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Abstract
This thesis is focused on the K-Competing Queues problem, which seeks for an optimal way to
share a common resource among multiple user classes. The basic version of this problem, where users
have unlimited patience, can be solved to optimality by using variations of the well-known cµ rule.
The more relevant version of the problem, where user patience is limited, does not yet have an
optimal solution. However, some authors have been able to identify special instances, where it is
optimal to prioritise one user class over the others. By employing a simple coupling technique, we
give an extension to the set of instances, where a full priority policy is optimal.
Along with our search for optimality, we also attempt to give an approximate solution by a number
of heuristics. As we will see from the numeric simulations, the best of all known heuristics turns out
to be the one that solves the fluid approximation of the problem to optimality.
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1

Introduction

Queues are a common phenomenon in systems where a certain common resource cannot immediately
fulfill every user’s needs. They can negatively affect system performance for a number of reasons.
Firstly, a user waiting for service is an idling user who can potentially be better employed by doing
something else. Secondly, accommodating and keeping track of users waiting for service might come
at a certain cost. These issues give rise to a natural question: what can be done to improve system
performance?
One of the optimisation problems that tackles this question is the so-called K-competing Queues Problem. In it, each user that enters the system is assumed not to be unique in the sense that he belongs to
a certain user class, in which he shares a number of key parameters with the other users of the same
class. Users belonging to each of K classes have certain random inter-arrival times, random service
requirements, fixed service rates and fixed holding cost per unit time. Given that a server can process
no more than one user at a time, the goal is to minimise the average or discounted holding cost over a
finite or an infinite time horizon.
If one does not give users the opportunity to abandon then an optimal solution to this problem is to
prioritise the user class with the highest cµ index, where ci is the holding cost per user per unit time
and 1/µi is the mean service time for a user of class i ∈ {1, .., K}. This policy is also known as the cµ
rule. Its optimality was shown in [3] with additional results in [5, 9, 10].
However, in practice it is not always the case that users are willing to wait for service forever. To
simulate this behavior, our model is modified so that each individual user in the system has a certain
class-dependent impatience threshold. This greatly increases complexity of the system as state transition rates are no longer bounded. This means that many of the proof techniques that are convenient in
the case without abandonements, are no longer applicable.
Due to its relevance to call centers, healthcare and Internet, a large wave of literature on this problem has been published over the recent years. Among the approaches used to find an optimal solution
are value iteration in [4, 6] and coupling techniques in [6]. There are also authors who seek for approximate solutions by relaxing the problem [2] or by solving its fluid approximation to optimality [7].
This thesis is structured as follows. In Section 2 we introduce the necessary notation and solve the
problem without abandonments to optimality. In Section 3 we derive sufficient conditions on the input
parameters, under which the problem with abandonments can be solved to optimality. In Section 4 we
introduce some of the most common heuristics and analyse their performance on a series of instances.

1

2
2.1

Model without abandonments, optimality of the cµ rule
Problem formulation

We consider a queueing system, in which there are K different types (also referred to as classes) of customers (also somtimes referred to as jobs) and one server (also referred to as machine).
For each i ∈ {1, .., K}, the arrivals of type-i customers into the system occur according to independent random processes with mean inter-arrival times 1/λi .
Every customer who enters the system requires a certain random amount of server time before he is
ready to leave. For each customer of type i, the service requirement is independent of his arrival time
and of other customers and has mean 1/µi . We assume that the server cannot simultaneously serve multiple customers. If a customer of type i is not served immediately after his arrival, then he joins queue i
of customers of the same class in an infinite capacity waiting room.
While present in the system, each customer of type i induces a holding cost of ci ≥ 0 per time unit.
The goal is to find a service policy that minimises the running cost of the system.

2.2

Running costs

We represent each customer j who enters the system by a tuple (Ej , Sj , Ij ) where Ej is his arrival time,
Sj is his service requirement and Ij is his impatience threshold. In this section the latter can be either
dropped or assumed to be ∞. We use the notation ω to represent one fixed realisation of these random
variables over all possible customers over time horizon [0, ∞). We will further refer to elements ω as
outcomes.
Let Ω be the set of all possible outcomes ω equipped with a sigma-algebra F of all outcome combinations that are relevent for our analysis. Then, knowing the distributions of inter-arrival times, service
requirements and impatience thresholds, we accordingly define a probability measure P on F and thus
obtain a probability space (Ω, F, P) that we are going to work on throughout the rest of the thesis.
Given a particular outcome ω ∈ Ω, we define policy π as a stationary (i.e. non-random) state-dependent
order, in which the server processes available customers. We assume that the exact service requirements
and impatience thresholds for any particular customer are not known to the server until they are explored by serving or non-serving. We further assume that at time t ∈ R+ each service policy π bases its
decisions only on events (arrivals, impatience departures and service completions) that occurred over
the time interval [0, t), i.e. is non-anticipative. We use P to denote the set of all non-anticipative policies
π.
For a fixed outcome ω ∈ Ω and policy π ∈ P we use nπi (t, ω) to denote the number of customers of
type i ∈ {1, .., K} present in the system at time t ∈ R+ . We suppose that at time 0 the system starts from
π
0
a given state x0 ∈ NK
0 , that is ni (0, ω) = xi for all i ∈ {1, .., K}, ω ∈ Ω and π ∈ P.
Using the definitions above, the running cost of policy π for a fixed outcome ω for any time interval
[a, b) ⊆ [0, ∞) can be defined as
!
Z b X
K
Cωπ [a, b) :=
ci nπi (t, ω) dt
a

i=1

with the expected value
C π [a, b) := E [Cωπ [a, b)] = E

"Z
a

b

K
X

!

#

ci nπi (t, ω) dt =

Z
a

i=1

where expectation E is taken with respect to all outcomes ω ∈ Ω.

2

b

K
X
i=1

!
ci E [nπi (t, ω)] dt,

(1)

Looking for a policy with the lowest expected running cost over the infinite time horizon is thus equivalent to looking for π ∈ P that minimises C π [0, ∞) := lim supT →∞ C π [0, T ) over π ∈ P. However, as
the number of new arrivals is P-almost surely unbounded, so will be the integrals in formula (1) for
C π [0, ∞).
We therefore consider an α-discounted version of cost C defined for α ∈ [0, ∞) as

R T −αt PK
π
e
c
E
[n
(t,
ω)]
dt
i
i
i=1
0
.
Sα (π) := lim sup
RT
T →∞
e−αt dt
0
For α = 0 the above turns into the expected average running cost

R T PK
π
i=1 ci E [ni (t, ω)] dt
0
C π [0, T )
S0 (π) := lim sup
= lim sup
T
T
T →∞
T →∞

(2)

which is going to be our primary minimisation objective throughout the rest of the thesis.
It is worth mentioning that for a model without abandonments the minimisation criterion (2) makes
sense only in the case of underload, that is when the system load
ρ :=

K
X
λk
i=1

µk

< 1.

Otherwise, for any policy π ∈ P the server’s processing rate will be insufficient to cope with all of the
arrivals. This will cause one or multiple expected queue lengths E [nπi (t, ω)] to increase in t, in which
case the limit in (2) will not exist. We therefore make the following assumption throughout the rest of
this section.
Assumption 1. ρ < 1
Also note that in cases where customer abandonments are present, the expected queue lengths are
bounded from above for any policy π and any system load ρ. Too see why this is true, pick a feasible policy π0 that keeps the server constantly idle. In this case, the system turns into K independent
M/M/∞ systems, each with arrival rate λi and departure rate βi (i ∈ {1, .., K}). From [1] we know that
M/M/∞ systems are stable, i.e. for all i ∈ {1, .., K}:
lim E [nπi 0 (t, ω)] =

t→∞

λi
βi

PK
and hence S0 (π0 ) = i=1 ci λi/βi < ∞. As π0 represents the worst possible policy, for any policy π ∈ P
we have S0 (π) ≤ S0 (π0 ) < ∞. This means that our cost criterion (2) is well-defined for any system load
ρ and no assumptions on ρ are necessary.

2.3

Optimality criteria

Definition 2.3.1. We call a policy π ∗ ∈ P optimal in the average sense (further: optimal) if
S0 (π ∗ ) = inf S0 (π).
π∈P

Definition 2.3.2. We call a policy π ∈ P non-idling if it never keeps the server idle in a non-empty state of the
system.
Definition 2.3.3. We define the set of all non-idling policies by
N := {π ∈ P : π is non-idling} .
We now show that it is sufficient to only consider those policies that are non-idling.
3

Proposition 2.3.1. If service preemptions are allowed then the following holds:
(3)

inf S0 (π) = inf S0 (π).

π∈N

π∈P

Before proving Proposition 2.3.1 we will first introduce some convenient notation and prove an auxiliary result.
Definition 2.3.4. Let P1 = (x1 , π1 ) and P2 = (x2 , π2 ) be two NK
0 -valued random processes on the probability
space (Ω, F, P) that start in states x1 , x2 ∈ NK
and
follow
policies
π1 , π2 , respectively.
0
• For outcome ω ∈ Ω and i ∈ {1, .., K}, we use nπi 1 (t, ω) and nπi 2 (t, ω) to denote the number of type-i
customers in P1 and P2 at time t, respectively.
• For outcome ω ∈ Ω and time interval [a, b) ⊆ [0, ∞) we define the cost difference between process P1 and
P2 as
!
Z b X
K
π2
π1
P1 ,P2
(4)
∆Cω
[a, b) :=
ci (ni (t, ω) − ni (t, ω)) dt
a

i=1

and say that Process P2 has the same or lower expected total running cost in comparison to Process P1 if
C P1 ,P2 := E [∆Cωπ1 ,π2 [0, ∞)] ≥ 0,
provided that C P1 ,P2 is well-defined.
Definition 2.3.5. Let processes P1 and P2 be defined in Definition 2.3.4.
• We say that stationary policies π1 and π2 are identical if for any system state x ∈ NK
0 , the state-dependent
actions aπ1 (x) and aπ2 (x) satisfy aπ1 (x) = aπ2 (x).
• We say that policies π1 and π2 execute the same actions if for system states x1 (t) and x2 (t) at time t,
respectively, we have aπ1 (x1 (t)) = aπ2 (x2 (t)).
Lemma 2.3.1. Let P1 = (x, π1 ) be the random process that starts from some state x ∈ NK
0 at time 0 and follows
a stationary policy π1 . Suppose there exists a random process P10 = (x, π10 ) such that
0

• C P1 ,P1 ≥ (>)0;
• for P-almost any outcome ω ∈ Ω the non-stationary policy π10 deviates from π1 on a finite number of
customers;
• for P-almost any outcome ω ∈ Ω the deviation above causes state difference over a finite time interval.
Then there exists a stationary policy π2 such that S0 (π1 ) ≥ (>)S0 (π2 ).
0
Proof. Let S ⊂ NK
0 be the set of states, after hitting which at some time t1 , policy π1 deviates from policy
0
0
π1 . Let t1 > t1 be the time, from which the processes P1 and P1 no longer have state difference.

Observe that for any pair of neighbouring states x, y ∈ NK
0 , the transition rate between these states
in both directions is bounded from below by a positive costant
d = min{ min
i∈{1,..K}

βi ,

min
i∈{1,..,K}

λi }

for any service policy π ∈ P. Because our system is Markovian, each of the states x ∈ NK
0 will be hit
infinitely many times irrespective of the service policy.
Therefore, the process P1 is expected to hit set S infinitely many times beyond time t01 so it is always
possible to perform another similar deviation at some time t2 ≥ t01 . If the first deviation (strictly) reduced the expected running cost over a finite time interval [t1 , t2 ) then it also (strictly) reduced the
expected average running cost over the same interval. As deviation at time t2 will also (strictly) reduce the expected average running cost over some finite time interval [t2 , t3 ) then a stationary policy
π2 that always follows the deviated route must have a (strictly) lower expected average running cost in
comparison to policy π1 , i.e. S0 (π2 )(<) ≤ S0 (π1 ).
4

Using Definition 2.3.4 and Lemma 2.3.1, we now begin the proof of Proposition 2.3.1.
Proof of Proposition 2.3.1. To show that (3) holds, it is sufficient to show that for any process P1 = (x, π1 )
with π1 ∈ P \ N one can find a policy π2 ∈ N such that process P2 = (x, π2 ) satisfies C P1 ,P2 ≥ 0.
Given process P1 = (x, π1 ) we construct a process P10 = (x, π10 ) that avoids idling longer than pro0
cess P1 and satisfies C P1 ,P1 ≥ 0. By repeatedly performing the same procedure and pushing potential
idle periods forward in time, one obtains a process P2 = (x, π2 ) with C P1 ,P2 ≥ 0 that satisfies π2 ∈ N .
We distinguish two types of outcomes ω ∈ Ω:
1. Suppose that outcome ω ∈ Ω is such that policy π1 never idles the server in a non-empty system.
P ,P10

Let policy π10 be an exact copy of policy π1 on the outcome ω. Then, ∆Cω 1

[0, ∞) = 0.

2. Suppose that outcome ω ∈ Ω is such that policy π1 allows idling in a non-empty system. Let
[t1 (ω), t2 (ω)) be the first such idle period under policy π1 . Define policy π10 as follows:
• for t ∈ [0, t1 (ω)) let policy π10 copy the actions of policy π1 ;
• for t ∈ [t1 (ω), t2 (ω)) let policy π10 serve available customers in an arbitrary order;
• for t ∈ [t2 (ω), ∞) let policy π10 copy actions of policy π1 , whenever possible. That is, whenever policy π1 serves a type-i customer, policy π 0 also serves a type-i customer if such a
customer is available. Otherwise policy π 0 idles.
As policy π10 copies actions of policy π1 over time slot [0, t1 (ω)), processes P1 and P10 do not differ.
This implies
P ,P10

∆Cω 1

(5)

[0, t1 (ω)) = 0.

π10

As policy
keeps the server busy as long as possible over time slot [t1 (ω), t2 (ω)) while policy π1
idles, we have
π0

ni 1 (t, ω) ≤ nπi 1 (t, ω) for any t ∈ [t1 (ω), t2 (ω)] and i ∈ {1, .., K},

(6)

which, using (4), yields
P ,P10

∆Cω 1

[t1 (ω), t2 (ω)) ≥ 0.

(7)

π10

By (6) we have ni (t2 (ω), ω) ≤ nπi 1 (t2 (ω), ω), i.e. at time t2 (ω) the process P10 has at most the same
number of customers in the system in comparison to process P1 . Because from time t2 (ω) onwards
processes P1 and P10 execute similar actions, whenever possible, we have
π0

ni 1 (t, ω) ≤ nπi 1 (t, ω) for any t ∈ [t2 (ω), ∞] and i ∈ {1, .., K}.
Using (4) again:
P ,P10

∆Cω 1

[t2 (ω), ∞) ≥ 0.
P1 ,P10

Putting (5), (6) and (8) together we obtain ∆Cω

(8)

[0, ∞) ≥ 0.
0

Taking the expectation with respect to both types of outcomes ω, we obtain C P1 ,P1 ≥ 0. Moreover, policy
π10 avoids idling longer than policy π1 for any outcome ω ∈ Ω.

2.4

Optimality of the cµ-rule

Suppose that the number of customer classes K = 2.
Proposition 2.4.1. Suppose the classes are labelled such that c1 µ1 ≥ c2 µ2 and
• the inter-arrival times for class i customers are exponentially distributed with rate λi (i = 1, 2);
• the service times for class i customers are exponentially distributed with rate µi (i = 1, 2);
• service preemptions are allowed.

5

Then it is optimal to always prioritise class 1 whenever customers of both types are present in the system.
P2
Proof. Because the transition rates are bounded from above by d :=
i=1 λi + max{µ1 , µ2 }, we uniformise our Markov process and assume that all arrivals and service completions occur at the ends of
discrete time slots of length τ with certain probabilities. We then let τ → 0 to obtain the desired result
for the continuous-time model.
Pick an arbitrary starting state x ∈ N2 and let j1 and j2 be the customers at the heads of the class 1
and class 2 queues at time 0. Define two random processes P1 = (x, π1 ) and P2 = (x, π2 ), as follows:
• during [0, τ ) policy π1 serves customer j1 and policy π2 serves customer j2 ;
• during [τ, 2τ ) policy π1 serves customer j2 and policy π2 serves customer j1 ;
• during [2τ, ∞) both policies copy the actions of an arbitrary policy π. That is, whenever policy π
serves a type-i customer, policies π1 , π2 also serve a type-i customer if such a customer is available.
Otherwise policies π1 and π2 idle.
By construction, both customers j1 and j2 are served for exactly τ time units over time slot [0, 2τ ). As
the service time distribution of j1 and j2 has the memoryless property, at time 2τ their remaining service
time is identical (in distribution) under both processes P1 and P2 . As both P1 and P2 resume from the
same state and follow the same policy, for any outcome ω ∈ Ω there is no state difference between the
processes from time 2τ onwards. This translates into
∆CωP1 ,P2 [2τ, ∞) = 0

for any ω ∈ Ω,

which, in turn, implies


E ∆CωP1 ,P2 [2τ, ∞) = 0.

(9)

Using the memoryless property again, we see that swapping customers j1 and j2 between the time
slots [0, τ ) and [τ, 2τ ) makes them equally like to complete their service at the end of assigned time slots
under π1 and π2 . Therefore, both customers j1 and j2 will be present for the entire time slot [0, 2τ ) in
both processes unless j1 completes his service at time τ in process P1 and/or j2 completes his service at
time τ in process P2 . These events have probabilities 1 − e−µ1 τ and 1 − e−µ2 τ , respectively. Hence


E ∆CωP1 ,P2 [0, 2τ ) = c2 (1 − e−µ2 τ ) − c1 (1 − e−µ1 τ ),
which together with (9) implies
C P1 ,P2 = c2 (1 − e−µ2 τ ) − c1 (1 − e−µ1 τ ).
If C P1 ,P2 ≤ 0 then a similar swap of processing order can be made for all pairs of adjacent time slots
where policy π2 puts service of a class 2 customer ahead of a class 1 customer. This way, one obtains the
policy π ∗ , which fully prioritises class 1. As no change of the service order will improve the expected
cost of π ∗ , it must be optimal.
We now want inequality
c2 (1 − e−µ2 τ ) − c1 (1 − e−µ1 τ ) ≤ 0
c1 (1 − e−µ1 τ ) ≥ c2 (1 − e−µ2 τ )

(10)

to hold as τ is approaching zero. As both sides of (10) are continuous in τ and equal to 0 when τ = 0
then a sufficient condition for (10) to hold as τ → 0 is for the derivative of the left-hand side to exceed
the derivative of the right-hand side at τ = 0. These derivatives are, respectively, c1 µ1 and c2 µ2 , which
concludes the proof.
Note that the swapping technique executed in the proof of Proposition 2.4.1 can be applied to any pair
of customer classes to show that it is optimal to prioritise class with the higher cµ-index over a class
with the lower cµ-index. Hence, for an arbitrary number of classes K we have the following corollary.
Corollary 2.4.1. Suppose K customer classes are labelled such that ci µi ≥ cj µj for 1 ≤ i < j ≤ K and

6

• the inter-arrival times for class i customers are exponentially distributed with rate λi (i ∈ {1, .., K});
• the service times for class i customers are exponentially distributed with rate µi (i ∈ {1, .., K});
• service preemptions are allowed.
Then it is optimal to always prioritise class with a lower index whenever customers of two or more types are
simultaneously present in the system.

7

3

Optimal policies for model with abandonments

We now shift our attention to a variation of the K-competing queues model, where customers have
limited patience. We simulate this behaviour by assuming that no class i customer (i ∈ {1, .., K}) is
willing to spend more than a random amount of time with mean 1/βi in the system. Whenever a customer reaches his impatience threshold, he abandons the system irrespectively of being in the waiting
queue or at the server.
Even for a relatively simple case, in which class-dependent service times and impatience thresholds
are exponentially distributed and K = 2, it was shown in [4] that the optimal policy need not always
prioritise one of the queues. In the same paper, it was shown by the means of value iteration that the
optimal action explicitly depends on the current state of the system.
So far, all attempts to tackle even this simplified problem in its full generality have proven unsuccessful. Therefore, in this section we only concentrate on identifying instances, for which a full priority
policy, also called index policy, can indeed be proven to be optimal. We first consider the special case that
the service times of both classes have the same exponential distribution. Then we move on to harder
modifications where the service time distribution of both classes is arbitrary or different. The proof
technique that we employ, is rather naive and only gives a crude bound. However, it does show that for
certain combinations of the input parameters it is indeed optimal to give full priority to one of customer
classes.

3.1

Equal service times

We first concentrate on the case that the service time distribution is the same for both customer classes.
3.1.1

Exponential case

Suppose that the service times for both classes are equal and are exponentially distributed with rate µ.
With the inter-arrival times, service times and impatience thresholds being exponentially distributed,
our problem can be classified as a Markov Decision Problem (MDP). One way to tackle MDPs is by
using the well-known Bellman optimality equation, which for our specific problem reads
(λ1 + λ2 + β1 x1 + β2 x2 + µ) u(x) + g =

c1 x1 + c2 x2
+λ1 u(x + e1 ) + λ2 u(x + e2 )
+β1 x1 u(x − e1 ) + β2 x2 u(x − e2 )
+µ min{u(x − e1 ), u(x − e2 )},

(11)

where
• x ∈ N2 is the current state of the system;
• u(x) is the relative value function;
• g is the minimum expected mean running cost.
Similarly to [6], we interpret relative function u as follows. Given x ∈ N20 and two processes P0 =
(0, π ∗ ), Px = (x, π ∗ ), each of which follows a policy π ∗ that is optimal with respect to the overall cost,
u(x) := C Px ,P0 . This way, we also get u(0) = 0.
As in Theorem 2.5 of [6], to describe an optimal policy it is sufficient to compare values of u(x − e1 )
and u(x − e2 ) for all states x ∈ N2 . In this subsection, we will show that under certain combinations
of the input parameters, one has u(x − e1 ) ≤ u(x − e2 ) for any x ∈ N2 . Thus always serving class 1
customers is optimal. We do this in a more general manner that will prove to be useful later on in our
work.
Proposition 3.1.1. Suppose that
• the inter-arrival times for each type of customer have an arbitrary distribution;
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• the impatience thresholds of class i customers are exponentially distributed with rate βi (i = 1, 2) and
satisfy β1 ≤ β2 ;
• both types of customer have the same service time distribution with mean 1/µ;
• the holding costs ci per time unit per customer of class i (i = 1, 2) satisfy c1 ≥ c2 .
Then u(x − e1 ) ≤ u(x − e2 ) for any x ∈ N2 , i.e. the optimal total running cost for a system starting from state
x − e1 is always lower compared to an optimal total running cost of a system starting from state x − e2 .
Proof. Define two processes on the same probability space. Process P2 starts in the state x − e2 and
follows an optimal policy π2 . Process P1 starts in state x − e1 and the policy π1 that it follows will be
explicitly given below.
As the processes P1 and P2 are defined on the same probability space, we can assume that they see
the same arrivals. That is, whenever an arrival occurs, the relative position between the processes remains the same.
Also assume that the first (x1 − 1, x2 − 1) customers and all new arrivals have the same impatience
thresholds and service requirements under both processes. This leaves us to consider one extra type-2
customer for process P1 and one extra type-1 customer for process P2 . We call these customers j2 and
j1 , respectively.
For customers j1 and j2 , use the following notation:
• I1 ∼ Exp(β1 ) for the random impatience threshold of customer j1 ;
• I2 ∼ Exp(β2 ) for the random impatience threshold of customer j2 ;
• T for the random service requirement that we may assume to be the same for both customers j1
and j2 .
Because both I1 and I2 have exponential distributions, they can be stochastically ordered. Suppose that
I2 := min{I1 , I3 }, where I3 ∼ Exp(β2 − β1 ), independent of I1 , I2 . This way, customer j1 of process P2
does not abandon the system before customer j2 .
Using the above, we can now give an explicit definition to policy π1 followed by process P1 .
• The moment that policy π2 serves customer j1 , policy π1 is to
– idle, if customer j2 has already abandoned via impatience;
– serve customer j2 , if he is still present.
• Whenever π2 serves any customer other than j1 , policy π1 is to copy its action. This is always
possible because of the above assumptions.
We use the notation of Definition 2.3.4 and assume that policy π2 starts service of customer j1 at time 0.
Our goal is to bound C P2 ,P1 from below. Given a well-defined policy π1 , we now distinguish two types
of outcomes ω ∈ Ω:
1. Suppose ω ∈ Ω is such that customer j2 of process P1 abandons at time I2 (ω) due to impatience.
Then precisely one of two events below occurs in process P2 .
• Customer j1 also abandons at time I2 (ω).
In this case, both processes arrive at the same state at time I2 (ω). As process P1 copies actions
of process P2 then the running costs for both processes from time I2 (ω) onwards are going to
be identical, i.e.
∆CωP2 ,P1 [I2 (ω), ∞) = 0.
(12)
By the construction of processes P1 and P2 , the only difference in state over time slot [0, I2 (ω))
is induced by customers j1 and j2 , both of whom abandon at time I2 (ω). Thus,
∆CωP2 ,P1 [0, I2 (ω)) = c1 I2 (ω) − c2 I2 (ω) ≥ 0.
Combining (12) and (13) we obtain
∆CωP2 ,P1 [0, ∞) ≥ (c1 − c2 )I2 (ω) ≥ 0.
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(13)

• Customer j1 does not depart at time I2 (ω) but at some time U (ω) > I2 (ω).
Suppose that the abandonment of customer j2 at time I2 (ω) puts process P1 in some state
y ∈ N20 . Then at time I2 (ω) process P2 is in a state y + e1 .
As at time I2 (ω) process P1 is in a smaller state compared to process P2 and copies its actions,
we have ∆CωP2 ,P1 [I2 (ω), ∞) ≥ 0. Using the same argument that leads to equality (13) in the
previous case yields
∆CωP2 ,P1 [0, ∞) ≥ (c1 − c2 )I2 (ω) ≥ 0.
2. Now suppose that outcome ω ∈ Ω is such that customer j2 of process P1 departs by having filled
his service requirement at time T (ω).
As customer j1 of process P2 has not abandoned the system before time T (ω), he also completes
his service requirement at time T (ω) in process P2 . This pair of service completions will put both
processes in the same state at time T (ω). As both processes will see the same events and execute
the same actions from time T (ω) onwards, then ∆CωP2 ,P1 [T (ω), ∞) = 0.
Also, by construction of process P1 , the only difference in state between it and P2 over time slot
[0, T (ω)) is induced by customers j1 and j2 , both of whom depart at time T (ω). Thus
∆CωP2 ,P1 [0, T (ω)) = c1 T (ω) − c2 T (ω) ≥ 0
and
∆CωP2 ,P1 [0, ∞) = (c1 − c2 )T (ω) ≥ 0.
We have now established that for any outcome ω ∈ Ω: ∆CωP2 ,P1 [0, ∞) ≥ 0. This immediately leads
to C P2 ,P1 ≥ 0. As process P1 = (x − e1 , π1 ) follows a potentially suboptimal policy π1 , the process
∗
∗
P1∗ = (x − e1 , π1∗ ) where π1∗ is an optimal policy, satisfies C P1 ,P1 ≥ 0. This implies C P2 ,P1 ≥ 0.
∗
As processes P2 and P1 start from respective states x − e2 and x − e1 and employ optimal policies, by
the previous inequality we have u(x − e1 ) ≤ u(x − e2 ). This concludes the proof.
Proposition 3.1.1 and optimality equation (11) immediately lead to the following corollary.
Corollary 3.1.1. Suppose that
• the inter-arrival times of class i customers are exponentially distributed with rate λi (i = 1, 2);
• the impatience thresholds of class i customers are exponentially distributed with rate βi (i = 1, 2) and
satisfy β1 ≤ β2 ;
• both types of customer have the same exponential service time distribution with rate µ;
• the holding costs ci per time unit per customer of class i (i = 1, 2) satisfy c1 ≥ c2 .
Then a service policy that prioritises class 1 customers over class 2 customers is optimal.
Observe that the proof of Proposition 3.1.1 holds true for both preemptive and non-preemptive service
disciplines. While we still have the relevant machinery directly at hand, we will prove two auxiliary
results, which will come in handy in Section 3.1.2.
Lemma 3.1.1. Suppose that conditions of Proposition 3.1.1 hold. Then processes P1∗ = (x − e1 , π1∗ ) and P2∗ =
(x − e2 , π2∗ ), both of which follow optimal policies, satisfy


∗
∗
C P2 ,P1 ≥ (c1 − c2 ) · E I2 1{I2 <T } ,
where I2 stands for an impatience threshold of a type-2 customer and T is his random service requirement.
Proof. We use the variables defined in the proof of Proposition 3.1.1.
∗

As processes P2 and P2∗ both start in the same state x − e2 and both follow optimal policies, C P2 ,P2 = 0.
As the process P1 follows a potentially suboptimal policy, then for processes P1 and P1∗ both starting in
∗
state x − e1 we have C P1 ,P1 ≥ 0. This yields
∗

∗

∗

∗

C P2 ,P1 = C P2 ,P1 = C P2 ,P1 + C P1 ,P1 ≥ C P2 ,P1 .
Our goal is therefore to estimate the last term from below.
Split the space Ω into disjoint sets A and B.
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• For any outcome ω ∈ A, customer j2 of process P1 leaves the system at time I2 (ω) via impatience.
By the previous proof, for such ω we have ∆CωP2 ,P1 [0, ∞) ≥ (c1 − c2 )I2 (ω).
• For any outcome ω ∈ B, customer j2 of process P1 leaves the system at time T (ω) via a service
completion.
By the previous proof, for such ω we have ∆CωP2 ,P1 [0, ∞) ≥ (c1 − c2 )T (ω).
This allows for the following lower bound:


C P2 ,P1 := E ∆CωP2,P1 [0, ∞)



= P(A) · E ∆CωP2 ,P1 [0, ∞)|ω ∈ A + P(B) · E ∆CωP2 ,P1 [0, ∞)|ω ∈ B
≥ P(A) · E [(c1 − c2 )I2 (ω)|ω ∈ A] + P(B) · E [(c1 − c2 )T (ω)|ω ∈ B]
= (c1 − c2 ) · (P(A) · E [I2 (ω)|ω ∈ A] + P(B) · E [T (ω)|ω ∈ B]) .

(14)

As our knowledge of process P2 is limited to it using some optimal policy, we do not have sufficient
information on the process P1 to explicitly compute P(A), P(B), E [I2 (ω)|ω ∈ A] and E [T (ω)|ω ∈ B].
However, we can obtain some lower bounds:
• The state x in the formulation of Proposition 3.1.1 can be arbitrarily large. Therefore, the probability that customers j1 and j2 ever reach service under any policy can be arbitrarily small and we
cannot provide an estimate better than P(B) ≥ 0. This reduces the estimate (14) to
C P2 ,P1 ≥ (c1 − c2 ) · P(A) · E [I2 (ω)|ω ∈ A] .
• P(A) and E [I2 (ω)|ω ∈ A] depend explicitly on the policy used by the process P1 . Both of these
values are at their lowest if process P1 is to start processing customer j2 immediately at time 0.
Assuming that this is the case, we obtain a lower bound
C P2 ,P1 ≥ (c1 − c2 )P(A) · E [I2 (ω)|ω ∈ A]
≥ (c1 − c2 )P(I2 < T )E(I2|I2 < T )
= (c1 − c2 ) · E I2 1{I2 <T } .

Lemma 3.1.2. Recall the conditions of Proposition 3.1.1 and suppose that c1 < c2 . Then processes P1∗ =
(x − e1 , π1∗ ) and P2∗ = (x − e2 , π2∗ ), both of which follow optimal policies, satisfy
∗

∗

C P2 ,P1 ≥

c1 − c2
.
β2

Proof. We copy the proof of Lemma 3.1.1 up to the point where estimate (14) is obtained.
For any outcome ω ∈ B, the service completion time T (ω) of customer j2 under process P1 cannot
exceed his impatience threshold I2 (ω). As (c1 − c2 ) < 0 and then our further estimate goes as follows:
C P2 ,P1 ≥ (c1 − c2 ) · (P(A) · E [I2 (ω)|ω ∈ A] + P(B) · E [T (ω)|ω ∈ B])
≥ (c1 − c2 ) · (P(A) · E [I2 (ω)|ω ∈ A] + P(B) · E [I2 (ω)|ω ∈ B])
= (c1 − c2 ) · E [I2 (ω)|ω ∈ Ω]
2
= c1β−c
.
2

3.1.2

Non-exponential case

Suppose that the service times for both classes are equal but not exponentially distributed. Because the
service time need not have the memoryless property, the system is no longer Markovian, which does
not allow to use the Bellman equation (11).
Throughout this subsection, we use T to denote the random service time and assume that it has a
density fT on [0, ∞) and ET = µ1 .
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Non-preemptive case
We first assume that service preemptions are not allowed. As will be discussed in the next subsection,
this assumption is vital for our relatively simple coupling argument to produce any results.
Definition 3.1.1. Suppose that the service time T has density fT : [0, ∞) → R+
0 . For any z ∈ [0, sup {Supp(fT )}),
we define the residual service time Rz observed at time z by the density fRz (x):
fT (x + z)
.
fRz (x) := R ∞
fT (x)dx
z
Observe that Rz is a well-defined random variable on R+
0 for any z ∈ [0, sup {Supp(fT )}) as
R∞
• For any z ∈ [0, sup {Supp(fT )}) one has z fT (x)dx > 0 thus fRz (x) ≥ 0 for any x ∈ R+
0;
•
R
R
Z ∞
∞
∞
fT (x)dx
fT (x + z)dx
= Rz∞
= 1.
fRz (x)dx = 0R ∞
fT (x)dx
fT (x)dx
0
z
z
Definition 3.1.2. We say that distribution of service time T satisfies the increasing failure rate (IFR) property
D

if for any z1 , z2 ∈ [0, sup {Supp(fT )}) with z1 > z2 we have Rz1 ≤ Rz2 . That is, for any x ∈ R+ :
P (Rz1 ≥ x) ≤ P (Rz2 ≥ x) .
In other words, under the IFR property, the remaining service time observed at time z2 stochastically
dominates the remaining service time observed at time z1 if z1 > z2 .
Suppose we are in state x0 ∈ N2 at time 0 and want to decide which queue to serve.
Proposition 3.1.2. Suppose that
• the inter-arrival times for each type of customer have an arbitrary distribution;
• the impatience thresholds of class i customers are exponentially distributed with rate βi (i = 1, 2) and
satisfy β1 ≤ β2 ;
• the service time distribution is equal for both customer classes, has mean 1/µ and satisfies the IFR property;
• the holding costs ci per time unit per customer of class i are ci (i = 1, 2);
• service preemptions are not allowed.
Then there exists a constant M = M (β1 , β2 , fT ) such that for holding costs satisfying c1 ≥ M · c2 , for any state
x0 ∈ N2 , serving the class 1 queue is optimal over serving the class 2 queue.
Proof. We first assume that the holding costs satisfy c1 ≥ c2 . Later we show that the same proof technique is also applicable for the case c1 < c2 .
Given an initial state x0 ∈ N20 , we define two random processes P1 = (x0 , π1 ) and P2 = (x0 , π2 ) on
the same probability space. Suppose that policy π2 of process P2 assigns service to a type-2 customer
j2 at time 0 and is optimal afterwards. On the other hand, policy π1 of process P1 assigns service to a
type-1 customer j1 at time 0 and its further actions will be explicitly given below.
We use the notation of Definition 2.3.4 and say that policy π1 has a lower expected running cost in
comparison to policy π2 if C P2 ,P1 ≥ 0. Note that actions of policy π1 after customer j1 departs are
potentially suboptimal. Therefore, for a random process P10 = (x0 , π10 ) that follows a policy π10 which
0
first serves j1 and is later optimal, one has C P1 ,P1 ≥ 0. If C P2 ,P1 ≥ 0 were to hold then we would have
0
C P2 ,P1 ≥ 0, which would mean that serving class 1 in state x0 yields a lower expected cost than serving class 2. Using this optimality criterion, we will derive a condition on the input parameters of type
c1 ≥ M · c2 under which it holds true.
As both processes P1 and P2 are defined on the same probability space, we assume that they see the
same inter-arrival times, impatience thresholds and service requirements for all customers different
from j1 and j2 . This allows to couple the processes in such a way that customers different from j1 and
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j2 do not affect the relative position between the processes.
For customers j1 and j2 , use the following notation:
• I1 ∼ Exp(β1 ) for the random impatience threshold of customer j1 ;
• I2 ∼ Exp(β2 ) for the random impatience threshold of customer j2 ;
• T for the random service requirement that we may assume to be the same for both customers j1
and j2 . 

• Z := E I2 1{I2 <T } , a certain input-dependent constant.
Because β1 ≤ β2 and both I1 and I2 are exponentially distributed, we can stochastically order these
variables by letting I2 := min{I1 , I3 }, where I3 ∼ Exp(β2 − β1 ) independent of I1 and I2 . This way we
a.s.

obtain I1 ≥ I2 and I1 = I2 with probability β1/β2 .
We now split the space Ω in 10 subspaces branching on the relative order of I1 , I2 , T and other random variables that will later become relevant. In each of the branches, we give an explicit definition of
the policy π1 .
1. Suppose that ω ∈ B1 , where
B1 := {ω ∈ Ω : I1 (ω) = I2 (ω) < T (ω)}.
Then at time I1 (ω) both customers j1 and j2 abandon simultaneously and both processes arrive at
the same state x1 with zero elapsed service time.
Let policy π1 copy the actions of policy π2 from time I1 (ω) onwards. Then, as processes P1 and P2
resume from the same state and observe the same events, we get ∆CωP2 ,P1 [I1 (ω), ∞) = 0.
The only state difference between the processes P1 and P2 over time slot [0, I1 (ω)) is due to customers j1 and j2 both of whom abandom at time I1 (ω). Therefore, ∆CωP2 ,P1 [0, I1 (ω)) = 0 and
thus
∆CωP2 ,P1 [0, ∞) = 0
for all ω ∈ B1 .
2. Suppose that ω ∈ B2 , where
B2 := {ω ∈ Ω : T (ω) < min{I1 (ω), I2 (ω)}}.
Then at time T (ω) both processes see service completions: process P1 goes to some state x1 − e1
with zero elapsed service time and process P2 goes to state x1 − e2 also with zero elapsed service
time.
For any outcome ω ∈ B2 , at time T (ω) the elapsed service time for any customer in the system is
zero under both processes P1 and P2 . As impatience thresholds have the memoryless property,
it means that the branch restrictions do not affect events beyond time T (ω). This puts us in the
setting of Proposition 3.1.1, which states that it is possible to construct policy π1 in such a way
that the expected running cost of process P1 over time slot [T (ω), ∞) will not exceed running cost
of process P2 , with the expectation taken over all outcomes ω ∈ B2 . That is,


E ∆CωP2 ,P1 [T (ω), ∞) · 1{ω∈B2 } ≥ 0.
Using Lemma 3.1.1, we obtain a sharper lower bound


E ∆CωP2 ,P1 [T (ω), ∞) · 1{ω∈B2 } ≥ P(B2 ) · (c1 − c2 )Z.
Due to simultaneous service completion of customers j1 and j2 at time T (ω), there is no difference
in state between processes P1 and P2 over the time slot [0, T (ω)). Therefore, ∆CωP2 ,P1 [0, T (ω)) = 0
for any outcome ω ∈ B2 and


E ∆CωP2 ,P1 [0, ∞) · 1{ω∈B2 } ≥ P(B2 ) · (c1 − c2 )Z.
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3. Suppose that outcome ω ∈ B3 , where
B3 := {ω ∈ Ω : I2 (ω) < min{I1 (ω), T (ω)}}.
Then at time I2 (ω) customer j2 abandons simultaneously under both processes, and both processes arrive in some state x1 . However, process P1 has elapsed type-1 service time of I2 (ω) time
units and it must proceed serving customer j1 since the service discipline is assumed to be nonpreemptive.
Depending on the actions of process P2 , we construct process P1 from time I2 (ω) as follows:
(a) Suppose the optimal process P2 serves a class-1 customer from time I2 (ω) onwards. Due to
impatience thresholds being memoryless and elapsed service time for all class-1 customers
being zero, all class-1 customers at time I2 (ω) in process P2 are mutually equivalent. Therefore, without loss of generality, we assume that the class-1 customer picked by policy π2 is
j1 .
i. If ω ∈ B3a1 , where
B3a1 := {ω ∈ Ω : I2 (ω) < I1 (ω) ≤ T (ω)}
then at time I1 (ω) customer j1 will abandon simultaneously in both P1 and P2 so both
processes will arrive at the same state x2 with zero elapsed service time.
Let policy π1 copy the actions of policy π2 from time I1 (ω) onwards. As both processes
resume from the same state and perform the same actions, ∆CωP2 ,P1 [I1 (ω), ∞) = 0.
Due to simultaneous abandonment of customers j1 and j2 , there is no difference in state
between processes P1 and P2 over the time slot [0, I1 (ω)). This implies ∆CωP2 ,P1 [0, I1 (ω)) =
0 and therefore
∆CωP2 ,P1 [0, ∞) = 0
for all ω ∈ B3a1 .
ii. If ω ∈ B3a2 , where
B3a2 := {ω ∈ Ω : I2 (ω) < T (ω) < I1 (ω)}
then customer j1 completes his service at time T (ω) under process P1 and leaves the
system at time
S(ω) := min{I1 (ω), I2 (ω) + T (ω)}
in process P2 .
Let policy π1 idle over time slot [T (ω), S(ω)). Then at time S(ω) both processes will
be in some state x2 with zero elapsed service time.
Let policy π1 copy the actions of policy π2 from time S(ω) onwards. As processes P1
and P2 start from the same state, see the same events and perform the same actions,
∆CωP2 ,P1 [S(ω), ∞) = 0.
Note that all difference in state between processes P1 and P2 over time slot [0, S(ω))
is due to customers j1 and j2 . We know that j2 abandons simultaneously under both
processes and customer j1 spends T (ω) time units under process P1 and S(ω) > T (ω)
time units under process P2 . Therefore, ∆CωP2 ,P1 [0, S(ω)) = c1 (S(ω) − T (ω)) and hence
∆CωP2 ,P1 [0, ∞) ≥ c1 (S(ω) − T (ω)) ≥ 0
for any ω ∈ B3a2 .
(b) Suppose the optimal Process 2 serves a type-2 customer j20 from time I2 (ω) onwards. Let
• I20 be the abandonment time of customer j20 ;
• T 0 be the service requirement of customer j2 .
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The IFR property of the service time distribution allows to assume that service of j20 under
process P2 cannot complete before the service of j1 under process P1 , that is
a.s.

T < I2 + T 0 .
i. Suppose that outcome ω ∈ B3b1 , where
B3b1 := {ω ∈ B3 : I1 (ω) ≤ I20 (ω), I1 (ω) < T (ω), I20 (ω) < I2 (ω) + T 0 (ω)}.
Then customer j1 abandons simultaneously in both processes at time I1 (ω) and customer
j20 abandons simultaneously in both processes at time I20 (ω).
Let policy π1 idle over the time slot [I1 (ω), I20 (ω)). Then at time I20 (ω) both processes
will be in the same state x2 with zero elapsed service time. If we further let policy π1
copy the actions of policy π2 then, as both processes start from the same state, see the
same events and execute the same actions, ∆CωP2 ,P1 [I20 (ω), ∞) = 0.
Note that all difference in state between processes P1 and P2 over time slot [0, I20 (ω))
is due to customers j1 , j2 and j20 . However, as all these three customers abandon simultaneously under both processes, we have ∆CωP2 ,P1 [0, I20 (ω)) = 0 and thus
∆CωP2 ,P1 [0, ∞) = 0
for all outcomes ω ∈ B3b1 .
ii. Suppose that outcome ω ∈ B3b2 , where
B3b2 := {ω ∈ B3 : I1 (ω) < T (ω) < I2 (ω) + T 0 (ω) < I20 (ω)}.
Then customer j1 abandons simultaneously in both processes at time I1 (ω) and customer
j20 completes its service at time I2 (ω) + T 0 (ω) in process P2 .
Let policy π1 idle over the time slot [I1 (ω), I2 (ω) + T 0 (ω)). Then at time I2 (ω) + T 0 (ω)
process P2 will be in some state x2 and process P1 will be in state x2 + e2 , both with zero
elapsed service time.
If process P1 is to follow an optimal policy from time I2 (ω) + T 0 (ω), then by Proposition 3.2.1 its expected cost increase over process P2 cannot be higher than c2/β2 , which is
achieved by ingnoring the extra type-2 customer and copying the actions of process P2
on the rest. We therefore have
h
i
E ∆CωP02 ,P1 [I2 (ω) + T 0 (ω), ∞) · 1{ω∈B3b2 } ≥ P(B3b2 ) · − c2/β2 .
Note that all difference in state between processes P1 and P2 over the time slot [0, I2 (ω)+
T 0 (ω)) is due to customers j1 , j2 and j20 . Customers j1 and j2 abandon simultaneously
under both processes and customer j20 is present for the whole period [0, I2 (ω) + T 0 (ω))
under both processes. Therefore,
∆CωP2 ,P1 [0, I2 (ω) + T 0 (ω)) = 0.
Combining the above:
h
i
E ∆CωP02 ,P1 [0, ∞) · 1{ω∈B3b2 } ≥ P(B3b2 ) ·

− c2/β2 .

iii. Suppose that outcome ω ∈ B3b3 , where
B3b3 := {ω ∈ B3 : T (ω) < I1 (ω) < I20 (ω) < I2 (ω) + T 0 (ω)}.
Then process P1 completes service of customer j1 at time T (ω) and sees the abandonment of customer j20 at time I20 (ω). Process P2 sees the abandonment of j1 at time I1 (ω)
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and the abandonment of j20 at time I20 (ω).
Let process P1 idle over the time slot (T (ω), I20 (ω)). Then at time I20 (ω) both processes
will be in the same state x2 . If we further let policy π1 copy the actions of policy π2 then,
as both processes start from the same state, see the the same events and execute the same
actions, ∆CωP2 ,P1 [I20 (ω), ∞) = 0.
All difference in state between processes P1 and P2 over the time slot [0, I20 (ω)) is induced by customers j1 , j2 and j20 . Cusotmers j2 and j20 abandon simultaneously under
both processes. Customer j1 is present over [0, T (ω)) under process P1 and over [0, I1 (ω))
under process P2 . Hence, ∆CωP2 ,P1 [0, I20 (ω)) = c1 (I1 (ω) − T (ω)) and thus
∆CωP2 ,P1 [0, ∞) = c1 (I1 (ω) − T (ω)) ≥ 0
for all outcomes ω ∈ B3b3 .
iv. Suppose outcome ω ∈ B3b4 , where
B3b4 := {ω ∈ B3 : T (ω) < I1 (ω) < I2 (ω) + T 0 (ω) < I20 (ω)}.
Then process P1 sees service completion of customer j1 at time T (ω). Process P2 sees
abandonment of j1 at time I1 (ω) and service completion of j20 at a later time I2 (ω)+T 0 (ω).
Let policy π1 idle over the time slot [T (ω), I2 (ω) + T 0 (ω)). Then at time I2 (ω) + T 0 (ω)
process P2 will be in some state x2 and process P1 will be in state x2 + e2 , both with zero
elapsed service time.
If process P1 is to follow an optimal policy from time I2 (ω) + T 0 (ω), then by Proposition 3.2.1 its expected cost increase over process P2 cannot be higher than c2/β2 , which is
achieved by ingnoring the extra type-2 customer and copying the actions of process P2
on the rest. Hence,
h
i
E ∆CωP02 ,P1 [I2 (ω) + T 0 (ω), ∞) · 1{ω∈B3b4 } ≥ P(B3b4 ) · − c2/β2 .
All difference in state between processes P1 and P2 over the time slot [0, I2 (ω) + T 0 (ω)) is
due to customers j1 , j2 and j20 . Customers j1 and j2 abandon simultaneously under both
processes and customer j20 is present for the whole period [0, I2 (ω) + T 0 (ω)) under both
processes. Therefore, ∆CωP2 ,P1 [0, I2 (ω) + T 0 (ω)) = 0 for all ω ∈ B3b4 and
i
h
E ∆CωP02 ,P1 [0, ∞) · 1{ω∈B3b4 } ≥ P(B3b4 ) · − c2/β2 .
v. Suppose that ω ∈ B3b5 , where
B3b5 := {ω ∈ B3 : T (ω) < I20 (ω) < min{I1 (ω), I2 (ω) + T 0 (ω)}}.
Then process P1 observes service completion of customer j1 at time T (ω) and customer
j20 abandons simultaneously under both processes at time I20 (ω).
Let policy π1 idle over the time slot [T (ω), I20 (ω)). Then at time I20 (ω) process P1 will
be in some state x2 and process P2 will be in state x2 + e1 , both with zero elapsed service
time.
By the time I20 (ω), all three customers j1 , j2 and j20 will have left the system under both
processes. By the memoryless property of impatience thresholds, this means that for any
outcome ω ∈ B3b5 , the branch assumptions apply no restrictions to events occurring beyond time I20 (ω). Having no restrictions to events that occur beyond time I20 (ω) puts us
in the setting of Proposition 3.2.2, which states that it is possible to construct policy π1 in
such a way that


E ∆CωP2 ,P1 [I20 (ω), ∞) · 1{ω∈B3b5 } ≥ P(B3b5 ) · c1 Y,
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where Y is a constant given by
Y := E min{S 0 , I10 }
D

D

for S 0 = T and I10 = I1 .
All difference in state between processes P1 and P2 over the time slot [0, I20 (ω)) is due
to customers j1 , j2 and j20 . Customers j2 and j20 abandon simultaneously under both
processes. Customer j1 is present over time slot [0, T (ω)) under process P1 and over a
bigger time slot [0, I20 (ω)) under process P2 . Therefore,
∆CωP2 ,P1 [0, I20 (ω)) = c1 (I20 (ω) − T (ω))
for any ω ∈ B3b5 .
Combining the results above, the expected cost improvement of process P1 over process P2 over all ω ∈ B3b5 can be expressed as:




E ∆CωP2 ,P1 [0, ∞) · 1{ω∈B3b5 } ≥ c1 Y · P(B3b5 ) + E (I20 (ω) − T (ω)) · 1{ω∈B3b5 } .
vi. Suppose that ω ∈ B3b6 , where
B3b6 := {ω ∈ B3 : T (ω) < I2 (ω) + T 0 (ω) < min{I1 (ω), I20 (ω)}}.
Then process P1 sees a service completion of customer j1 at time T (ω) and process P2
sees service completion of customer j20 at time I2 (ω) + T 0 (ω).
Let policy π1 idle over the time slot [T (ω), I2 (ω) + T 0 (ω)). Then at time I2 (ω) + T 0 (ω)
process P1 will be in some state x2 − e1 and process P2 will be in some state x2 − e2 , both
with zero elapsed service time.
Using a similar argumentation to one in branch 2, we can define a policy π1 in such
a way that


E ∆CωP2 ,P1 [I2 (ω) + T 0 (ω), ∞) · 1{ω∈B3b6 } ≥ P(B3b6 ) · (c1 − c2 )Z.
All difference in state between processes P1 and P2 over time slot [0, I2 (ω)+T 0 (ω)) is due
to customers j1 , j2 and j20 . Customer j2 abandons simultaneously under both processes,
customer j1 is not present over time slot [T (ω), I2 (ω) + T 0 (ω)) under process P2 and
customer j20 is present over [0, I2 (ω) + T 0 (ω)) under both processes. Thus,
∆CωP2 ,P1 [0, I2 (ω) + T 0 (ω)) = c1 (I2 (ω) + T 0 (ω) − T (ω)) ≥ 0
for any outcome ω ∈ B3b6 .
Taking the expectation with respect to all outcomes ω ∈ B3b6 , we obtain




E ∆CωP2 ,P1 [0, ∞) · 1{ω∈B3b6 } ≥ P(B3b6 )·(c1 −c2 )Z+c1 E (I2 (ω) + T 0 (ω) − T (ω)) · 1{ω∈B3b6 } .
vii. If outcome ω ∈ B3b7 , where
B3b7 := {ω ∈ Ω : I20 (ω) ≤ min{I1 (ω), T (ω), I2 (ω) + T 0 (ω)}}
then customer j20 abandons simultaneously at time I20 (ω) in both P1 and P2 . Therefore, at
time I20 (ω) both processes will be in the same state x2 with P1 still being occupied with
serving customer j1 .
This situation is similar to the one described in step 3 of the branching. The only difference is the elapsed type-1 service time, which is now increased from I2 (ω) to I20 (ω).
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By the IFR assumption, the remaining service time of customer j1 is now stochastically
smaller.
Let policy π1 emulate the remaining service of customer j1 at the beginning of branch
3. This is always possible by allowing additional idling, whenever necessary. By doing
this, we put the relative state of processes P1 and P2 at time I20 (ω) identical to the one at
time I2 (ω). Therefore, we can reapply all branching steps 3a1-3a2 and 3b1-3b7, possibly
multiple times.
Note that for outcomes ω ∈ B1 ∪ B2 one has ∆CωP2 ,P1 [0, ∞) ≥ 0. Therefore, a sufficient condition for
process P1 having a lower expected running cost in comparison to P2 is


E ∆CωP2 ,P1 [0, ∞) · 1{ω∈B3 } ≥ 0.
(15)
For the cases belonging to branch 3a, we always have ∆CωP2 ,P1 [0, ∞) ≥ 0 so our point of interest are
cases 3b1 through 3b6. Observe that in branches 3b3, 3b5 and 3b6 process P1 experiences a lower expected cost over process P2 and in branches 3b2 and 3b4 its running cost is higher. Let G3b3 , G3b5 and
G3b6 denote the excess cost of process P2 over P1 and L3b2 and L3b4 denote the excess cost of process P1
over P2 in respective branches.
Using fT , fI1 , fI2 to denote the respective densities of service distribution and type-1 and type-2 impatience thresholds, respectively:
R
G3b3 = RB3b3 c1 (I1 − T )fI1 fI2 fI20 fT fT 0 dI1 dI2 dI20 dT dT 0
G3b5 = RB3b5 c1 (Y + (I20 − T ))fI1 fI2 fI20 fT fT 0 dI1 dI2 dI20 dT dT 0
G3b6 = B3b6 ((c1 − c2 ) · Z + c1 (I2 + T 0 − T )) fI1 fI2 fI20 fT fT 0 dI1 dI2 dI20 dT dT 0
L3b2 = P [B3b2 ] · βc22
L3b4 = P [B3b4 ] · βc22 .
Thus if the following condition is to hold
G3b3 + G3b5 + G3b6 ≥ L3b2 + L3b4

(16)

then inequality (15) is satisfied, which would immediately lead to desired C P2 ,P1 ≥ 0.
Notice that the left-hand side of (16) is increasing in c1 and the right-hand side is increasing in c2 .
By taking c1 large enough, say c1 ≥ M1 · c2 for some large constant M1 = M1 (β1 , β2 , fT ), the input
parameters will satisfy inequality (16). This will lead to the conclusion that serving class-1 queue in
state x0 yields a lower expected running cost.
Now suppose that c1 ≥ c2 is no longer valid, i.e. c1 < c2 . In this case, the bound (c1 − c2 ) · Z given
by Corollary 3.1.1 in braches 2 and 3b6 changes to a bound (c1 − c2 )/β2 given by Corollary 3.1.2. This
means that the cost bound obtained in branch 2 no longer indicaes a cost improvement of process P1
over process P2 .
Furthermore, as branch 3b can be traversed multiple times (due to argumentation in 3b7), the optimality equation (15) has to be extended to
( 

E ∆CωP2 ,P1 [0, ∞) · 1{ω∈B2 ∪B3 } ≥ 0


E ∆CωP2 ,P1 [0, ∞) · 1{ω∈B3 } ≥ 0,
which for

L2
G03b6

1
= P(B2 ) · c2β−c
2


R
c1 −c2
0
0
0
0
0
= B3b6
β2 + c1 (I2 + T − T ) fI1 fI2 fI2 fT fT dI1 dI2 dI2 dT dT

is equivalent to
(

G3b3 + G3b5 + G03b6 ≥ L2 + L3b2 + L3b4
G3b3 + G3b5 + G03b6 ≥ L3b2 + L3b4 .
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(17)

Similar to (16), both left-hand sides of (17) are increasing in c1 and the right-hand sides are increasing
in c2 . Therefore, if c1 ≥ M2 ·c2 for some constant M2 = M2 (β1 , β2 , fT ) then the condition (17) is satisfied.
Let M := max{M1 , M2 }. If c1 ≥ M · c2 then, irrespective of the order of c1 and c2 , both conditions
(16) and (17) are satisfied. This implies C P1 ,P2 ≤ 0 thus it is optimal to serve class 1 customers whenever
they are present.
As one can observe in proof of Proposition 3.1.2, our rather naive coupling approach has severe limitations.
Firstly, to keep the number of events affected by one particular priority change under control, we occasionally allow unforced idling for the new policy π1 . Secondly, the optimality conditions (16) and (17)
given by Proposition 3.1.2 can impose computational difficulties even if all distrubutions within the
system are relatively well-behaved. However, at this point we do not see any alternative route to solve
this problem.
Discussion of the preemptive case
We now briefly focus on the model where service preemptions are allowed and argue that it is not possible to provide even a crude solution with our approach.
As the service time distribution no longer has the memoryless property, keeping track of the elapsed
service time is now a must. Doing so adds a number of extra dimensions to the state space. It also
increases the number of the available actions, which now are:
1. to proceed with the customer currently in service;
2. (a) to serve a customer of the same class whose elapsed service time is more than zero;
(b) to serve a customer of a different class whose elapsed service time is more than zero;
3. (a) to serve a customer of the same class whose elapsed service time is zero;
(b) to serve a customer of a different class whose elapsed service time is zero.
The number of available actions can be reduced if we assume that the service discipline is preemptiverestart: in this case actions 2a and 2b are no longer available. We can also impose the IFR condition on
the service time distribution, which will make action 1 always favourable over the action 3a.
This reduces the decision-maker’s choice to actions 1 and 3b. In order to have a well-defined service
policy, one must be able to make a choice between the two for any combination of queue lengths with
any amount of elapsed service time.
At this point, we cannot see any way of solving this question even in a heavily-reduced form, let alone
in full generality. Therefore, we believe that solving this problem to optimality will require a completely
different approach.

3.2

Non-equal service times

We now focus on instances where customer classes have non-equal service time distribution.
3.2.1

Exponential case

Suppose that the service times for class i customers are now exponentially distributed with rate µi
(i ∈ {1, 2}). With the inter-arrival times and impatience thresholds also being exponentially distributed,
our problem falls into class of Markov Decision Problems (MDPs). These problems can be approached
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by using the Bellman optimality equation, which for our problem takes form
(λ1 + λ2 + β1 x1 + β2 x2 + µ) u(x) + g = c1 x1 + c2 x2
+λ1 u(x + e1 ) + λ2 u(x + e2 )
+β1 x1 u(x − e1 ) + β2 x2 u(x − e2 )
+ min{(µ − µ1 )u(x) + µ1 u(x − e1 ), (µ − µ2 )u(x) + µ2 u(x − e2 )},
(18)
where
• µ := max{µ1 , µ2 };
• x ∈ N2 is the current state of the system;
• u(x) is the relative value function. Given x ∈ N20 and two processes P0 = (0, π0∗ ), Px = (x, πx∗ ),
each of which follows an optimal policy, u(x) := C Px ,P0 ;
• g is the optimal expected mean running cost.
To describe the optimal policy in for any state x ∈ N20 , one needs to determine which of the options in
(18) attains the minimum. Observe that
(µ−µ1 )u(x)+µ1 u(x−e1 ) ≤ (µ−µ2 )u(x)+µ2 u(x−e2 )

⇔

µ1 (u(x)−u(x−e1 )) ≥ µ2 (u(x)−u(x−e2 )).
(19)
Thus if inequality (19) holds for all x ∈ N20 then serving queue 1 is always optimal. We are now going
to derive conditions on the input parameters, under which this is always the case. Note that in this
subsection we present results in higher generality. This will be useful later on.
Throughout the rest of this subsection, we employ the following notation:
• Ii for the random impatience threshold of a class-i customer (i = 1, 2);
• Ti for the random service requirement of a class-i customer (i = 1, 2).
Proposition 3.2.1. Suppose that
• the inter-arrival times for each type of customer have an arbitrary distribution;
• the impatience thresholds for each type of customer have an arbitrary distribution;
• service times for each type of customer have an arbitrary distribution.
Then for all i ∈ {1, 2} and x ∈ N20 the following inequality holds:
u(x + ei ) − u(x) ≤ ci EIi ,
where u(x) is the relative value funcion.
Proof. Define two random processes P1 and P2 on the same probability space. The process P1 = (x, π1 )
starts in the state x and uses an optimal policy π1 . Process P2 = (x + ei , π2 ) starts in the state x + ei and
follows a policy π2 , which will be explicitly given below.
As processes P1 and P2 are defined on the same probability space, we can assume that they see the
same arrivals, the same impatience thresholds and service requirements for all customers apart from
one extra type-i customer under process P2 , whom we will call j.
Define the policy π2 followed by the process P2 as follows:
• policy π2 never serves customer j and lets him eventually abandon;
• for all other remaining customers, policy π2 copies the actions of policy π1 .
Then all customers other than j do not affect the relative position of the two processes.
We use the notation of Definition 2.3.4 to describe the expected cost difference between the processes.
As process P2 , which runs from state x + ei , follows a potentially suboptimal policy π2 , the process
0
P20 = (x + ei , π20 ) with π20 an optimal policy, would satisfy C P2 ,P2 ≥ 0. As processes P1 and P20 start from
states x and x + ei and both follow optimal policies,
0

0

u(x + ei ) − u(x) = C P2 ,P1 = C P2 ,P1 − C P2 ,P2 .
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0

As C P2 ,P2 ≥ 0 then showing C P2 ,P1 ≤ ci EIi yields the necessary bound.
For an outcome ω ∈ Ω let S(ω) be the time of the impatience departure of customer j in process P2 .
As all other customers in processes P1 and P2 enter and leave the system simultaneously, the cost difference between the processes is induced only by customer j. Hence
∆CωP2 ,P1 [0, S(ω)) = ci S(ω)
∆CωP2 ,P1 [S(ω), ∞) = 0

⇒

∆CωP2 ,P1 [0, ∞) = ci S(ω).

(20)

As S(ω) stands for the impatience threshold of a type-i customer j, which is not restricted by the policy
π2 , we have ES(ω) = EIi . Together with (20) this yields the necessary C P2 ,P1 = ci EIi .
Proposition 3.2.2. Suppose that
• the inter-arrival times for each type of customer have an arbitrary distribution;
• the impatience thresholds for each type of customer have an arbitrary distribution;
• the service times for each type of customer have arbitrary distribution.
Then for all i ∈ {1, 2} and x ∈ N20 the following inequality holds:
u(x + ei ) − u(x) ≥ ci E (min{Ii , Ti }) ,

(21)

where u(x) is the relative value function.
To prove Proposition 3.2.2, we first need to build an extension to our model. Suppose that instead of
a single server, we have two and are able to process two customers at the same time. This way, the
original model with a single server can be seen as a special case of the dual server model where one of
the servers is constantly kept idle. Using this extension, we formulate the following Lemma:
Lemma 3.2.1. For any x0 ∈ N2 , any single server process P1 = (x0 , π1 ) and any i ∈ {1, 2}, there exists a dual
server process P2 = (x0 , π2 ) such that
1. policy π2 uses one of the servers for exactly one type-i customer overall;
2. C P1 ,P2 ≥ 0, that is expected overall running cost of process P2 does not exceed that of process P1 .
Proof. Let P1 be the given single server process. On the same probability space, let P2 be a dual server
process that starts in the same state and follows a policy π2 , which will be explicitly given below.
As both processes are defined on the same probability space, we assume that both processes see the
same arrivals, impatience thresholds and service requirements for all customers.
Suppose that the servers are labeled Server 1 and Server 2 in P2 and define the dual server policy
π2 as follows:
• At time 0, pick any customer ji of type i and assign him to Server 2 until he leaves the system (by
either completing service or impatience) at some time S. Afterwards, always keep Server 2 idle.
• On Server 1, let policy π2 copy actions of policy π1 . Whenever policy π1 serves customer ji , let
policy π2 idle Server 1.
Observe that, by construction, policy π2 satisfies the first condition of the Lemma.
As policy π2 starts service of customer ji immediately and does so without interruptions, ji cannot
spend more time in process P2 than he does in process P1 . Moreover, by consturction of policy π2 , all
other customers spend the same amount of time in the system in both processes. This immediately
implies that process P2 has the same or lower expected running cost in comparison to process P1 , i.e.
C P1 ,P2 ≥ 0.
Remark 3.2.1. Observe that in the proof of Lemma 3.2.1, a restriction of the dual server process P2 to Server 1
can be seen as single server process P20 = (x0 − ei , π20 ). As policy π20 allows idling whenever the system is not
empty, it is potentially suboptimal. Therefore, for an optimal policy π ∗ and process P ∗ = (x0 − ei , π ∗ ) we have
0
∗
C P2 ,P ≥ 0.
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We can now prove Proposition 3.2.2:
Proof of Proposition 3.2.2. For fixed i ∈ {1, 2}, define three processes on the same probability space. The
single server process P1 = (x, π1 ) starts in state x and uses an optimal policy π1 . The single server
process P2 = (x + ei , π2 ) starts in state x + ei and uses an optimal policy π2 . The dual server process
P3 = (x + ei , π3 ) also starts in state x + ei and uses a policy π3 , which we will construct later on.
As all processes are defined on the same probability space, we can assume that they see the same
arrivals. That is, whenever an arrival occurs, the relative position between processes remains the same.
Also assume that the first (x1 , x2 ) customers in the respective queues and all new arrivals have the same
impatience thresholds and service requirements under all three processes. This leaves Processes 2 and
3 with one extra type-i customer each, which we will call ji .
Define policy π3 as follows:
• Policy π3 serves customer ji using Server 2 until ji either abandons or completes his service at
some time S. Then π3 , always keeps Server 2 idle.
• On Server 1, policy π3 copies actions of policy π1 . This is always possible as process P3 restricted
to Server 1 is a single-machine process starting in state x and both processes P1 and P3 see the
same events.
The process P3 fits the construction described in Lemma 3.2.1 using P2 as a reference process. Therefore, using notation of Definition 2.3.4 we get C P2 ,P3 ≥ 0. Our aim now is to show that C P3 ,P1 ≥
ci E (min{Ii , Ti }), which will immediately imply C P2 ,P1 ≥ ci E (min{Ii , Ti }) and thus (21).
For an outcome ω ∈ Ω let S(ω) be the time of departure of customer ji in process P3 . As, apart from
customer ji , processes P1 and P3 see the same arrivals and departures, the only cost difference between
the processes is due to customer ji . Thus
∆CωP3 ,P1 [0, S(ω)) = ci S(ω)
∆CωP3 ,P1 [S(ω), ∞) = 0

⇒

∆CωP3 ,P1 [0, ∞) = ci S(ω).

(22)

As S(ω) is the minimum of the impatience threshold and service requirement of customer ji , which is
not restricted by policy π3 , we see that E [S(ω)] = E (min{Ii , Ti }). Combined with (22) this completes
the proof.
Propositions 3.2.1 and 3.2.2 lead to the following corollary:
Corollary 3.2.1. Suppose that
•
•
•
•

the inter-arrival times for customers of class i are exponentially distributed with rate λi (i = 1, 2);
the impatience thresholds for customers of class i are exponentially distributed with rate βi (i = 1, 2);
the service requirements for customers of class i are exponentially distributed with rate µi (i = 1, 2);
the rates satisfy
c1 µ1
c2 µ2
≥
.
(23)
β1 + µ1
β2

Then a service policy that prioritises class 1 customers over class 2 customers is optimal.
Proof. By Propositions 3.2.1 and 3.2.2,
µ1 (u(x) − u(x − e1 )) ≥ c1 µ1 E (min{I1 , T1 }) =

c1 µ1
c2 µ2
≥
= c2 µ2 EI2 ≥ µ2 (u(x) − u(x − e2 )).
β1 + µ1
β2

Using the optimality equation (18), we now see that it is optimal to serve queue 1 for any state x ∈ N2 .
This completes the proof.
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3.2.2

Non-exponential case

Now suppose that the service times for type-i customers have a general distribution with mean 1/µi
(i = 1, 2). Because the service times need not have the memoryless property, we are facing a similar
problem described in Section 3.1.2. That is, deciding whether it is better to proceed service or preempt
will pose severe technical difficulties. Therefore, we assume that service is non-preemptive and all decisions are taken when the elapsed service time is zero.
Throughout the rest of the subsection, we will use the following notation:
• Ii for the impatience threshold of a type-i customer (i = 1, 2) with density fIi ;
• Ti for the service requirement of a type-i customer (i = 1, 2) with density fTi ;
Suppose we are in state x0 at time 0 and want to decide which queue to serve.
Proposition 3.2.3. Suppose that
• the inter-arrival times for each type of customer have an arbitrary distribution;
• the impatience thresholds of class i customers are exponentially distributed with rate βi (i = 1, 2) and
satisfy β1 ≥ β2 ;
a.s.

• the service times satisfy T1 ≤ T2 ;
• service preemptions are not allowed.
Then there exists a constant M = M (β1 , β2 , fT1 , fT2 ) such that for all c1 ≥ M · c2 it is optimal to serve type-1
customers whenever they are present in the system.
Proof. Define two random processes on the same probability space. Let process P2 = (x0 , π2 ) be a
process that first serves a type-2 customer j2 and then follows an optimal policy π2 . Let process
P1 = (x0 , π1 ) follow a policy π1 that first serves a type-1 customer j1 and whose further actions will
be explicitly given later on.
As both processes P1 and P2 are defined on the same probability space, we can assume that they see
the same inter-arrival times, the same impatience thresholds and the same service requirements for all
customers over the infinite time horizon.
Moreover, as I1 and I2 are both exponential, they can be stochastically ordered. Suppose that I1 :=
min{I2 , I3 }, where I3 ∼ Exp(β1 − β2 ), independent of I1 , I2 . This way, customer j2 can be assumed not
a.s.

to abandon before customer j1 , i.e. I1 ≤ I2 . Similarly, we assume that T2 := T1 + T3 where T3 is some
a.s.

positive random variable, which allows to assume that T1 ≤ T2 .
We refer to Definition 2.3.4 and say that process P1 has a lower expected running cost in comparison to process P2 if C P2 ,P1 ≥ 0. Note that the policy π1 is potentially suboptimal after it is finished
serving customer j1 . Therefore, for a process P10 = (x0 , π10 ) where policy π10 serves j1 and is further
0
0
0
optimal, we have C P1 ,P1 ≥ 0. As having C P2 ,P1 = C P2 ,P1 + C P1 ,P1 ≥ 0 would imply that serving type 1 in
state x0 is optimal, we will therefore seek for combinations of input parameters, under which inequality
C P2 ,P1 ≥ 0 holds true.
We now distinguish five different types of outcomes ω:
1. Suppose outcome ω ∈ B1 , where
B1 := {ω ∈ Ω : I1 (ω) ≤ I2 (ω) < T2 (ω), I1 (ω) < T1 (ω)}.
Then at time I1 (ω) customer j1 abandons simultaneously in both processes.
Let policy π1 idle over the time slot [I1 (ω), I2 (ω)). Then at time I2 (ω) both processes see abandonment of customer j2 and both arrive at some state x1 with zero elapsed service time. Let
policy π1 copy the actions of policy π2 from time I2 onwards. This is always possible as both
23

processes start from same state and see the same events. Then ∆CωP2 ,P1 [I2 (ω), ∞) = 0.
The difference in state between processes P1 and P2 over the time slot [0, I2 (ω)) is due to customers j1 and j2 , both of whom depart simultaneously via impatience in both processes. This
implies ∆CωP2 ,P1 [0, I2 (ω)) = 0 and
∆CωP2 ,P1 [0, ∞) = 0
for all outcomes ω ∈ B1 .
2. Suppose outcome ω ∈ B2 , where
B2 := {ω ∈ Ω : I1 (ω) < T2 (ω) < I2 (ω), I1 (ω) < T1 (ω)}.
Then at time I1 (ω) customer j1 abandons simultaneously under both processes.
Let policy π1 idle over the time slot [I1 (ω), T2 (ω)). Then at time T2 (ω) process P1 will arrive at
some state x1 with zero elapsed service time whereas process P2 will see the service completion
of customer j2 and arrive in a state x1 − e2 , also with zero elapsed service time.
For any outcome ω ∈ B2 , at time T2 (ω) the elapsed service time for any customer in the system
is zero under both processes P1 and P2 . As impatience thresholds have the memoryless property,
it means that the branch restrictions do not affect events beyond time T2 (ω). This puts us in the
setting of Proposition 3.2.1, which states that it is possible to construct policy π1 in such a way that
the expected running cost of process P1 over time slot [T2 (ω), ∞) will not exceed the expected running cost of process P2 by more than c2/β2 , with the expectation taken over all outcomes ω ∈ B2 .
That is,


E ∆CωP2 ,P1 [T2 (ω), ∞)) · 1{ω∈B2 } ≥ P(B2 ) · −c2/β2 .
As customer j1 departs simultaneously and customer j2 is present throughout the whole time slot
[0, T2 (ω)) in both processes, ∆CωP2 ,P1 [0, S2 (ω)) = 0 for all ω ∈ B2 and thus


E ∆CωP2 ,P1 [0, ∞) · 1{ω∈B2 } ≥ P(B2 ) · −c2/β2 .
3. Suppose outcome ω ∈ B3 , where
B3 := {ω ∈ Ω : T1 (ω) < I1 (ω) ≤ I2 (ω) < T2 (ω)}.
Then at time T1 (ω) customer j1 completes his service in process P1 .
Let policy π1 idle over the time slot [T1 (ω), I2 (ω)). Then at time I2 (ω) both processes will see customer j2 abandon and thus arrive in the same state x1 , both with zero elapsed service time. Let
policy π1 copy the actions of policy π2 from time I2 (ω) onwards. Because both processes resume
from the same state, observe the same events and execute identical actions, ∆CωP2 ,P1 [I2 (ω), ∞) =
0.
As customer j2 spends the same amount of time under both processes but customer j1 spends
I1 (ω) − T1 (ω) time units less under process P1 : ∆CωP2 ,P1 [0, I2 (ω)) = c1 (I1 (ω) − T1 (ω)) and thus
∆CωP2 ,P1 [0, ∞) = c1 (I1 (ω) − T1 (ω)) ≥ 0
for any outcome ω ∈ B3 .
4. Suppose outcome ω ∈ B4 , where
B4 := {ω ∈ Ω : T1 (ω) < I1 (ω) < T2 (ω) < I2 (ω)}.
Then at time T1 (ω) customer j1 completes his service under process P1 .
Let policy π1 idle over the time slot [T1 (ω), T2 (ω)). Then by time T2 (ω) the process P1 will only
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see the service completion of customer j1 and arrive in some state x, whereas process P2 will see
the abandonment of j1 and the service completion of j2 and thus arrive in a state x − e2 .
Using a similar argument to the one in branch 2 and Proposition 3.2.1, we can construct a policy π1 in such a way that


E ∆CωP2 ,P1 [T2 (ω), ∞)) · 1{ω∈B4 } ≥ P(B4 ) · −c2/β2 .
As customer j2 is present over the entire time slot [0, T2 (ω)) under both processes but customer j1
spends I1 (ω) − T1 (ω) time units less under process P1 ,
∆CωP2 ,P1 [0, T2 (ω)) = c1 (I1 (ω) − T1 (ω))
for any outcome ω ∈ B4 . This leads to




E ∆CωP2 ,P1 [0, ∞)) · 1{ω∈B4 } ≥ P(B4 ) · −c2/β2 + c1 E (I1 (ω) − T1 (ω)) · 1{ω∈B4 } .
5. Suppose outcome ω ∈ B5 , where
B5 := {ω ∈ Ω : T1 (ω) ≤ T2 (ω) < min{I1 (ω), I2 (ω)}}.
Then at time T1 (ω) customer j1 completes his service in process P1 and at time T2 (ω) customer j2
completes his service in process P2 .
Let policy π1 idle over the time slot [T1 (ω), T2 (ω)). Then at time T2 (ω) process P1 will arrive
at some state x1 − e1 whereas process P2 will be in state x1 − e2 .
For any outcome ω ∈ B5 , at time T2 (ω) the elapsed service time for any customer in the system is
zero under both processes P1 and P2 . As impatience thresholds have the memoryless property, it
means that the branch restrictions do not affect events beyond time T2 (ω). This allows us to apply
Propositions 3.2.1 and 3.2.2 which state that it is possible to construct policy π1 in such a way that


E ∆CωP2 ,P1 [T2 (ω), ∞) · 1{ω∈B5 } ≥ P(B5 ) · (c1 Z − c2/β2 )
for constant Z := E (min{I1 , T1 }).
As customer j2 is present for the entire period [0, T2 (ω)) in both processes but customer j1 is
present only over [0, T1 (ω)) in process P1 ,
∆CωP2 ,P1 [0, T2 (ω)) = c1 (T2 (ω) − T1 (ω))
for all ω ∈ B5 . Combining the results above,




E ∆CωP2 ,P1 [T2 (ω), ∞) · 1{ω∈B5 } ≥ P(B5 ) · (c1 Z − c2/β2 ) + c1 E (T2 (ω) − T1 (ω)) · 1{ω∈B5 } .
Observe that in case 3 the process P1 yields a cost improvement over process P2 , in case 2 it yields a cost
increase and in cases 4 and 5 there are terms contributing to both cost improvement and cost increase.
To show that the expected running cost of P1 is lower than one of P2 , we now need to balance these
gains and losses. Let G3 , G4 and G5 be the excess cost of P2 over P1 and L2 , L4 and L5 be the excess
cost of P1 over P2 in the respective branches. Then:
R
G3 = c1 RB3 (I1 − T1 )fI1 fI2 fT1 fT2 dI1 dI2 dT1 dT2
G4 = c1 RB4 (I1 − T1 )fI1 fI2 fT1 fT2 dI1 dI2 dT1 dT2
G5 = c1 B5 (Z + T2 − T1 )fI1 fI2 fT1 fT2 dI1 dI2 dT1 dT2
L2 = βc22 P[B2 ]
L4 = βc22 P[B4 ]
L5 = βc22 P[B5 ].
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Thus if inequality
G3 + G4 + G5 ≥ L2 + L4 + L5

(24)

is satisfied then C P2 ,P1 ≥ 0. As the left-hand side of (24) is increasing in c1 and the right-hand side
is increasing in c2 then there exists a constant M independent on c1 , c2 such that for c1 ≥ M · c2 the
inequality (24) holds true. This concludes the proof.
Remark 3.2.2. If the impatience thresholds have the same distribution for both customer types, i.e. β1 = β2 =: β
D

D

then one can assume that I1 = I2 =: I. Then cases 2 and 4 are not present in the proof of Proposition 3.2.3. In
this case, the optimality condition (24) reduces to
G3 + G5 ≥ L5
and is immediately satisfied if
c1 · E (min{I, T1 }) = Z ≥

3.3

c2
.
β

Summary and conclusions

Despite the complexity of the problem at hand, we have managed to provide some unique solutions.
Firstly, we have shown that in cases where the impatience thresholds are exponentially distributed and
the service requirement distributions are relatively well-behaved, there always exists an arrival- and
cost-independent constant M = M (β1 , β2 , fT1 , fT2 ) such that for holding costs satisfying c1 ≥ M · c2 it
is always optimal to serve class 1 customers whenever they are present.
Secondly, for the case where all rates are exponential, we have obtained a relatively simple condition
(23) that guarantees optimality of the index policy. While this condition is not symmetric, it can still
be relevant for systems where µ  β and can be extended to systems with more than two customer
classes.
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4

Approximate solutions for model with abandonments

In the previous section we have identified the special cases, in which it can be explicitly shown that
giving full priority to one of the queues is optimal in terms of the expected average running cost. However, it is often the case that the input parameters do not satisfy the aforementioned conditions and thus
giving an analytical description of the optimal policy is no longer a simple task.
For the case where all rates are exponential, a possible way forward is to solve the problem numerically
by the means of value iteration method described in [8]. While this technique is proven to converge
to an optimal solution for any exponential instance, its high computational complexity might make it
infeasible to be implemented in practice.
Another route is dropping the optimality requirement and providing a relatively simple heuristic whose
performance is good enough. Setting this as our main goal for this section, we derive approximate solutions to instances where all rates are exponential and numerically compare their performance with the
optimal policy.

4.1
4.1.1

Stationary heuristics
cµ rule

We begin with the well-known cµ-rule that has been proven in Proposition 2.4.1 to be optimal for the
case without customer abandonments. Even though the problem with abandonments has a different
structure, there is still ground to view the cµ criterion as potentially relevant.
For i ∈ {1, 2} and t ∈ R+ let
• Xi (t) ∈ N0 be the number of type-i customers in the system at time t;
• Si (t) ∈ {0, 1} be the control variable that indicates whether type-i queue is assigned service attention at time t and satisfies S1 (t) + S2 (t) ∈ {0, 1} for any t.
Suppose at time t0 ∈ R+ we have fixed Xi (t0 ) ∈ N2 . Then, for known transition rates β, λ and µ:
d
EXi (t0 ) = λi − µi Si (t0 ) − βi Xi (t0 ).
dt
Suppose we now want to myopically minimise the expected running costs at time t0 . This is equivalent
P2
to minimising the expected cost rate, which for time t ∈ R+ is given by i=1 ci EXi (t). As Xi (t0 ) is
fixed for all i then the best we can do is minimising the derivative of the cost rate at time t0 . This can be
formulated as follows:
( 2
)
( 2
)
X
X
d
ci (λi − µi Si (t0 ) − βi Xi (t0 ))
min
ci · EXi (t0 ) = min
dt
S(t0 )
S(t0 )
i=1
i=1
The problem above has solution Si (t0 ) = 1 for i = arg maxk∈{1,2} {ck µk } and Sj (t0 ) = 0 for j 6= i,
which is exactly the cµ rule. This shows that the cµ-rule minimises the expected cost rates and hence
the expected running costs in a short-term perspective.
4.1.2

cµ
β

rule

From the optimality equation (18) we know that it is optimal to serve the type-1 queue in state x ∈ N2
if and only if the relative value function u satisfies
µ1 (u(x) − u(x − e1 )) ≥ µ2 (u(x) − u(x − e2 )) .


2

(25)


Lemma 4.1.1. For any  > 0 there exists a state x ∈ N such that for all states x  x and i ∈ {1, 2} the
following holds:
ci
− ,
(26)
u(x) − u(x − ei ) >
βi
where  denotes lexicographical order on R2 .
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Proof. We will show that for both i ∈ {1, 2} there exists x̄i ∈ N2 such that for all x  x̄i inequality (26)
holds true. By choosing xi := max{x̄1i , x̄2i } for i = 1, 2 we immediately satisfy the desired property.
Due to all customers being mutually equivalent, we assume that they are processed in the first-in-firstout (FIFO) order for any feasible policy π. Therefore, for a system starting in state x ∈ N20 , the customer
at the end of type-i queue (which we will refer to as jix ) has to wait for the other xi type-i customers to
leave the system before he reaches the head of the queue and is considered for service.
Because of this, for any fixed δ > 0 there exists xδ,1 ∈ N2 such that for all starting states x  xδ,1
the probability that customer j1x will ever be served is less than δ under any feasible policy π. Therefore,
0
choosing δ small enough and a starting state x0  xδ,1 , the expected cost contribution of customer j1x
can be made arbitrarily close to ci/βi that is achieved by never serving him. For given  > 0, let δ = δ()
be such that this expected contribution is -close to c1/β1 .
Let P1 = (x0 , πx0 ) and P2 = (x0 − e1 , πx0 −e1 ) be a pair of random processes that follow optimal poli0
cies πx0 and πx0 −e1 , respectively. Irrespective of how customers other than j1x are processed in process
P1 , their expected long-term cost contribution cannot be lower than one of all customers in process P2 .
0
Knowing that the expected long-term cost contribution of the extra customer j1x in process P1 is at least
c1/β1 −  and that both P and P follow optimal policies:
1
2
u(x0 ) > u(x0 − e1 ) +

ci
− .
βi

As the above inequality holds true for all x0  xδ(),1 we deduce that xδ(),1 is the x̄1 that we have been
looking for.
x̄2 can be constructed analogously.
Remark 4.1.1. By (26), the sequence x is increasing as  → 0.
Suppose that c1βµ1 1 > c2βµ2 2 . Then there exists ∆ > 0 such that c1βµ1 1 − ∆ > c2βµ2 2 . By using (25), Lemma
4.1.1 and Proposition 3.2.2 for 0 <  < ∆/µ1 , we establish the existence of a state x such that for all
x  x :
µ1 (u(x) − u(x − e1 )) >

c1 µ1
c2 µ2
c1 µ1
− µ1 >
−∆>
≥ µ2 (u(x) − u(x − e2 )) ,
β1
β1
β2

i.e., for all states large enough in both coordinates, serving class 1 is optimal. If c1βµ1 1 < c2βµ2 2 then we symmetrically obtain that serving class 2 is optimal in states where both coordinates are sufficiently large.
This leads to two conclusions:
1. Condition c1βµ1 1 > c2βµ2 2 is necessary for it to be optimal to always serve class 1 whenever customers
of both classes are present in the system.
2. If the arrival rates λ1 and λ2 are such that system spends most of the time in large states where the
optimal policy is close to the cµ/β -rule, then the cµ/β rule can also perform relatively well overall.
4.1.3

2U rule

In Proposition 2.3.1 we have shown that for a problem without impatience abandonments it is sufficient to only consider the policies that are non-delay. The same is also true when the abandonments are
present, as serving or non-serving a customer does not affect his decision to abandon.
In this case, any non-idling policy can be described by to which of the customers j1 and j2 at the heads
of their respective queues the server is assigned. Obviously, the decision depends on the current state
of the system and the input paramaters. However, suppose that we are only interested in the optimal
serving order of j1 and j2 in particular and are willing to ignore all other customers.
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Set the arrival rates to zero and pick the starting state x = e1 + e2 . For such a system, the Bellman
optimality equation (18) reduces to
(β1 x1 + β2 x2 + µ) u(x) = c1 x1 + c2 x2
+β1 x1 u(x − e1 )+ + β2 x2 u(x − e2 )+
+ min{(µ − µ1 )u(x) + µ1 u(x − e1 )+ , (µ − µ2 )u(x) + µ2 u(x − e2 )+ }.
Using normalisation u(0, 0) = 0 we immediately see that u(ei ) =

ci
βi +µi

for i = 1, 2 so



c2 β1
c1 β2
c2 µ1
c1 µ2
(β1 +β2 +µ)u(1, 1) = c1 +c2 +
+
+min (µ − µ1 )u(1, 1) +
, (µ − µ2 )u(1, 1) +
.
β2 + µ2 β1 + µ1
β2 + µ2
β2 + µ2
Suppose that the minimum in the equation above is achieved at the first term. Then
β2
µ1
β1
+ βc11+µ
+ (µ − µ1 )u(1, 1) + βc22+µ
(β1 + β2 + µ)u(1, 1) = c1 + c2 + βc22+µ
2
1
2
β1
c1 β2
c2 µ1
(β1 + β2 + µ1 )u(1, 1) = c1 + c2 + βc22+µ
+
+
β1 +µ1
β2 +µ2
2
2 )+c2 β1 (β1 +µ1 )+c1 β2 (β2 +µ2 )+c2 µ1 (β1 +µ1 )
u(1, 1) = β1 +β12 +µ1 · c1 (β1 +µ1 )(β2 +µ2 )+c2 (β1 +µ1 )(β2(β+µ
1 +µ1 )(β2 +µ2 )

u(1, 1) =
u(1, 1) =

c1 (β1 +β2 +µ1 )(β2 +µ2 )+c2 (β1 +µ1 )(β1 +β2 +µ1 +µ2 )
(β1 +µ1 )(β2 +µ2 )(β1 +β2 +µ1 )
c2 µ2
c1
c2
+
β1 +µ1
β2 +µ2 + (β2 +µ2 )(β1 +β2 +µ1 )

Analogously, if the minimum is achieved at the second term, then
u(1, 1) =
Therefore, if

c2
c1 µ1
c1
.
+
+
β1 + µ1
β2 + µ2
(β1 + µ1 )(β1 + β2 + µ2 )

c1 µ1
c2 µ2
≤
(β2 + µ2 )(β1 + β2 + µ1 )
(β1 + µ1 )(β1 + β2 + µ2 )

(27)

then the service order that serves j1 ahead of j2 yields a lower expected running cost compared to the
service order that puts j2 ahead of j1 .
We will further refer to the service rule that prioritises the classes according to the indices given by
(27) as 2U (for two-user) rule.

4.2

Dynamic heuristics. Fluid rule

Another way to approximate the problem is described in [7]. Instead of individual stochastic arrivals,
departures and service completions, the authors consider a fluid formulation where all these events are
described as continuous flows with deterministic rates.
For i ∈ {1, 2} and t ∈ R+ let
• xi (t) ∈ R+ be the amount of type-i customers in the system at time t;
• si (t) ∈ [0, 1] be the control parameter that represents the fraction of server’s capacity allocated to
type-i customer queue at time t and satisfies s1 (t) + s2 (t) ≤ 1 for all t ∈ R+ .
For i ∈ {1, 2} let ρi := λi/µi and ρ := ρ1 + ρ2 . We say that the system is underloaded if ρ < 1 and
overloaded if ρ > 1. It is important that we distinguish between these cases because of the following.
• If ρ < 1 then the server’s throughput exceeds the total inflow. Aided by the impatience outflow,
for any starting state x∗ ∈ R2+ and any non-idling control s, the system will arrive in an equilibrium state (0, 0) in a finite amount of time τ , where it can be made to remain forever by assigning
si (t) := ρi for all t ≥ τ . Thus, any non-idling service policy is optimal in the average sense.
Therefore, for ρ < 1 the problem of minimising the long-term cost reduces to minimising the
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cost of draining the system, i.e. the cost of reaching the equilibrium state (0, 0), which has the
following formulation:
minimises
subject to

R ∞ P2

i=1 ci xi (t)dt
0
dxi (t)
=
λi − µi si (t)
dt
xi (t) ≥ 0
xi (0) = x∗i

si (t) ≥ 0
P
2
i=1 si (t) ≤ 1

− βi xi (t) for all i ∈ {1, 2}, t ∈ R+
for all i ∈ {1, 2}, t ∈ R+
for all i ∈ {1, 2}
for all i ∈ {1, 2}, t ∈ R+
for all t ∈ R+ .

(28)

• If ρ > 1 then the point (0, 0) cannot be an equilibrium as, in it, the total inflow exceeds the total
outflow for any control s. As the system will always be in some positive state, it only makes sense
to seek for control s that is average-optimal. Formally, for ρ > 1 the problem has the following
formulation:
R T P2
minimises lim supT →∞ T1 0
i=1 ci xi (t)dt
dxi (t)
= λi − µi si (t) − βi xi (t)
for all i ∈ {1, 2}, t ∈ R+
subject to
dt
xi (t) ≥ 0
for all i ∈ {1, 2}, t ∈ R+
(29)
for all i ∈ {1, 2}
xi (0) = x∗i
si (t) ≥ 0
for all i ∈ {1, 2}, t ∈ R+
P
2
s
(t)
≤
1
for all t ∈ R+ .
i
i=1
4.2.1

Underload case (ρ < 1)

We now focus on the case where the system is underloaded. We will show that there exists a so-called
switching curve, which splits the state space in two subspaces in such a way that giving full priority to
one of the customer classes in a certain subspace is optimal.
For the coordinate x1 as a function f1 of the coordinate x2 , we define the switching curve as:

a1 x + a2 + (a3 x − a2 ) · 1 +
λ1
f1 (x) :=
+
β1
a4 x

β2 x
µ2 −λ2

β1/β2
(30)

,

with constants
a1 :=

c1 µ1 (1 − ρ)
,
β1

a2 :=

a1 µ2 (1 − ρ2 )
,
β2


a3 :=

c2 µ2
c1 µ1
−
β2
β1




(1 − ρ2 ),

a4 :=

c1 µ1
c2 µ2
−
β1
β2


·

β1
.
µ1

Similarly, we can define the switching curve for the coordinate x2 as a function f2 of the coordinate x1
by swapping indices in (30).
Proposition 4.2.1. If c1 µ1/β1 ≥
by

c2 µ2/β2

and c1 µ1 ≤ c2 µ2 then an optimal solution s∗ to Problem (28) is given

• s∗ (t) = (1, 0) if x1 (t) > f1 (x2 (t));
• s∗ (t) = (0, 1) if x1 (t) ≤ f1 (x2 (t)) and x2 (t) > 0;
• s∗ (t) = (1 − ρ2 , ρ2 ) if x1 (t) ≤ f1 (0) and x2 (t) = 0.
If c1 µ1/β1 ≥ c2 µ2/β2 and c1 µ1 ≥ c2 µ2 then an optimal solution s∗ to Problem (28) is given by
• s∗ (t) = (1, 0) if x1 (t) > 0;
• s∗ (t) = (ρ1 , 1 − ρ1 ) if x1 (t) = 0.
Remark 4.2.1. The queue indices can always be assigned in such a way that at least one of the condition pairs of
the Proposition 4.2.1 is satiefied.
In order to proceed with the proof of Proposition 4.2.1, we require two auxilliary results:
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Lemma 4.2.1. There exists an  > 0 such that if x(t)  (, ) then from time t onwards it is optimal to give full
priority to the non-empty queue with the highest cµ index until (0, 0) is reached.
Lemma 4.2.2. Suppose that it is optimal to prioritise class 1 at time 0.
If (c1 µ1 − c2 µ2 ) · (c1 µ1/β1 − c2 µ2/β2 ) ≤ 0 then the following control s∗ is optimal:
• s∗ (t) = (1, 0) if x1 (t) > f1 (x2 (t));
• s∗ (t) = (0, 1) if x1 (t) ≤ f1 (x2 (t)) and x2 (t) > 0;
• s∗ (t) = (1 − ρ2 , ρ2 ) if x1 (t) ≤ f1 (0) and x2 (t) = 0.
If (c1 µ1 − c2 µ2 ) · (c1 µ1/β1 − c2 µ2/β2 ) ≥ 0 then the following control s∗ is optimal:
• s∗ (t) = (1, 0) if x1 (t) > 0;
• s∗ (t) = (ρ1 , 1 − ρ1 ) if x1 (t) = 0.
Remark 4.2.2. Note that by swapping the queue labels and using the function f2 instead of function f1 given by
(30), Lemma 4.2.2 gives description of the optimal policy also when it is optimal to prioritise class 2 at time 0.
The proof of Lemmas 4.2.1 and 4.2.2 is to be found in [7], where they are formulated as Lemma 1 and
Lemma 2, respectively. Using these results, we can now proceed with the proof of Proposition 4.2.1.
Proof. Consider the case c1 µ1/β1 ≥ c2 µ2/β2 and c1 µ1 ≤ c2 µ2 .
Suppose there exists a time t0 such that x2 (t0 ) > f2 (x1 (t0 )) and it is optimal to serve class 2 at time t0 .
Using Remark 4.2.2 and the first part of Lemma 4.2.2, we deduce that it is optimal to prioritise class 2
until some time t1 ≥ t0 where x2 (t1 ) ≤ f2 (x1 (t1 )), i.e. until x2 drops below the switching curve f2 (x1 ).
The first part of Lemma 4.2.2 also says that it is further optimal to assign full priority to class 1 until the
class 1 queue is empty and then to assign it with partial priority until the origin (0, 0) is reached. This,
however, is in contradiction with the Lemma 4.2.1 which states that class 1 with the lower cµ-index
cannot be given any priority while approaching the origin.
Therefore, it cannot be optimal to serve class 2 whenever x2 > f2 (x1 ), i.e. in states separated from the
origin by the switching curve (30) or its symmetric analogue f2 . This means that in such states it must
be optimal to serve class 1 instead. Using the first part of Lemma 4.2.2, we obtain the necessary result.
Now consider the case c1 µ1/β1 ≥ c2 µ2/β2 and c1 µ1 ≥ c2 µ2 .
Suppose there exists a time t0 and state x(t0 ) such that it is optimal to serve class 2 at time t0 . Then
by Remark 4.2.2 and the second part of Lemma 4.2.2, it is optimal to fully prioritise class 2 until class
2 queue is empty. The second part of Lemma 4.2.2 states that it is further optimal to assign class 2
with partial priority to maintain x2 = 0 and allocate the remaining service to class 1 until the origin
is reached. This, however, is in contradiction with the Lemma 4.2.1 which states that class 1 with the
higher cµ-index should be given full and not partial priority while approaching the origin.
Therefore, it cannot be optimal to serve class 2 at time t0 in state x(t0 ) so it must be optimal to serve
class 1 instead. Applying the second part of Lemma 4.2.2 again, we obtain the necessary result.
4.2.2

Overload case (ρ > 1)

We now consider Problem (29). Suppose that the customer classes are labelled such that

c1 µ1/β1

≥

c2 µ2/β2 .

Proposition 4.2.2. If ρ > 1 then an optimal solution s∗ to Problem (29) is given by
s∗ (t) = (min{ρ1 , 1}, 1 − min{ρ1 , 1}),

for all t ∈ R+ .

Proof. The goal of Problem (29) is to minimise the average cost over an infinite time horizon. Hence, to
solve it to optimality it is sufficient to find a policy whose equilibrium point has minimum cost per unit
time and show that this policy converges to this equilibrium from any starting state x0 ∈ R2+ .
For a feasible policy s with equilibrium point xs ∈ R2+ we have
λi = µi si + βi xsi

for both i ∈ {1, 2}
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(31)

Using (31), the minimisation objective in Problem (29) transforms to
( 2
)
( 2
)
( 2
)
X
X λi − µi si
X ci µi
s
arg min
ci xi = arg min
ci
= arg max
· si ,
s
s
s
βi
βi
i=1
i=1
i=1

(32)

which implies that an optimal policy must assign as much service attention to the queue with the highest cµ/β -index (which in our case is queue 1) as it possibly can.
Observe that it cannot be feasible to assign s1 > λ1/µ1 = ρ1 as equation (31) would lead to xs1 < 0, which
contradicts formulation (29). Thus for ρ1 < 1, by equation (32), a policy s = (ρ1 , 1 − ρ1 ) is optimal as
it maximises the amount of service attention given to queue 1 and does not contradict equation (31).
Similarly, for ρ1 ≥ 1 a policy s = (1, 0) maximises the service attention given to queue 1 and does not
contradict equation (31).
We now show that each of the policies above converges to an equilibrium. For a starting state x∗ ∈ R2+
and policy s = s(t), the dynamics of type-i queue (i = 1, 2) for any t ∈ R+ is described by
(
dxi (t)
= λi − µi si (t) − βi xi (t)
dt
(33)
xi (0) = x∗i .
1 (t)
If ρ1 < 1 then for the policy s(t) = (ρ1 , 1 − ρ1 ) the first equation of (33) for i = 1 reduces to dxdt
=
∗ −β1 t
−β1 x1 (t). This implies that x1 (t) = x1 e
, which converges to 0 as t → ∞. For the same policy s, the
first equation of (33) for i = 2 is

dx2 (t)
= λ2 − µ2 (1 − ρ1 ) − β2 x2 (t).
dt
This has the explicit solution
x2 (t) =
which converges to



λ2 − µ2 (1 − ρ1 )
λ2 − µ2 (1 − ρ1 ) −β2 t
+ x∗2 −
e
,
β2
β2

λ2 −µ2 (1−ρ1 )
β2

as t → ∞ for any x∗2 .

We see that for policy s = (ρ1 , 1 − ρ1 ) we have limt→∞ x(t) =
equilibrium as prescribed by equation (31).




1)
0, λ2 −µ2β(1−ρ
, which matches the
2

1 (t)
Similarly, for ρ1 > 1 and policy s = (1, 0), the first equation of (33) for i = 1 reduces to dxdt
=
∗
1
λ1 − µ1 − β1 x1 (t) with solution x1 (t) → λ1β−µ
as
t
→
∞
for
any
starting
state
x
.
For
the
same
policy
s,
1
1
2 (t)
= λ2 − β2 x2 (t) with solution x2 (t) →
the first equation of (33) for i = 2 reads dxdt
∗
starting state x2 . These results also match the equilibrium point given by (31).

4.2.3

λ2
β2

as t → ∞ for any

Analysis of the fluid rule

To sum up the content of Subsections 4.2.1 and 4.2.2, the fluid heuristic can be described as follows.
• Suppose ρ > 1, i.e. system is overloaded. Then the heuristic follows the cµ/β rule.
• Suppose ρ < 1, i.e. system is underloaded. If the customer classes are labelled such that c1 µ1 ≥
c2 µ2 and c1 µ1/β1 ≥ c2 µ2/β1 then class 1 gets full priority under the fluid heuristic.
• Suppose ρ < 1. If the customer classes are labelled such that c1 µ1 ≤ c2 µ2 and c1 µ1/β1 ≥ c2 µ2/β1
then a switching curve given by (30) determines the optimal policy. Below this switching curve,
fluid heuristic gives priority to class 2 and above this switching curve priority is given to class 1.
We now study the properties of the switching curve, which will be useful doing numerical experiments.
Lemma 4.2.3. If c1 µ1 ≤ c2 µ2 and
x ≥ 0.

c1 µ1/β1

≥

c2 µ2/β1

then the function f1 given by (30) is decreasing in x for
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Proof. The proof of Lemma 4.2.3 is a matter of taking the derivative in (30) and taking care of the terms
using the known inequalities.


Lemma 4.2.4. The switching curve (30) appears in the first quadrant if and only if (c1 µ1 −c2 µ2 )· c2βµ2 2 − c1βµ1 1 ≥
0.
Proof. By Lemma 4.2.3, the switching curve is decreasing in x so it appears in first quadrant if and only
if f1 (0) ≥ 0. As
c2 µ2 − c1 µ1
µ1
·
f1 (0) = (1 − ρ)
β1 β2 c1 µ1/β1 − c2 µ2/β2
then having (1 − ρ) > 0 and µ1/β1 β2 > 0 completes the proof.
Finally, we numerically analyse the dependency of the switching curve (30) on the system load ρ.
Fix β = (0.1, 2.0), c = (1, 9), µ = (15, 15) and adjust λ = λ1 = λ2 . Results for λ ∈ {1, 3, 5, 7}
6 10 14
2
, 15
, 15 , 15 }) are shown in Figure 1.
(ρ ∈ { 15

Figure 1: Switching curve (30) for β = (0.1, 2.0), c = (1, 9), µ = (15, 15) with different values of λ.

As ρ increases to 1, the region where class 2 with lower cµ/β index is given priority shrinks in favor
of class 1 with lower cµ index. Eventually, when ρ ≥ 1 this region becomes empty thus the fluid rule
fully follows the cµ/β rule and assigns full priority to class 1 with higher cµ/β index.

4.3

Numerical approximation

Our goal in this subsection is to compare the performance of the four heuristics above with the optimal
policy. To do this, we give an explicit construction of an approximation scheme that we will later employ
for numerical experiments.
4.3.1

Approximation scheme

As known approximation schemes work only for systems with a finite number of states, a state space
truncation must be performed. Given desired precision   1, we are going to truncate a part of the
state space, where the system will spend no more than an -fraction of the time even if the server is kept
constantly idle.
In such a system, each of the queues i ∈ {1, 2} turns into an independent M/M/∞ queue with arrival rate λi and departure rate βi . It is shown in [1] that the stationary distribution of an M/M/∞
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queue is Poisson with parameter λi/βi . We therefore define the upper bounds of our state space by


 j


λ
n+1


X βii
−λi/βi
xmax
:=
max
n
∈
N
s.t.
e
<
1
−

for i ∈ {1, 2}.
i


j!


j=0
Given the finite state space

X := x ∈ N20

s.t. 0 ≤ xi ≤ xmax
i

for all i ∈ {1, 2}

we compute the expected average running cost by the means of value iteration.
For all x ∈ X set V0 (x) = 0 and for µ := max{µ1 , µ2 } define uniformisation parameter
R := λ1 + λ2 + µ +

2
X

βi xmax
.
i

i=1

We now begin the value iteration to determine the optimal running cost.
λ2
R Vn (0, 1)

+

R−λ1 −λ2
Vn (0, 0)
R
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, 0) = c1 xmax
+
1
1
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max
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1
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2
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2
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2
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2
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, xmax
)
1
2
1
2
λ1 +λ2
max
max
+ R Vn (x1 , x2 )
for i ∈ {2, .., nmax
− 1} :
2
Vn+1 (i, 0) = c1 i + λR1 Vn (i + 1, 0) + λR2 Vn (i, 1) +
β (xmax −i)+β2 xmax
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2
Vn (i, 0)
+ 1 1
R
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(34)

and, finally, for i ∈ {2, .., nmax
− 1} and j ∈ {2, .., nmax
− 1}
1
1
Vn+1 (i, j) = c1 i + c2 j
+ λR1 Vn (i+ 1, j) + λR2 Vn (i, j + 1) + βR1 i Vn (i − 1, j)+
µ1 Vn (i − 1, j)
µ2 Vn (i, j − 1)
+ R1 min
,
+(µ − µ1 )Vn (i, j) +(µ − µ2 )Vn (i, j)
β (xmax −i)+β2 (xmax
−j)
2
+ 1 1
Vn (i, j).
R

β2 j
R Vn (i, j

− 1)
(35)

Using that for any x ∈ X and any i ∈ {1, 2}

lim Vn (x) − Vn (x − ei )+ = V (x) − V (x − ei )+

n→∞

lim (Vn (x) − Vn−1 (x)) = g,

n→∞

where g is the unknown optimal long term running cost, for Dn (x) := Vn (x) − Vn−1 (x) one possible
stopping criterion would be
max |Dn (x) − Dn−1 (x)| = max |Vn (x) − 2Vn−1 (x) + Vn−2 (x)| < .
x∈X

x∈X

However, as we have seen in practice, even if above criterion is filled, values of maxx∈X Dn (x) and
minx∈X Dn (x) can still be far apart meaning that not for all x ∈ X value of Dn (x) has yet converged to
g. Therefore, we use an additional stopping criterion
max Dn (x) − min Dn (x) = max {Vn (x) − Vn−1 (x)} − min {Vn (x) − Vn−1 (x)} < .
x∈X

x∈X

x∈X

x∈X

To simulate each of the heuristics, we add additional binary control variables that will influence the
minima picked in equations (34) and (35) to represent a certain type of action being always selected in
a given state.
4.3.2

Numerical experiments

Response to load
We first see how each of the heuristics responds to varying level of load. To do this, we fix β = (1.0, 0.4),
c = (2.5, 1.0), µ = (8, 12) and vary the arrival rates λ1 = λ2 between 0 and 15. We have intentionally
selected β, c and µ such that neither class has both cµ and cµ/β indices higher than the other class. In
this case, a switching curve appears for the fluid heuristic and it does not trivially follow cµ and cµ/β
rules. Numerical results for this experiment can be observed on Figure 2.
As the only variable here is λ, none of the stationary cµ, cµ/β or 2U rules change the prioritised customer class; for the cµ and 2U rules this is class 1 and for the cµ/β rule this is class 2.
The cµ and 2U rules that do local minimisation, perform rather well in underload scenarios (λ < 4.8),
but as the load increases they are far from optimal. On the contrary, the cµ/β is the worst of considered
heuristics for this specific case in underload. However, as ρ goes past 1, the system tends to spend more
time in the states far from the origin, where cµ/β -rule was argued in Subsection 4.1.2 to be approaching
optimality.
Because the mean number of customers in the system is relatively low in underload, the switching
curve only starts to play a role for the fluid heuristic for ρ values close to 1. As ρ approaches 1 (or λ
approachies 4.8), the switching curve in the fluid heuristic approaches the origin and class 2 is given
priority in an increasing number of states. Thus the cost of the fluid heuristic moves from the cost of
cµ that prioritises class 1 towards the cost of cµ/β that prioritises class 2. Eventually, for ρ > 1 the fluid
heuristic copies the cµ/β -rule completely and serves class 2 only.
Response to cost
Looking at the stationary heuristics, one can observe that the criteria used for priority assignment are
linear in the running costs. Thus, it could be useful to pick a scenario and adjust the holding costs to
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Figure 2: Relative suboptimality gap for β = (1.0, 0.4), c = (2.5, 1.0), µ = (8, 12) with varying λ1 = λ2 .

Figure 3: Relative suboptimality gap for β = (0.4, 1.0), c2 = 1, λ = (2, 3) and µ = (8, 12) with varying
c1 .
see at which point each of the policies makes a priority change and what consequences for the expected
running cost are. We fix β = (0.4, 1.0), c2 = 1, λ = (2, 3) and µ = (8, 12) and vary c1 between 0 and 2.
Numerical results for this experiment are shown in Figure 3.
With this combination of fixed parameters, the cµ rule will prioritise class 2 for c1 ∈ [0, 1.5], the cµ/β
rule will prioritise class 2 for c1 ∈ [0, 0.6] and the 2U rule will proritise class 2 for c1 ∈ [0, 837/667 ∼ 1.25].
As shown above, prioritising the wrong class can make the policy deviate from the optimum and with
certain combinations of the input parameters the suboptimality gap can be relatively high.
For c1 ∈ [0.6, 1.5], neither of the classes has cµ and cµ/β indices higher than the other class, thus a switching curve appears in the fluid heuristic, which greatly improves its performance in comparison to all
static rules.
To have a better view on how much serving the wrong class of customer affects the suboptimality
gap, we modify our previous settings by increasing the arrival rate λ1 from 2 to 16. This way, the expected number of unserved type-1 customers in the system will increase so the cµ and 2U heuristics
that prioritise class 2 will perform worse.
We pursue a similar goal for the cµ/β heuristic that wrongly prioritises class 1 for certain values of c1 .
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However, we cannot pick an arbitrarily high value for λ2 as this will put the system in overloaded
regime, where we know the cµ/β -rule to perform well. We therefore pick λ2 = 8 such that ρ = 11/12 < 1.
Experiment results on modified instances with c1 range limited to [0.55, 1.55] can be seen in Figure 3.

Figure 4: Relative suboptimality gap for β = (0.4, 1.0), c2 = 1, µ = (8, 12), λ = (16, 3) (left) or λ = (2, 8)
(right) with varying c1 .

The case with increased λ1 in Figure 4a corresponds to ρ = 9/4 > 1 so the performance of the cµ/β
and fluid rules that prioritise class 1 throughout most of the range is either optimal or near-optimal.
The same cannot be said about the cµ and 2U rules that prioritise class 2. Along with λ1 , the number of
new class 1 arrivals has gone up. But as the cµ and 2U rules do no adjustments for this increased inflow
of type-1 customers, we see that their suboptimality gaps increase from 3 − 4% to 11 − 12%.
This also hints that suboptimality gap for the cµ rule can potentially be unbounded. Suppose we have
two queues such that c1 µ1 < c2 µ2 . Suppose that β1 = 0, β2  µ2 and λ2 is such that class 2 will occupy
most of server’s time when given full priority under the cµ rule. As β1 = 0 and class 1 will get very little
service time under the cµ rule then the length of queue 1 will explode inducing potentially unbounded
holding costs. However, if a policy was to switch its focus to prioritising class 1 then due to β2  µ2 its
loss due to disprioritising class 2 would be much smaller than cost gained by prioritising class 1.
In the case with increased λ2 in Figure 4b, the suboptimality gap and range of the cµ/β heuristic did
not increase, contrary to what we have expected to see. This can be explained by increased ρ, which
generally improves the performance of the cµ/β heuristic, compensating for the loss associated with the
increase in arrival rate of unprioritised type-2 arrivals.
What is also unexpected is that an increase in type-2 arrival rate has increased the suboptimality gap of
the cµ and 2U heuristics, both of which prioritise class 2 throughout most of the c1 range.
Response to impatience rate adjustment
Finally, we evaluate the performance of each heuristic for a series of instances with varying abandonment rates. We fix β2 = 0.5, c = (1.25, 1.0), λ = (2, 3), µ = (8, 8) and vary β1 between 0.1 and 4.0.
As the cµ rule does not respond to the changes in abandonments, it will prioritise class 1 throughout the
whole testing range. The cµ and 2U rules will prioritise class 1 only for β1 ∈ [0.1, 5/8] and β1 ∈ [0.1, 21/8]
respectively, outside which they prioritise class 2.
The numerical results of this experiment can be seen on Figure 5.
The cµ heuristic that is known to be optimal for the case with no abandonments also performs well
when abandonment rates are low. However, when the abandonment rate of the prioritised class increases, the cµ rule becomes increasingly suboptimal.
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Figure 5: Relative suboptimality gap for β2 = 0.5, c = (1.25, 1.0), λ = (2, 3), µ = (8, 8) with varying β1 .
Because the 2U heuristic is heavily dependent on cµ ratio, it might also prioritise the wrong class of
customer. However, unlike the cµ rule that is not able to react to the changes in abandonment rates, β
terms in the denominators in (27) also play a role. For β1 high enough the 2U rule eventually switches
priority to class 2 thus improving performance over the cµ rule that stays with class 1.
For β1 ∈ [5/8, 4] we have c1 µ1 ≥ c2 µ2 and c1 µ1/β1 ≤ c2 µ2/β2 so a switching curve appears in the fluid
heuristic, which gradually shifts its priority from customer class 1 to class 2.

4.4

Summary and conclusions

From our numerical experiments, we are able to draw a number of conclusions.
Firstly, the cµ heuristic generally performs well on instances where the abandonment rates are low.
However, as this heuristic ignores the abandonment rates, its suboptimality gap is potentially unbounded.
Secondly, the cµ/β heuristic generally performs well on instances with high system load. This is due
to the fact that the optimal solution approaches the cµ/β rule in system states, where both queue lengths
are relatively high.
Thirdly, the 2U heuristic is closer to optimality than the cµ heuristic as it takes abandonment rates
into consideration. However, there still exist instances where its performance is far from optimal.
Finally, the fluid heuristic is the best of all heuristics reviewed in this thesis. Its good performance
in underloaded systems can be explained by taking all factors, including the current system state, into
account and in systems with overload its performance is due to copying the cµ/β rule.
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A

Appendix

Maple code for computing optimal and heuristic costs in Section 4.3
> restart:
with(linalg):
with(LinearAlgebra):
> beta1:=0.4:
beta2:=1.0:
c1:=1:
c2:=1.0:
lambda1:=16:
lambda2:=3:
mu1:=8:
mu2:=12:
mu:=max(mu1,mu2):
prec:=0.0001:
> n1max:=0:
n2max:=0:
sumprob1:=0:
sumprob2:=0:
while evalf(sumprob1)<1-prec do
sumprob1:=sumprob1+((lambda1/beta1)ˆn1max*exp(-lambda1/beta1))/n1max!:
n1max:=n1max+1
end:
while evalf(sumprob2)<1-prec do
sumprob2:=sumprob2+((lambda2/beta2)ˆn2max*exp(-lambda2/beta2))/n2max!:
n2max:=n2max+1:
end:
sumrates:=lambda1+lambda2+(n1max-1)*beta1+(n2max-1)*beta2+mu:
M0:=Matrix(n1max,n2max):
M1:=Matrix(n1max,n2max):
DM1:=Matrix(n1max,n2max):
DM2:=Matrix(n1max,n2max):
DDM:=Matrix(n1max,n2max):
> for i from 1 to n1max do
for j from 1 to n2max do
M0[i,j]:=0:
DM1[i,j]:=0:
DM2[i,j]:=0:
end:
end:
ind:=1:
DDM[1,1]:=-sumrates:
DM1[1,1]:=-sumrates:
DM2[1,1]:=-sumrates:
while (max(DM1)-min(DM1)>prec/sumrates and max(DM2)-min(DM2)>prec/sumrates) do
M1[1,1]:=(lambda1*M0[2,1]+lambda2*M0[1,2]
+((n1max-1)*beta1+(n2max-1)*beta2+mu)*M0[1,1])
/sumrates:
M1[n1max,1]:=(c1*(n1max-1)
+lambda2*M0[n1max,2]+(n1max-1)*beta1*M0[n1max-1,1]+mu1*M0[n1max-1,1]
+(lambda1+(n2max-1)*beta2+(mu-mu1))*M0[n1max,1])
/sumrates:
M1[1,n2max]:=(c2*(n2max-2)
+lambda1*M0[2,n2max]+(n2max-1)*beta2*M0[1,n2max-1]+mu2*M0[1,n2max-1]
+(lambda2+(n1max-1)*beta1+(mu-mu2))*M0[1,n2max])
/sumrates:
M1[n1max,n2max]:=(c1*(n1max-1)+c2*(n2max-1)
+(n1max-1)*beta1*M0[n1max-1,n2max]+(n2max-1)*beta2*M0[n1max,n2max-1]
+min(mu1*M0[n1max-1,n2max]+(mu-mu1)*M0[n1max,n2max],
mu2*M0[n1max,n2max-1]+(mu-mu2)*M0[n1max,n2max])
+(lambda1+lambda2)*M0[n1max,n2max])
/sumrates:
for i from 2 to n1max-1 do
M1[i,1]:=(c1*(i-1)
+lambda1*M0[i+1,1]+lambda2*M0[i,2]+(i-1)*beta1*M0[i-1,1]+mu1*M0[i-1,1]
+((n1max-i)*beta1+(n2max-1)*beta2+(mu-mu1))*M0[i,1])
/sumrates:
M1[i,n2max]:=(c1*(i-1)+c2*(n2max-1)
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+lambda1*M0[i+1,n2max]+(i-1)*beta1*M0[i-1,n2max]+(n2max-1)*beta2*M0[i,n2max-1]
+min(mu1*M0[i-1,n2max]+(mu-mu1)*M0[i,n2max],mu2*M0[i,n2max-1]+(mu-mu2)*M0[i,n2max])
+(lambda2+(n1max-i)*beta1)*M0[i,n2max])
/sumrates:
end:
for j from 2 to n2max-1 do
M1[1,j]:=(c2*(j-1)
+lambda1*M0[2,j]+lambda2*M0[1,j+1]+(j-1)*beta2*M0[1,j-1]+mu2*M0[1,j-1]
+((n1max-1)*beta1+(n2max-j)*beta2+(mu-mu2))*M0[1,j])
/sumrates:
M1[n1max,j]:=(c1*(n1max-1)+c2*(j-1)
+lambda2*M0[n1max,j+1]+(n1max-1)*beta1*M0[n1max-1,j]+(j-1)*beta2*M0[n1max,j-1]
+min(mu1*M0[n1max-1,j]+(mu-mu1)*M0[n1max,j],mu2*M0[n1max,j-1]+(mu-mu2)*M0[n1max,j])
+(lambda1+(n2max-j)*beta2)*M0[n1max,j])
/sumrates:
end:
for i from 2 to n1max-1 do
for j from 2 to n2max-1 do
M1[i,j]:=(c1*(i-1)+c2*(j-1)
+lambda1*M0[i+1,j]+lambda2*M0[i,j+1]+(i-1)*beta1*M0[i-1,j]+(j-1)*beta2*M0[i,j-1]
+min(mu1*M0[i-1,j]+(mu-mu1)*M0[i,j],mu2*M0[i,j-1]+(mu-mu2)*M0[i,j])
+((n1max-i)*beta1+(n2max-j)*beta2)*M0[i,j])
/sumrates:
end:
end:
if ind=1 then
for i from 1 to n1max do
for j from 1 to n2max do
DM1[i,j]:=M1[i,j]-M0[i,j]
end:
end:
else
for i from 1 to n1max do
for j from 1 to n2max do
DM2[i,j]:=M1[i,j]-M0[i,j]
end:
end:
end if:
for i from 1 to n1max do
for j from 1 to n2max do
DDM[i,j]:=DM1[i,j]-DM2[i,j]:
M0[i,j]:=M1[i,j]
end:
end:
ind:=-ind:
end:
opt:=0:
for i from 1 to n1max do
for j from 1 to n2max do
opt:=opt+sumrates*(DM1[i,j]+DM2[i,j])/(n1max*n2max*2)
end:
end:
> cost:=proc(CTRL::Matrix)::real:
M0:=Matrix(n1max,n2max):
M1:=Matrix(n1max,n2max):
DM1:=Matrix(n1max,n2max):
DM2:=Matrix(n1max,n2max):
DDM:=Matrix(n1max,n2max):
for i from 1 to n1max do
for j from 1 to n2max do
M0[i,j]:=0:
DM1[i,j]:=0:
DM2[i,j]:=0:
DDM[i,j]:=0:
end:
end:
ind:=1:
DDM[1,1]:=-sumrates:
DM1[1,1]:=-sumrates:
DM2[1,1]:=-sumrates:
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while (max(DM1)-min(DM1)>prec/sumrates and max(DM2)-min(DM2)>prec/sumrates) do
M1[1,1]:=(lambda1*M0[2,1]+lambda2*M0[1,2]
+((n1max-1)*beta1+(n2max-1)*beta2+mu)*M0[1,1])
/sumrates:
M1[n1max,1]:=(c1*(n1max-1)
+lambda2*M0[n1max,2]+(n1max-1)*beta1*M0[n1max-1,1]+mu1*M0[n1max-1,1]
+(lambda1+(n2max-1)*beta2+(mu-mu1))*M0[n1max,1])
/sumrates:
M1[1,n2max]:=(c2*(n2max-2)
+lambda1*M0[2,n2max]+(n2max-1)*beta2*M0[1,n2max-1]+mu2*M0[1,n2max-1]
+(lambda2+(n1max-1)*beta1+(mu-mu2))*M0[1,n2max])
/sumrates:
M1[n1max,n2max]:=(c1*(n1max-1)+c2*(n2max-1)
+(n1max-1)*beta1*M0[n1max-1,n2max]+(n2max-1)*beta2*M0[n1max,n2max-1]
+CTRL[n1max,n2max]*(mu1*M0[n1max-1,n2max]+(mu-mu1)*M0[n1max,n2max])
+(1-CTRL[n1max,n2max])*(mu2*M0[n1max,n2max-1]+(mu-mu2)*M0[n1max,n2max])
+(lambda1+lambda2)*M0[n1max,n2max])
/sumrates:
for i from 2 to n1max-1 do
M1[i,1]:=(c1*(i-1)
+lambda1*M0[i+1,1]+lambda2*M0[i,2]+(i-1)*beta1*M0[i-1,1]+mu1*M0[i-1,1]
+((n1max-i)*beta1+(n2max-1)*beta2+(mu-mu1))*M0[i,1])
/sumrates:
M1[i,n2max]:=(c1*(i-1)+c2*(n2max-1)
+lambda1*M0[i+1,n2max]+(i-1)*beta1*M0[i-1,n2max]+(n2max-1)*beta2*M0[i,n2max-1]
+CTRL[i,n2max]*(mu1*M0[i-1,n2max]+(mu-mu1)*M0[i,n2max])
+(1-CTRL[i,n2max])*(mu2*M0[i,n2max-1]+(mu-mu2)*M0[i,n2max])
+(lambda2+(n1max-i)*beta1)*M0[i,n2max])
/sumrates:
end:
for j from 2 to n2max-1 do
M1[1,j]:=(c2*(j-1)
+lambda1*M0[2,j]+lambda2*M0[1,j+1]+(j-1)*beta2*M0[1,j-1]+mu2*M0[1,j-1]
+((n1max-1)*beta1+(n2max-j)*beta2+(mu-mu2))*M0[1,j])
/sumrates:
M1[n1max,j]:=(c1*(n1max-1)+c2*(j-1)
+lambda2*M0[n1max,j+1]+(n1max-1)*beta1*M0[n1max-1,j]+(j-1)*beta2*M0[n1max,j-1]
+CTRL[n1max,j]*(mu1*M0[n1max-1,j]+(mu-mu1)*M0[n1max,j])
+(1-CTRL[n1max,j])*(mu2*M0[n1max,j-1]+(mu-mu2)*M0[n1max,j])
+(lambda1+(n2max-j)*beta2)*M0[n1max,j])
/sumrates:
end:
for i from 2 to n1max-1 do
for j from 2 to n2max-1 do
M1[i,j]:=(c1*(i-1)+c2*(j-1)
+lambda1*M0[i+1,j]+lambda2*M0[i,j+1]+(i-1)*beta1*M0[i-1,j]+(j-1)*beta2*M0[i,j-1]
+CTRL[i,j]*(mu1*M0[i-1,j]+(mu-mu1)*M0[i,j])
+(1-CTRL[i,j])*(mu2*M0[i,j-1]+(mu-mu2)*M0[i,j])
+((n1max-i)*beta1+(n2max-j)*beta2)*M0[i,j])
/sumrates:
end:
end:
if ind=1 then
for i from 1 to n1max do
for j from 1 to n2max do
DM1[i,j]:=M1[i,j]-M0[i,j]
end:
end:
else
for i from 1 to n1max do
for j from 1 to n2max do
DM2[i,j]:=M1[i,j]-M0[i,j]
end:
end:
end if:
for i from 1 to n1max do
for j from 1 to n2max do
DDM[i,j]:=DM1[i,j]-DM2[i,j]:
M0[i,j]:=M1[i,j]
end:
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end:
ind:=-ind:
end:
a:=0:
for i from 1 to n1max do
for j from 1 to n2max do
a:=a+sumrates*(DM1[i,j]+DM2[i,j])/(n1max*n2max*2)
end:
end:
cost:=a
end proc:
CM:=Matrix(n1max,n2max):
if c1*mu1>c2*mu2 then
for i from 1 to n1max do
for j from 1 to n2max do
CM[i,j]:=1
end:
end:
else
for i from 1 to n1max do
for j from 1 to n2max do
CM[i,j]:=0
end:
end:
end if:
h1cost:=cost(CM):
CMB:=Matrix(n1max,n2max):
if c1*mu1/beta1>c2*mu2/beta2 then
for i from 1 to n1max do
for j from 1 to n2max do
CMB[i,j]:=1
end:
end:
else
for i from 1 to n1max do
for j from 1 to n2max do
CMB[i,j]:=0
end:
end:
end if:
h2cost:=cost(CMB):
R2U:=Matrix(n1max,n2max):
if c1*mu1/((beta1+mu1)*(beta1+beta2+mu2))>c2*mu2/((beta2+mu2)*(beta1+beta2+mu1)) then
for i from 1 to n1max do
for j from 1 to n2max do
R2U[i,j]:=1
end:
end:
else
for i from 1 to n1max do
for j from 1 to n2max do
R2U[i,j]:=0
end:
end:
end if:
h3cost:=cost(R2U):
FLD:=Matrix(n1max,n2max):
b1:=c1*mu1*(1-lambda1/mu1-lambda2/mu2)/beta1:
b2:=b1*mu2*(1-lambda2/mu2)/beta2:
b3:=(c2*mu2/beta2-c1*mu1/beta1)*(1-lambda2/mu2):
b4:=(c1*mu1/beta1-c2*mu2/beta2)*beta1/mu1:
f1:=x->lambda1/beta1+(b1*x+b2+(b3*x-b2)*(1+beta2*x/(mu2-lambda2))ˆ(beta1/beta2))/(b4*x):
a1:=c2*mu2*(1-lambda1/mu1-lambda2/mu2)/beta2:
a2:=a1*mu1*(1-lambda1/mu1)/beta1:
a3:=(c1*mu1/beta1-c2*mu2/beta2)*(1-lambda1/mu1):
a4:=(c2*mu2/beta2-c1*mu1/beta1)*beta2/mu2:
f2:=x->lambda2/beta2+(a1*x+a2+(a3*x-a2)*(1+beta1*x/(mu1-lambda1))ˆ(beta2/beta1))/(a4*x):
if c1*mu1/beta1>c2*mu2/beta2 then
if c1*mu1>c2*mu2 then
for i from 1 to n1max do
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for j from 1 to n2max do
FLD[i,j]:=1
end:
end:
else
for i from 2 to n1max do
for j from 2 to n2max do
if i-1>f1(j-1) then FLD[i,j]:=1:
else FLD[i,j]:=0:
end if:
end:
end:
end if:
else
if c1*mu1>c2*mu2 then
for i from 2 to n1max do
for j from 2 to n2max do
if j-1>f2(i-1) then FLD[i,j]:=0:
else FLD[i,j]:=1:
end if:
end:
end:
else
for i from 1 to n1max do
for j from 1 to n2max do
FLD[i,j]:=0:
end:
end:
end if:
end if:
h4cost:=cost(FLD):
> evalf(opt,6);
evalf(h1cost,6);
evalf(h2cost,6);
evalf(h3cost,6);
evalf(h4cost,6);
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