 6.4

however, we see that we now have approximated Snapinn’s boundaries much

more closely, with a maximum difference of 0.074 for α = 0.05, β = 0.20

and prej = 0.95. On average however, for small values of α and β we are

only 0.01 – 0.02 removed from the simulated probability of an error of the

second kind we get from Snapinn’s boundaries. As we saw earlier Snapinn’s

boundaries are on average 0.1 above the actual β, so with an error of the

second kind of 0.12 we only have an increase in β of 20%!
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prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 -0.005 -0.0031 -0.0014 -0.0006
0.10 -0.0049 -0.0028 -0.0012 -0.0005
0.05 -0.0049 -0.0026 -0.0011 -0.0003

0.01 0.20 -0.009 -0.0067 -0.0048 -0.0027
0.10 -0.0087 -0.0063 -0.0043 -0.0022
0.05 -0.0085 -0.0059 -0.004 -0.002

0.025 0.20 -0.0186 -0.0124 -0.0078 -0.004
0.10 -0.0182 -0.0121 -0.0072 -0.0033
0.05 -0.0177 -0.0117 -0.0067 -0.0029

0.05 0.20 -0.0312 -0.0203 -0.0142 -0.0064
0.10 -0.0303 -0.0191 -0.0127 -0.0057
0.05 -0.0296 -0.0173 -0.012 -0.0054

Table 6.3: The difference in simulated probability of making an error of the
second kind for the second linear boundaries.

prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 -0.0049 0.005 0.0154 0.0222
0.10 -0.0136 -0.0018 0.009 0.0115
0.05 -0.0141 -0.006 0.0023 0.0071

0.01 0.20 0.0038 0.017 0.0275 0.0358
0.10 -0.0069 0.0073 0.0174 0.0216
0.05 -0.0073 0.003 0.0101 0.0165

0.025 0.20 0.0237 0.0355 0.0466 0.0544
0.10 0.0092 0.0231 0.0332 0.0389
0.05 0.0086 0.0166 0.0232 0.0323

0.05 0.20 0.0405 0.052 0.063 0.073
0.10 0.025 0.0382 0.0485 0.0565
0.05 0.0212 0.0292 0.037 0.0462

Table 6.4: The difference in simulated probability of making an error of the
second kind for the second linear boundaries.
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Figure 6.3: A selection of boundaries. The lower boundaries are now closer
to each other.
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Figure 6.4: A selection of boundaries. The upper boundaries are far apart,
since our upper boundary is a horizontal line.
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6.3 Piecewise Linear Boundaries

We had a very good approximation to Snapinn’s boundary using only two

straight lines that do not cross as boundaries, but we have one final pos-

sibility available. Anderson’s article also includes the possibility to define

a point k, so that if y1 + d1T ≤ k ≤ y2 + d2T , we can also calculate the

probability that a Brownian motion either first touches the upper boundary

before touching the lower boundary, or finishes to t = T , with W (T ) ≥ k

(See Corollary 4.6 of [Anderson, 1992]). If we define k = z1−α, then we get

the following result.

We see in table 6.5 that we still have a good approximation of α, and

are still somewhat better at estimating α than Snapinn’s procedure is.

prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 -0.0048 -0.0031 -0.0015 -0.0006
0.10 -0.0047 -0.0028 -0.0013 -0.0005
0.05 -0.0047 -0.0026 -0.0012 -0.0003

0.01 0.20 -0.0085 -0.0061 -0.0042 -0.0021
0.10 -0.0082 -0.0057 -0.0037 -0.0016
0.05 -0.008 -0.0053 -0.0034 -0.0014

0.025 0.20 -0.0182 -0.012 -0.0073 -0.0031
0.10 -0.0178 -0.0117 -0.0067 -0.0024
0.05 -0.0173 -0.0113 -0.0062 -0.002

0.05 0.20 -0.0305 -0.0197 -0.0137 -0.0055
0.10 -0.0296 -0.0185 -0.0122 -0.0048
0.05 -0.0289 -0.0167 -0.0115 -0.0045

Table 6.5: The difference in simulated probability of making an error of the
first kind for the third linear boundaries.

Table 6.6 shows that adding vertical lines to our boundaries does not in-

crease our approximation to the actual β very much. This is to be expected,

as figures 6.5 and 6.6 show that there is only a small opening between the

linear boundaries. The probability that a Brownian motion survives to the

end is thus not very large.
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prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 0.0064 0.0209 0.0349 0.0467
0.10 -0.0058 0.0096 0.0227 0.0296
0.05 -0.0087 0.0023 0.014 0.022

0.01 0.20 0.0118 0.0271 0.0414 0.0545
0.10 -0.0017 0.0147 0.0275 0.035
0.05 -0.0037 0.0077 0.0175 0.0266

0.025 0.20 0.0257 0.0397 0.0546 0.0647
0.10 0.0105 0.0274 0.0385 0.0471
0.05 0.0091 0.019 0.0275 0.0379

0.05 0.20 0.038 0.0507 0.0645 0.0768
0.10 0.0222 0.0379 0.05 0.06
0.05 0.0186 0.0276 0.0373 0.0478

Table 6.6: The difference in simulated probability of making an error of the
second kind for the third linear boundaries.
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Figure 6.5: A selection of boundaries. Note that these boundaries are equal
to last section’s boundaries, with added vertical segments.
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Figure 6.6: A selection of boundaries. Note that these boundaries are equal
to last section’s boundaries, with added vertical segments.
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Chapter 7

Conclusion

In this thesis we have developed the necessary theories to effectively cal-

culate the boundary crossing probabilities of boundaries consisting of two

straight lines. This theory allowed us to form three models: the first model

consists of two straight lines that cross at t = 1, the second model consists

of two straight lines that do not cross at t = 1, and the third model consists

of piecewise linear boundaries. We were mostly interested in the probabil-

ity of an error of the second kind, since both our boundaries and Snapinn’s

boundaries had reliable methods of approximating the probability of an

error of the first kind. This interest is reflected in the research question,

which was stated in the introduction as:

How do boundaries consisting of two straight lines compare to Snapinn’s

boundaries, when both procedures have the same significance level?

We can now answer the research quite definitively. In Chapter 6, we

saw that all three of our models and Snapinn’s boundaries approximated

the significance level α quite well, although for a variety of reasons our

approximation was better.

We also saw that the linear boundaries consisting of straight lines that

cross have a very high simulated probability of an error of the second kind.

The main reason for this is that at the end of the trial, the lines form a very

sharp angle, which causes a lot of simulated trials to stop early, accepting

the null hypothesis H0.

When we switched to linear boundaries consisting of straight lines that

do not cross however, the situation improved and we can safely conclude

that we are reasonably close to the probability of an error of the second

kind that Snapinn has. Experimentation showed that Snapinn’s have a

simulated β that is on average about 0.10 higher than the nominal β. The
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linear boundaries that do not cross have on average a difference of 0.01 –

0.02 on top of Snapinn’s β, which is actually quite close.

Finally, we investigated piecewise linear boundaries, which actually had

a negligible effect. As we showed, the distance between the two straight

lines is so small at t = 1, that on average a trial has much higher chances

to stop early, than to continue on to t = 1. The extra reduction in β we

gain is thus very small.

In conclusion, we can state that is possible to approximate Snapinn’s

stopping rule using a stopping rule consisting only of two straight lines that

do not cross at the end point of the trial, with the consequence of a minor

increase in the probability of an error of the second kind.

7.1 Suggestions for Further Research

There are still many possible cases to look at that could further improve

the approximation of linear boundaries to Snapinn’s boundaries. Some

suggestions for further research are as follows.

First, little attention was spent on the expected sample size of the stop-

ping rules. It was not very relevant for our research, but sequential analysis

was initially developed to decrease the expect sample size of statistical tests

in World War II. The sample size is thus an inseparable component from

sequential analysis.

The three models we discussed will all have very different expected sam-

ple sizes. For instance, the first boundaries using straight lines that cross at

t = 1 are very sharp, as already mentioned. This will severely decrease the

expected sample size, as opposed to the very curved boundaries Snapinn

has, for example. For this reason, medical researchers might even prefer

a stopping rule that decreases the expected sample size, but increases the

probability of an error of the second kind slightly. It would be interesting to

see a comparison of the expected sample sizes for all the models discussed

in this thesis.

Second, a model that allows for more parameters might better approxi-

mate Snapinn’s boundaries. It was suggested in the beginning of the thesis

in the introduction that the first part of Snapinn’s boundaries are approx-

imately linear. A model containing two straight lines that follows the con-

tours of Snapinn’s boundaries might have characteristics that match much

more closely those of Snapinn than the models that were tested in this
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thesis.

Another possibility for such a model is making the boundaries piecewise

linear by adding a vertical line to the boundaries at t = 1. The problem

with such a model is the increased number of parameters though, since now

y1, d1, y2 and d2 have to be decided upon.
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Appendix A

Tables

This appendix contains the tables with the resulting data of our experi-

ments. For every boundary we have simulated the probabilities of making

an error of the first and second kind, for various levels of α, β and prej .
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A.1 Snapinn’s Boundaries

These are the simulated error of the first and second kind for Snapinn’s

boundaries.

prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 0.0103 0.0084 0.0068 0.0059
0.10 0.0102 0.0081 0.0066 0.0058
0.05 0.0102 0.0079 0.0065 0.0056

0.01 0.20 0.0185 0.0161 0.0143 0.0124
0.10 0.0182 0.0157 0.0138 0.0119
0.05 0.018 0.0153 0.0135 0.0117

0.025 0.20 0.0433 0.0369 0.0319 0.0274
0.10 0.0429 0.0366 0.0313 0.0267
0.05 0.0424 0.0362 0.0308 0.0263

0.05 0.20 0.0796 0.0688 0.0627 0.054
0.10 0.0787 0.0676 0.0612 0.0533
0.05 0.078 0.0658 0.0605 0.053

Table A.1: The simulated probability of making an error of the first kind
for Snapinn’s boundaries.

prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 0.2509 0.2326 0.2148 0.1998
0.10 0.1495 0.132 0.1161 0.1064
0.05 0.0933 0.0799 0.0668 0.0563

0.01 0.20 0.2543 0.2344 0.2165 0.201
0.10 0.1528 0.1336 0.1182 0.1077
0.05 0.0945 0.0807 0.0692 0.058

0.025 0.20 0.2547 0.237 0.219 0.204
0.10 0.1564 0.1366 0.1219 0.1102
0.05 0.0953 0.0834 0.0724 0.0593

0.05 0.20 0.2568 0.2401 0.2231 0.2069
0.10 0.1582 0.14 0.1255 0.1123
0.05 0.098 0.0861 0.074 0.0614

Table A.2: The simulated probability of making an error of the second kind
for Snapinn’s boundaries.
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A.2 Linear Boundaries That Cross at t = 1

This section contains the probabilities of making an error of the first and

second kind for our first set of linear boundaries, that cross each other at

t = 1.

prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 0.0038 0.003 0.002 0.003
0.10 0.004 0.003 0.002 0.003
0.05 0.004 0.003 0.002 0.003

0.01 0.20 0.004 0.006 0.005 0.006
0.10 0.004 0.006 0.005 0.006
0.05 0.004 0.006 0.005 0.006

0.025 0.20 0.019 0.018 0.015 0.017
0.10 0.019 0.018 0.015 0.017
0.05 0.019 0.018 0.015 0.017

0.05 0.20 0.039 0.034 0.037 0.045
0.10 0.039 0.034 0.037 0.045
0.05 0.039 0.034 0.037 0.045

Table A.3: The simulated probability of making an error of the first kind.

prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 0.5668 0.486 0.422 0.341
0.10 0.46 0.384 0.302 0.227
0.05 0.369 0.293 0.225 0.152

0.01 0.20 0.528 0.465 0.398 0.331
0.10 0.428 0.36 0.284 0.209
0.05 0.339 0.265 0.207 0.142

0.025 0.20 0.48 0.425 0.364 0.314
0.10 0.382 0.313 0.26 0.193
0.05 0.293 0.235 0.177 0.127

0.05 0.20 0.45 0.39 0.342 0.297
0.10 0.35 0.288 0.232 0.181
0.05 0.265 0.211 0.15 0.118

Table A.4: The simulated probability of making an error of the second
kind.
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A.3 Linear Boundaries That Do Not Cross

The probabilities of making an error of the first and second kind for linear

boundaries that do not cross and have a probability of running to the end

have the following probabilities of an error of the first and second kind.

prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 0.0053 0.0053 0.0054 0.0053
0.10 0.0053 0.0053 0.0054 0.0053
0.05 0.0053 0.0053 0.0054 0.0053

0.01 0.20 0.0095 0.0094 0.0095 0.0097
0.10 0.0095 0.0094 0.0095 0.0097
0.05 0.0095 0.0094 0.0095 0.0097

0.025 0.20 0.0247 0.0245 0.0241 0.0234
0.10 0.0247 0.0245 0.0241 0.0234
0.05 0.0247 0.0245 0.0241 0.0234

0.05 0.20 0.0484 0.0485 0.0485 0.0476
0.10 0.0484 0.0485 0.0485 0.0476
0.05 0.0484 0.0485 0.0485 0.0476

Table A.5: The simulated probability of making an error of the first kind.

prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 0.246 0.2376 0.2302 0.222
0.10 0.1359 0.1302 0.125 0.1179
0.05 0.0792 0.0739 0.0691 0.0634

0.01 0.20 0.2581 0.2514 0.244 0.2368
0.10 0.1459 0.1409 0.1356 0.1293
0.05 0.0872 0.0837 0.0793 0.0745

0.025 0.20 0.2784 0.2725 0.2656 0.2584
0.10 0.1656 0.1597 0.1551 0.1491
0.05 0.1039 0.1 0.0956 0.0916

0.05 0.20 0.2973 0.2921 0.2861 0.2799
0.10 0.1832 0.1782 0.174 0.1688
0.05 0.1192 0.1153 0.111 0.1076

Table A.6: The simulated probability of making an error of the second
kind.

50



A.4. PIECEWISE LINEAR BOUNDARIES

A.4 Piecewise Linear Boundaries

In this section we see the experimental data of our final set of boundaries,

which are piecewise linear.

prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 0.0055 0.0053 0.0053 0.0053
0.10 0.0055 0.0053 0.0053 0.0053
0.05 0.0055 0.0053 0.0053 0.0053

0.01 0.20 0.01 0.01 0.0101 0.0103
0.10 0.01 0.01 0.0101 0.0103
0.05 0.01 0.01 0.0101 0.0103

0.025 0.20 0.0251 0.0249 0.0246 0.0243
0.10 0.0251 0.0249 0.0246 0.0243
0.05 0.0251 0.0249 0.0246 0.0243

0.05 0.20 0.0491 0.0491 0.049 0.0485
0.10 0.0491 0.0491 0.049 0.0485
0.05 0.0491 0.0491 0.049 0.0485

Table A.7: The simulated probability of making an error of the first kind.

prej

α β 0.80 0.85 0.90 0.95

0.005 0.20 0.2573 0.2535 0.2497 0.2465
0.10 0.1437 0.1416 0.1388 0.136
0.05 0.0846 0.0822 0.0808 0.0783

0.01 0.20 0.2661 0.2615 0.2579 0.2555
0.10 0.1511 0.1483 0.1457 0.1427
0.05 0.0908 0.0884 0.0867 0.0846

0.025 0.20 0.2804 0.2767 0.2736 0.2687
0.10 0.1669 0.164 0.1604 0.1573
0.05 0.1044 0.1024 0.0999 0.0972

0.05 0.20 0.2948 0.2908 0.2876 0.2837
0.10 0.1804 0.1779 0.1755 0.1723
0.05 0.1166 0.1137 0.1113 0.1092

Table A.8: The simulated probability of making an error of the second
kind.
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