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Abstract

As a multitude of real data problems involve preference ranking data, in the last
decades analysis of rankings has become increasingly important and interesting in several
fields as behavioral sciences, machine learning and decision making. Ranking data arise
when we ask to subjects to express their preference order on a set of items. Over the
past two centuries methods and models to analyse ranking data, generally based on the
assumption of a homogeneous population, have been proposed. Furthermore preference
rankings are a particular kind of data that are difficult to visualize given their discrete
structure, especially when the number of items to be ranked increases.

We present a combination of cluster analysis of preference ranking data with the un-
folding model. The unfolding model is used to derive a low-dimensional joint represen-
tation of both individuals and items to allow for the visualization of preference rankings
even when the number of items considered is greater than 4, while the K -median cluster
component analysis is used to obtain a group representation of preferences into homoge-
neous clusters by considering preference rankings in their natural discrete space. The use
of this combined approach represents a coherent framework for the analysis of preference
ranking data since it allows us to cover the space of all permutations in different ways.
Two simulation studies and a real data analysis are presented to illustrate the proposed
approach.
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1 Introduction

The analysis of ranking preferences expressed on the same set of m items is a not widely
known, but well-developed field of statistics. Ranking data represent a peculiar type of data.
They arise any time individuals are asked to express their preference on a set of items. These
items can be everything, e.g. candidates in an election, products, job options, TV programs,
etc.
A rank vector is a permutation of the positive integers 1, ...,m.
For example, given four objects A,B,C and D, the ranking Ri = (2341) corresponds to the
ordering < BCDA >. In the analysis of preference ranking data usually we deal with n
independent rankings expressed on a set of m items. These data can be represented as n
points in a (m−1)-dimensional real space. If we connect adjacent points with lines we obtain
a discrete structure called the permutation polytope. Adjacent rankings on the permutation
polytope are found by interchanging one adjacent pair of items. All the rankings in the
polytope are equidistant from the center point that represents the all tie solution (e.g. in the
case of 4 items, this center is equal to Ri = (1111)). The permutation polytope is the natu-
ral space for ranking data and to define it no data are required; it is completely determined
by the number of items involved in the preference choice. The data add only information
on which rankings occur and with what frequency they occur. This space is discrete and
finite, it is characterized by symmetries and it is endowed with a graphical metric and more
importantly it can be directly visualized only when the number of the items involved in the
choice is at most equal to 4.
During the past century several methods were proposed to analyze ranking data. These
methods can be broadly distinguished into (1) methods that try to model the ranking pro-
cess (also known as Thurstonian models) and (2) probabilistic methods that try to model
the population of rankers (e.g. distance-based models, multistage models, etc).
Among these methods the unfolding model shows the advantage to have a deeper insight on
preferences since it permits a joint representation of judges and items in a low-dimensional
space, in such a way that the closer a judge is located to an item, the more this item is pre-
ferred. Recently Heiser and D’Ambrosio (2013) proposed a partitioning method for ranking
data, called K-median cluster component analysis, which allows a probabilistic allocation
of preference rankings to clusters in the rankings sample space through the use of Kemeny
distance as the natural metric on this space.
The aim of this work is to present a combination of the unfolding model and of K -median clus-
ter component analysis for analyzing preference rankings. We show that this approach can
be really useful for the analysis of such kind of data since it returns both a low-dimensional
representation of the preferences and the group representation of the subjects with similar
preferences in a defined number of clusters. Even if the K -median cluster component anal-
ysis was already presented and discussed in Marcus (2013), the aim of this work is distant
from the one presented in that work since, instead of comparing two methods for preference
rankings unsupervised classification, we evaluate the possibility of combining two method-
ologies (K -median cluster component analysis and the unfolding model) to obtain a more
useful and complete information from the analysis of preference ranking data. Analyses were
performed using Prefscal stand-alone beta version 2.0 (Busing, 2010) for the unfolding model
and MatLab for the K -median cluster component analysis (Heiser and D’Ambrosio, 2013).
Codes used to simulate the data and to implement the validity criteria were written in R

environment and can be send upon request.

The rest of the this work is organized as follows: in Section 2 we describe in more detail
the methodological framework of preference rankings and of the models used to analyse them,
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with a particular attention to the unfolding model and the K -median cluster component
analysis. Section 3 is devoted to the evaluation of these two methodologies through two
simulation studies and a real data analysis and to describe the advantages of the proposed
approach. The discussion is found, then, in Section 4.
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2 Methodological framework

2.1 Preference rankings

2.1.1 Description of preference rankings

Rankings arise any time we ask individuals (called usually “judges”) to express their pref-
erences about m objects. The objects are then placed in order by the individuals (where 1
represents the best and m the worst) without any attempt to describe how much one differs
from the others or whether any of the alternatives are good or acceptable. The objects can
be candidates in an election, living places, goods, occupations, TV shows and so on. Every
independent observation is then a permutation of m distinct numbers.
The data are listed in an individual (n) by objects (m) data matrix. This data matrix
(n×m) can be reduced by taking the unique rankings, associated with a weight vector (w)
that corresponds to the frequencies of each unique ranking, and mapping them into a simpler
space with a pre-specified structure.

Geometry

Rankings are by nature peculiar data in the sense that the sample space of m objects can
be visualized in a m − 1 dimensional hyperplane by a discrete structure that is called the
permutation polytope, Sm (Thompson, 1993; Zhang, 2004; Heiser and D’Ambrosio, 2013) .
A polytope is a convex hull of a finite set of points in Rm.
For example, the sample space of 3 objects consists of a hexagon and can be visualized
as in Figure 1, while the sample space of 4 objects is a truncated octahedron and can be
visualized as in Figure 2. The permutation polytope is inscribed in a m − 1 dimensional
subspace, hence, for m > 4 such structures are impossible to visualize.

Figure 1: Sample space of 3 objects Figure 2: Sample space of 4 objects
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Types of rankings

When we have m objects, there are m! possible complete rankings. A complete ranking is
when a judge is asked to assign a integer value from 1 to m to m objects and he assigns
a distinct value to each of the m objects. When the judge instead assigns a integer value
only to p < m objects we deal with incomplete rankings. Moreover, there is the possibility
that two or more objects are judged equally because the judge assigns to them the same
integer value (which means he considers them as equivalent). In this case we deal with tied
rankings and the analysis starts to be more complicated as, by including ties, the number of
possible rankings approximates 1

2( 1
ln(2))

m+1m! (Gross, 1962). Therefore, when m increases,
the number of possible rankings follows an exponential growth curve. In Table 1 the total
number of rankings for m = 2, ..., 10 is given. Tied rankings are seen by some authors as a
special case of incomplete rankings. For a more complete discussion about this particular
view we refer to Marden (1996).

Table 1: Number of possible rankings for m = 2, ..., 10

m complete complete and tied

2 2 3
3 6 13
4 24 75
5 120 541
6 720 4683
7 5040 47293
8 40320 545835
9 362880 7087261
10 3628800 102247563

Consensus ranking

There is an extensive literature about the social choice problem, which consists of the analysis
of combined individual preferences to reach a collective decision, the so-called consensus
ranking. A consensus ranking indicates the central location of a group of rankings.
There exist two broad classes of approaches to aggregate preference rankings in order to
arrive at a consensus:

• ad hoc methods, which can be divided into elimination (for example the American
system method, the pairwise majority rule, etc.) and non-elimination (for example
Borda’s methods of marks (de Borda, 1781), Condorcet’s method (Condorcet, 1785),
etc.);

• distance-based models, according to which it’s necessary to define a distance of the
desired consensus from the individual rankings.

A more detailed description of these approaches can be found in Cook (2006). The distance-
based models present a strong appeal since the consensus is defined from the point of view
of a distance function: the consensus is the set of preferences which is closest, in a minimum
distance sense, to the individual preference rankings.
More formally, given a set of n independent rankings {Ri}ni=1, the consensus ranking, Ŝ, is
the ranking that represents them in the best way in the sense that it minimizes the sum of
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distances, d(Ŝ, Ri) for ∀ Ri ∈ Sm , between itself and all the rankings that belong to the set.
The distance function to define should satisfy certain desirable properties or axioms.
Kemeny (1959) and Kemeny and Snell (1962) presented and proved an axiomatic approach to
find a unique distance measure for rankings and define a consensus ranking. They introduced
four axioms that should apply to any distance measure between two rankings. Given two
preference rankings, R1 and R2, on m items, a distance function d(·) should satisfy:

1. Axiom 1.: Positivity.
d(R1, R2) ≥ 0, with equality if and only f R1 ≡ R2.
Axiom 1.2: Symmetry
d(R1, R2) = d(R2, R1).
Axiom 1.3 : Triangular inequality
d(R1, R3) ≤ d(R1, R2) + d(R2, R3) for any three rankings R1, R2, R3, with equality
holding if and only if ranking R2 is between R1 and R3.

2. Axiom 2 : Invariance
d(R1, R2) = d(R′1, R

′
2), where R′1 and R′2 result from R1 and R2 respectively by the

same permutation of the alternatives.

3. Axiom 3: Consistency in measurement
If two rankings R1 and R2 agree except for a set S of k elements, which is a segment
of both, then d(R1, R2) may be computed as if these k objects were the only objects
being ranked.

4. Axiom 4: Scaling
The minimum positive distance is 1.

Axiom 1 concerns the metric properties for a distance measure and it is generally valid for
any distance measure that is a metric. Axiom 2 concerns the fact that only the position of
each item, and no other attribute, should influence the distance between rankings. Axiom 3
ensures that any additional object introduced as irrelevant alternative does not influence the
consensus choice. Kemeny and Snell (1962) proved the existence of a distance metric that
satisfies all these axioms and its uniqueness (therefore, it is called Kemeny distance).
After having identified a distance function on the rankings set (Ri)

n
i=1, searching the con-

sensus ranking means to find the ranking Ŝ which is as close as possible to every ranking in
the sample in the minimum distance sense. The ranking Ŝ solves the minimization problem:

Ŝ = arg min
n∑
i=1

d(Ri, S). (1)

As suggested by Kemeny and Snell (1962) a reasonable consensus ranking is the median
ranking. According to their definition, given a set of rankings (Ri)

n
i=1, the median ranking

is the ranking (or rankings) for which the sum of the distances is a minimum. The median
ranking is located in the sample space and it can interpreted as the consensus that maximizes
the individuals agreement since it is the ranking closest located to the individuals preferences.
For a more extensive discussion on the median ranking we refer to Young and Levenglick
(1978) and Bogart (1973, 1975). Finding the median ranking is an NP-hard problem, i.e. it
is not possible to find it in polynomial time (Barthélemy, Guénoche and Hudry, 1989).
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Other distance measures for preference rankings

We examine some more distances that are used in the literature when dealing with preference
rankings.

Spearman distance

Given two rankings, R and R∗ ∈ Sm, the Spearman’s distance (dS) is defined as:

dS(R,R∗) =

m∑
j=1

(Rj −R∗j )2, (2)

and it is equal to the sum of the squared differences between ranks. The Spearman’s distance
is equivalent to the Spearman’s rank correlation coefficient (ρ). Note that this distance is
essentially equivalent to the squared Euclidean distance. It is easy to calculate a consensus
ranking in this case, because it is just the average of the ranking scores. It can be obtained
by summing the ranks of each item, dividing this sum by the number of individuals and
rearranging the items according to increasing values. The item with the smallest mean rank
will be the most preferred on average and so it will have the first position in the mean
ranking. For example, for the three ordering vectors 1 < ABC >, < ACB > and < BAC >
the mean rank for item A is (1 + 1 + 2)/3 = 1.33, for item B is (2 + 3 + 1)/3 = 2 and for
itemd C is (3 + 2 + 3)/3 = 2.67, and the median ordering is then equal to < ABC >.
As noted by Emond (1997), Spearman’s distance has the disadvantage of being sensitive to
irrelevant alternatives. An irrelevant alternative is an item that is asymmetrically dominated
in the sense it is less preferred in every ranking to another item but not by every other item
(i.e. it is not the preferred in the last position). This flaw can lead to illogical results when we
use this distance as measure of disagreement between rankings (Emond and Mason, 2000).

Kendall distance

Given two rankings, R and R∗ ∈ Sm, we can define the Kendall distance as the number of
pairwise disagreements between these two rankings:

dKen(R,R∗) =
∑ ∑

1≤j≤l≤m
I[(R∗j −R∗l )(Rj −Rl) < 0], for j 6= l.

The Kendall distance is equal to the total number of “flips” (or switches) that transforms
any ranking R into any other ranking R∗. Using this concept Kendall defined the coefficient
of disarray τ :

τ = 1− dKen
1
2m(m− 1)

.

An equivalent formulation of Kendall τ using ranking matrices is possible. A ranking matrix
associated with a ranking of m objects is a (m×m) matrix, {ajl}, whose elements are scores
derived from the relative objects in the ranking. For Kendall’s tau the scores in the ranking
matrix are defined as follows:

aij =


1 if object j is ranked ahead of object l
−1 if object j is ranked behind object l
0 if the objects are tied, or if j = l

1An ordering vector is an alternative representation of a ranking. It lists the items, generally labelled by
letters, from the best to the worst according to the correspondent ranking vector. For example, the ranking
vector (123) corresponds to the ordering vector < ABC >.
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Following this definition, the Kendall correlation coefficient τ between two rankings, R with
score matrix {ajl} and R∗ with score matrix {bjl}, can be defined as the generalized corre-
lation coefficient:

τ(R,R∗) =

∑m
j=1

∑m
l=1 ajlbjl√∑m

j=1

∑m
l=1 a

2
jl

∑m
j=1

∑m
l=1 b

2
jl

.

In the case of complete rankings, the denominator turns out to be equal to the constant
m(m − 1), while when working with partial rankings it is equal to a lesser value, which
depends on the total number of ties declared in each ranking.
Emond and Mason (2002) noted that there is a problem with Kendall’s distance in case of
partial rankings that consists in the fact that the usual definition of Kendall’s τ for partial
rankings leads to a distance that violates the triangle inequality, hence it is not a proper
metric.

Kemeny distance

Borrowing Kendall’s matrix representation of ranking matrices, Kemeny and Snell defined
the distance between two rankings R with score matrix {ajl} and R∗ with score matrix {bjl}
can be written as:

dKem(R,R∗) =
1

2

m∑
j=1

m∑
l=1

|ajl − bjl| .

Kemeny and Snell did not realize that their distance metric corresponds to a rank correlation
coefficient closely related to Kendall’s τ . Emond and Mason (2002), slightly modifying the
Kendall’s representation of the score matrices

aij =


1 if object j is ranked ahead of or tied with object l
−1 if object j is ranked behind object l
0 if j equals l

introduced a new rank correlation coefficient, τx (τ extended), based on Kemeny’s distance.
They defined their correlation coefficient τx as:

τx(R,R∗) =

∑m
j=1

∑m
l=1 ajlbjl

m(m− 1)
.

Note that, in the case of complete rankings, τ and τx are perfectly equivalent, while in the
case of partial rankings they differ because τx gives to ties the score of 1 instead of 0.
Although finding the median ranking is an NP-hard problem, Emond and Mason extension of
the τ correlation coefficient allows a branch-and-bound algorithm that is useful to solve the
consensus ranking problem when the number of object is about 20 or less and also permits
to deal with partial rankings and ties. A more detailed description of the branch-and-bound
algorithm can be found in (Emond and Mason, 2002).

2.1.2 Methods used for the analysis of preference rankings data

Analysis of preference rankings has attracted the attention of methodologists for a long time.
The ranking literature contains a series of papers that develops theory and models that can
be distinguished into two broad classes of methods:
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• Approach I: Methods to model the ranking process;

• Approach II: Methods for modelling the population of rankers.

The models included in Approach I try to describe mathematically the process that generate
the ranking of the items. Their basic assumption is that there exists a true underlying scale
and the judge places the items on this scale (Thurstone, 1927).
In other words each item has a continuous but unobserved random variable associated with
it. Let Z = {Z1, Z2, ..., Zm} where Zj is associated with item j. For example, if the items
are: {Red , Y ellow ,Green} then the ranking R = (2, 3, 1) is possible if and only if ZY >
ZG > ZR. Then a joint model is assumed for the vector Z. The parameters of the model
are as many as necessary to describe the distribution of Z.
Thurstone, who invented the model, proposed to use the normal distribution, Luce (Luce,
1959), proposed the Gumbel distribution, Henery (Henery, 1983) the Gamma distribution.
Examples of more complex Thurstonian models include Böckenholt (1992), Chan and Bentler
(1998), Maydeu-Olivares (1999) and Yao and Böckenholt (1999).
The models included in Approach II instead take the preference rankings expressed by the
judges as the units of a sample and look for a description of the population based on that
sample. This class of methods includes distance-based models (as the Babington - Smith
model (Smith, 1950), the Mallows model (Mallows, 1957), the Bradley - Terry model (Bradley
and Terry, 1952), etc.) that are based on the idea that if there is a consensus (or modal
ranking) Ŝ ∈ Sm, then judges are expected to express rankings more or less close to this
consensus. In other words, a higher probability is given to expressing a ranking close to Ŝ.
Some of these models are based on pair comparisons of the items since a ranking can be
also obtained as the result of a process of paired comparisons among the objects. For m
items there are

(
m
2

)
= m(m−1)

2 such comparisons. These models are often exponential family
models.
To this class also belong the multistage models (for example the Plackett-Luce model (Luce,
1959; Plackett, 1975), the Fligner and Verducci model (Fligner and Verducci, 1986)), which
decompose the ranking process into a series of independent stages. The probability of any
ranking is then modelled in a nested sequence of stages (Fligner and Verducci, 1988).
For a more extensive discussion of all these models we refer to Fligner and Verducci (Fligner
and Verducci, 1988), Critchlow, Fligner and Verducci (1991) and Marden (1996).

2.2 Unfolding

The unfolding model is a geometric model for preference rankings with which it’s possible
to map both individuals and items as points in a joint space in such a way that distances
d between the points optimally represent the individual preferences. History of unfolding
starts with Coombs who, inspired by the idea of Thurstone and of Guttman, showed how
preference rankings contain metric information. Coombs introduced a new scale, called
Joint scale (abbreviated J scale), that is a joint latent continuum where judges and items
are presented as points. The position of a judge represents his ideal (ideal point) and the
items this judge prefers most have positions that are closer to his position on the continuum.
The word unfolding derives from a metaphor:

“Imagining a hinge scale on the J scale at the Ci value of the individual and folding
the left side of the J scale over and merging it with the right side. The stimuli on the
two sides of the individual will mesh in such a way that the quantity |Ci − Qj | will be
in progressively ascending magnitude from left to right. The order of the stimuli on
the folded J scale is the I scale for the individual whose Ci value coincides with the
hinge,”[Coombs, 1950, p.147].
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Then “unfolding” is the opposite operation: recover the joint scale from the preference
rankings of the judges.
This idea was then extended to the multidimensional case by Bennet and Hays (1960),
who introduced the multidimensional unfolding model and the problem of determining the
minimum dimensionality that it is required to represent the data.
The procedures for fitting the J scale given a set of preference rankings usually consist of
a first step of combinatorial search over all possible partial orders on the distances between
midpoints and a second step of search of the solution of a set of linear equations to find
numerical scale values.
Unfortunately, for both unidimensional and multidimensional cases no successful applications
were reported since it was also really difficult to set up a computer program to calculate
solutions for these models. For this reason metric unfolding was developed by Coombs
and Kao (1960) and refined by Ross and Cliff (1964) and Schönemann (1970). During
the same period multidimensional scaling (MDS) was developed and improved also thanks
to the contribution of Kruskal (1964) who introduced the concept of stress (standardized
residual sum-of-squares) as loss function for MDS. Kruskal’s contribution was fundamental
because he introduced the idea of finding a solution by optimizing a measurable criterion
and he also demonstrated how to minimize this loss function. Monotone regression was
also introduced as the technique to find optimal transformed data that minimize stress for
fixed distances. Kruskal and Carroll in 1969 proposed two new stress functions based on
different normalizing functions, recommending the use of the stress second formula to avoid
the occurrence of degenerate solutions. Unfolding was then presented by a special case of
multidimensional scaling in 1974 by Kruskal and Shepard. The history and the evolution of
the unfolding model had several important contributions by Lingoes (1977), Heiser (1981,
1989), Borg and Bergermaier (1982), de Leeuw (1983) that inspired Busing, Groenen and
Heiser (2005) to develop a penalized stress function to overcome the degeneracy problem.

2.2.1 Conceptual basis

Coombs (1950, 1964) introduced the J scale and the I scale. The line on which the points
for the n judges and the m items are placed is the J scale, while each subject’s preference
scale is the I scale. Each judge is assumed to have an ideal point, which is the most favourite
point on the unidimensional scale by the judge, i.e. it represents its “ideal”. Note that
this model makes a number of assumptions. For example the judges should agree on which
characteristic to arrange the items. The model also assumes that the preference function of
all subjects are single-peaked and that they are monotone in distances.
A J scale can be then represented as a segment of the real line on which the items have
distinct values and are labelled in alphabetical order (Figure 3). A J scale for the items can
be given by an m× 1 vector z, where zi represents the location of item i.
For example if z = (1, 2, 4, 5) and the ideal point z∗ = 3.4, then the ranking for that judge
is equal the rank corresponding to:

rank(|z1 − z∗|, ..., |zm − z∗|) = rank(2.4, 1.4, 0.6, 1.6) = (4, 2, 1, 3)

Between each pair of items there exists a midpoint. The preference of a subject between two
objects is reflected on which side of their midpoint the subject’s ideal point lies. Note that
according to this model the judges’ pairwise preferences must be transitive. The order of
the midpoints gives information about the metric relation (Figure 4). Hence the distinction
between:
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• qualitative J scale that is defined by a strict order of the items;

• quantitative J scale that is defined by both a strict order of the items and a strict
midpoints sequence.

Since the order of the items on the J scale is fixed, the set of I scales generated by the one
dimensional J scale must contain only rankings that begin or end with the first or the last
item on the J scale as depicted in Figure 5.

This set of admissible rankings is called J structure. Let A(z) be the set of admissible
rankings. The number of distinct rankings A(z) depends on the spacing of the zi’s. The
midpoints between pairs of items divide the line into a number of disjoint segments, one
segment for admissible ranking. The number of these segments is one more than the number
of distinct midpoints. So if all midpoints are distinct, we have a maximum

(
m
2

)
+1 admissible

rankings. If the objects are equally spaced then there are only 2m − 3 distinct midpoints
and 2m− 2 admissible rankings. For a more extended discussion on the representation of J
scales we refer to van Blokland-Vogelesang (1991).
Bennet and Hays (1960) generalized Coombs’ model to more than one dimension by con-
sidering points for individual preferences and items in a space of r dimensions. This means
that items have some configuration in an Euclidean space of dimensionality r. The ranking
expressed by a judge, then, reflects increasing magnitude of distance from his ideal point
to the respective item points. This space is divided in isotonic regions, which are convex
subspaces within that, given a set of item points, each and every point in the space that
shows the same rank order of distances to the item points is comprehended. Every region
is then characterized by a particular order (order of the region). In 1-dimensional space a
unique set of

(
m
2

)
+1 rank orders can be found (since it derives from the quantitative J scale

chosen). According to Hays and Bennett (1961) no such unique sequence of regions can be
found in case of r ≥ 2. Note that, as you can see from Table 2, the number of isotonic regions
increases rapidly both with the number of items and with the number of dimensions.
Later it has been found that for m > 2 the number of admissible rankings can be expressed
in terms of the sum of the signless Stirling numbers of the first kind, |S(m, r)|. (Good and
Tideman, 1977; Kamiya and Takemura, 1997 and 2005). For a more extensive discussion on
this topic, we refer to Kamiya, Takemura and Terao (2010).

An example of isotonic regions for 4 items in 2 dimensions is given by Figure 6. The isotonic
regions are labelled according to their characteristic order. In Figure 6 only 18, out of 24
possible permutations of 4 objects occur as characteristic orders for regions. Isotonic regions
are bounded by lines that represent equal-preference loci between any two items. In the
two dimensional space there are

(
m
2

)
of such lines. In the one-dimensional case these equal-

preference loci are represented by points, by planes in the three dimensional case and in

Figure 3: Folded J scale
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Figure 4: Qualitative and quantitative J scale

Figure 5: A possible midpoints order for the quantitative J scale of 4 items.

Table 2: Maximum cardinality for m items in r-dimensional space. Coombs, A theory of data, p.155.

r

m 1 2 3 4 5

1 1 1 1 1 1
2 2 2 2 2 2
3 4 6 6 6 6
4 7 18 24 24 24
5 11 46 96 120 120
6 16 101 326 600 720
7 22 197 932 2.556× 103 4.320× 103

8 29 351 2.311× 103 9.080× 103 2.221× 104

9 37 538 5.119× 103 2.757× 104 9.485× 104

10 46 916 1.037× 104 7.364× 104 3.430× 105

general by r−1 dimensional hyperplanes in r dimensional space. There also exist closed and
open isotonic regions, as can be noted from Figure 6. Each and every open region have a
mirror image, i.e. a region in the space that has as characteristic order its reverse ranking,
while no closed regions may have such mirror image. In any dimensionality lower than m−1,
so, there must exist some closed regions in the isotonic space and, for this reason, not all m!
rank order permutations can occur.
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Figure 6: Isopreference regions: 4 items in 2 dimensions

2.2.2 Nonmetric multidimensional unfolding

The objective of the unfolding analysis is to find coordinate matrices X (size n× r) and Y
(size m× r), with the transposed judges and items coordinates vectors as rows respectively,
in such a way that the distances match the pseudo distances in some optimal manner. Let
xi and yj be the r-sized coordinate vectors for individual i and item j, respectively. The
Euclidean distance between xi and yj is defined as

dij =
√

(xi − yj)ᵀ(xi − yj). (3)

The preference of individual i for item j is coded in such a way it is represented by the
dissimilarity δij (i.e. a low value of δij indicates a high preference and viceversa a high value
a low preference). Since only the rank order information is used, the observed preferences
are replaced by any monotonically nondecreasing transformation γij = fi(δij), called pseudo-
distances, with a separate transformation function for each subject (row-conditional case).
The badness-of-fit between the pseudo-distances and the distances can be measured by the
normalized stress function (also called Stress-2 ),

σ22(Γ,X,Y) =
1

n

∑
ij(γij − dij)2∑
ij(dij − d̄i)2

. (4)

The minimization of the stress function can be done via an alternating least squares algorithm
over the set of transformations and configurations X and Y. However, it is known that
minimizing (4) can lead to degenerate solutions. A degenerate solution is, broadly speaking,
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a solution that fits well but results in a non-informative spatial representation of the data.
For an extensive discussion about degeneracies in the unfolding model we refer to Borg and
Groenen (2005), Van Deun et al. (2005), de Leeuw (2006) and Busing (2010).

2.2.3 Prefscal

Busing, Groenen and Heiser (2005) proposed PREFSCAL, a new algorithm for multidimen-
sional unfolding that avoids degenerate solutions by using a penalized approach by including
a penalty component to the stress function. This penalty component is an inverse function
of Pearson’s coefficient of variation of the transformed dissimilarities (i.e. high penalty when
variation is small and viceversa). Penalized stress loss function is equal to:

σ2P (Γ,X,Y) =

(∑
i(γi − di)2∑

i γ
2
i

)λ(
1

n

∑
i

(1 +
ω

υ2(γi)
)

)
, (5)

where γi represents a monotonic transformation of the i-th row of the normalized preference
data matrix, di the i-th row of the matrix of Euclidean distances between X and Y, λ
and ω are the penalty parameters (with 0 < λ ≤ 1 and ω > 0) and υ(·) is Pearson’s
coefficient of variation (defined as the ratio between standard deviation and the mean).
The penalty parameters λ and ω control the strength of normalized badness of fit and
the range of the penalty. To avoid degenerate solutions they have to be tuned, default
values are λ = 0.5 and ω = 1. The minimization of the loss function is done via iterative
majorization combined with alternating least square estimation. Starting from an arbitrary
choice of a monotone transformation of the preference data, pseudo-distances (γij) that best
approximate the distances d are searched, followed by updating the distances in such a way
that they optimally fit the previously identified pseudo-distances γ, and so on, until the
convergence criterion is met. Iterative majorization is a numerical optimization method that
can be seen as a gradient algorithm with a fixed stepsize. It works by replacing the original
function with a help function that touches the original function, but it is always above it.
Iterative majorization has some advantages, among which it always converges to a local
minima, it guaranties a series of non-increasing stress values with a linear convergence rate
(de Leeuw and Heiser, 1980; Heiser, 1981; de Leeuw, 1988; Groenen and Heiser 1996).

2.3 K -median cluster component analysis

K -median cluster component analysis (abbreviated CCA) is a probabilistic cluster method
for ranking data, proposed by Heiser and D’Ambrosio in 2011, which uses the Kemeny
distance in the Ben-Israel and Iyigun probabilistic d-clustering algorithm.
This partitioning method permits a probabilistic allocation of preference rankings to clusters
and, for this reason, belongs to the family of fuzzy clustering algorithms.
Given n independent rankings expressed on m items, R = {Ri}n×m, with i = 1, ..., n,
each ranking is assigned to one of K clusters by an allocation membership probability that
measures the degree of belonging to that cluster. The principle behind this idea is:

pik(Ri)dKem(Ri, Ck) = constant , depending on Ri. (6)

So membership probabilities and distances are inversely related and their product is constant,
depending on Ri.
If a ranking is close to one of the K clusters centers, then it has a higher probability to
belong to that cluster. Note that the distance used in this approach is the Kemeny distance,
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dKem(·), that, apart from satisfying all the conditions required to be a proper metric, is the
natural distance in the permutation polytope.
K -median cluster component analysis consist of a two - step procedure.
After having initialized the algorithm with K random rankings as clusters centers, in the
first step the membership probabilities are calculated as a function of the Kemeny distance
between each ranking and each cluster center:

p̂k(Ri)) =

∏
s6=k dKem(Ri, Ĉs)∑K

k=1

∏
s 6=k dKem(Ri, Ĉs)

. (7)

The membership probability of the ranking Ri to belong to cluster k is, then, determined by
the product of the Kemeny distances between itself and all the clusters centers except cluster
k, divided by the sum of all the products. So the denominator in the equation 7 represents
a normalizing constant.
While in the first step the allocation probabilities are calculated as a function of the fixed
centers, in the second step clusters centers are updated given the estimates of the allocation
probabilities obtained in the previous step:

Ĉk = arg min
Ck

n∑
i=1

K∑
k=1

p̂2k(Ri)dKem(Ri, Ck). (8)

In this step a branch-and-bound algorithm is used for the search of the consensus ranking of
each of the K cluster components (Amodio, D’Ambrosio and Siciliano, 2014).
These two steps are then repeated until the decrease in the loss function is greater than some
pre-specified value (ε). The CCA algorithm is presented in Table 3.

Table 3: K -median cluster component analysis algorithm.

1. Initialize K different random cluster centers.

2. Calculate membership probabilities p̂k using equation 7.

3. Update the cluster centers, Ĉk, according to equation 8.

4. Repeat steps 2 and 3 until the decrease in loss function between two iteration is greater or
equal to some pre-specified value ε.

Since the distance function is convex and the probabilities are non-negative, this represents
a convex minimization problem.

minimize
n∑
i=1

K∑
k=1

p2ik(Ri)dKem(Ri, Ck)

subject to

K∑
k=1

pik(Ri) = 1, and

pik ≥ 0, for i = 1, . . . , n.

(9)

The Lagrangian of (9) is

L(pi1, . . . , piK , λ) =
K∑
k=1

dKem(Ri, Ck)p
2
ik(Ri)− λ

( K∑
k=1

pik(Ri)− 1) (10)
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and zeroing the partial derivatives with respect to pik gives:
∑

k pik(Ri)dKem(Ri, Ck) = λ,
which is consistent with (6). Since it is possible that in a single run the loss function has not
reached its minimum value, multiple starts option is implemented (with at least 50 different
random starts).
Outputs of CCA are the matrix of membership probabilities and the consensus ranking for
each component as well as an homogeneity measure (called Average τ extended) calculated
as:

τx =
1

N

K∑
k=1

skτ(x)k, (11)

where τx is a version of Kendall’s τ that is consistent with the Kemeny distance (Emond
and Mason, 2002) and sk the sample size of cluster k. The Average τx (or global τx) is the
weighted average of the τx obtained within each cluster. The weights are equal to the clusters
sizes recovered by the algorithm by assigning subjects to the cluster for which they show the
highest probability value (crisp assignment). In case of equal high values of probabilities of
a judge for more than one cluster, the algorithm assigns randomly the subject to one of the
clusters.
The minimization of the loss function is equivalent the minimization of the joint distance
function (abbreviated JDF) for the entire sample, as demonstrated in Marcus (2013). The
joint distance function for ranking Ri measures the distance of the ranking Ri from all cluster
centers.

D(Ri) =

∏K
k=1 dKem(Ri, Ck)∑K

t=1

∏
s 6=t dKem(Ri, Cs)

, (12)

The JDF is then a measure of the classifiability of the ranking Ri with respect to all cluster
centers. It is equal to zero if and only if Ri coincides with one cluster center, in which case Ri
belongs to that center with probability 1, and positive elsewhere. It increases when distances
increase, indicating greater uncertainty about the cluster to which Ri belongs. Since the JDF
has the dimension of distance, normalizing it we obtain the classification uncertainty function
(abbreviated CUF).

E(Ri) =
K ·D(Ri)

(
∏K
k=1 dKem(Ri, Ck))

1
K

, (13)

with 0/0 interpreted as zero. The CUF is preferred since it is a dimensionless function that
takes values in [0, 1] and it is equal to zero if any distance is zero (Ri coincides with one
cluster center) and 1 if and only if all the probabilities, pik(Ri) for k = 1, . . . ,K, are equal.
This function is then related to the uncertainty of classifying the ranking Ri to one of the
cluster centers and can be interpreted as an entropic measure of uncertainty, for further
details we refer to Ben-Israel and Iyigun (2008).

2.3.1 Validation criteria

To evaluate the results of the K -median cluster component analysis an internal validation
criterion (joint distance function) and external validation criteria (recovery rate, fuzzy version
of the Rand index and of the adjusted Rand index and Brier score) can be used.
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Joint distance function

Since the minimization of the loss function coincides with the minimization of the joint
distance function, the JDF of the complete sample,

Dtot =

n∑
i=1

D(Ri), (14)

can used to identify the appropriate number of clusters when data are the only information
available.
The JDF decreases monotonically with the number of clusters. This decrease is steep until
the appropriate number of cluster centers is reached, and after that the decrease rate is
small. Then we look for a ‘elbow’ in the graph showing the number of cluster centers on the
X axis and the corresponding JDF function values on the Y axis.

Recovery rate

The recovery rate is an external validation criterion and it is based on the Emond and
Mason’s τx between the clusters centers in the simulated data (cS1 , ..., c

S
K) and the centers

estimated by the partitioning algorithm (cP1 , ..., c
P
K). In other words, it considers the τx

between the population clusters centers and the centers estimated by K -median cluster
component analysis. This measure has an upper bound of 1, which is obtained when the
partition algorithm recovers all the data clusters centers. Lower values are, instead, obtained
when the algorithm fails to recover at least one cluster center.

R(K) =
1

K

K∑
k=1

τx(cSk , c
P
k ). (15)

To calculate the recovery rate we proceeded in the following way. First we calculated the τx
between each cluster center of the simulated data and each cluster center estimated by the
algorithm, obtaining a (K×K) correlation matrix. Then we rearranged the columns and the
rows of this matrix via the recursive algorithm presented Table 4 to obtain a matrix in which
the correlations of the estimated centers (on the columns) with the actual clusters centers
(on the rows) displayed in the diagonal elements of the rearranged matrix are maximal.

Table 4: Recursive algorithm to rearrange the correlation matrix and calculate the recovery rate

1. Search column-wise for the maximum value of the correlations (if the correlations equal to
the maximum value of the correlation matrix are more than one, then randomly select one of
them);

2. Rearrange the rows putting the row that contains the higher value of the correlation matrix in
the first position;

3. Reorder the column according to the decreasing order of the elements of the first row;

4. Reduce the order of the matrix by eliminating the first row and the first column;

5. Repeat the procedure from step 1 on reduced matrix until its final dimension is equal to (1×1).

After applying this recursive algorithm we considered in the summation only the diagonal
matrix elements of the correlation matrix, being the off-diagonal elements not of interest.
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Fuzzy Rand index and adjusted Rand index

The Rand index is a external evaluation measure developed by Rand (Rand, 1971) to compare
the clustering partitions on a set of data.
Let X = {xij}(n×p) be the data matrix, where n is the number of objects and p the number
of variables. A partition of the n objects with K subsets or groups can be formed, P =
{P1, , ..., PK} in such a way that the union of all the subsets is equal to the entire data set
and the intersection of any two subsets is the empty set.
It is possible to say that two elements of X, i.e. (x, x′) are paired in P if they belong to the
same cluster. Let P and Q be two partitions of the object set X = {xij}. The Rand index
is calculated as:

R =
a+ d

a+ b+ c+ d
=
a+ d(
n
2

) , (16)

where

• a is the number of pairs (x, x′) ∈ X that are paired in P and in Q;

• b is the number of pairs (x, x′) ∈ X that are paired in P but not paired in Q;

• c is the number of pairs (x, x′) ∈ X that are not paired in P but paired in Q;

• d is the number of pairs (x, x′) ∈ X that are neither paired in P nor in Q.

This index varies in [0, 1] with 0 indicating that the two partitions do not agree on any pair
of elements and 1 indicating that the two partitions are exactly the same. Unfortunately the
Rand statistic approaches its upper limit as the number of clusters increases.
The problem of evaluating the solution of a fuzzy clustering algorithm with the Rand index
is that it requires converting the soft partition into a hard one, losing information. As shown
in Campello (2007), different fuzzy partitions describing different structures in the data may
lead to the same crisp partition and then in the same Rand index value. For this reason the
Rand index is not appropriate for fuzzy clustering assessment.
In 2012 Hüllermeier et al. proposed a generalization of the Rand index and related measure-
ments for fuzzy partitions.
Let P = {P1, ..., PK} be a fuzzy partition of the data matrix X, each element x ∈ X is
characterized by its membership vector:

P(x) = (P1(x), P2(x), ..., PK(x)) ∈ [0, 1]K , (17)

where Pi(x) is the degree membership of x in the i-th cluster Pi. Given any pair (x, x′) ∈ X,
they defined a fuzzy equivalence relation on X in terms of similarity measure. This relation
is of the form:

EP = 1− ‖P(x)−P(x′)‖, (18)

where ‖ · ‖ represents the L1 norm divided by 2 that constitutes a proper metric on [0, 1]K

and yields value on [0, 1]. EP is equal to 1 if and only if x and x′ have the same membership
pattern and is equal to 0 otherwise.
Given 2 fuzzy partition, P and Q, the basic idea underneath the fuzzy extension of the Rand
index is to generalize the concept of concordance in the following way. Considering a pair
(x, x′) as being concordant as P and Q agree on its degree of equivalence, they define the
degree of concordance as:

conc(x, x′) = 1− ‖EP(x, x′)− EQ(x, x′)‖ ∈ [0, 1], (19)

20



and the degree of discordance as:

disc(x, x′) = ‖EP(x, x′)− EQ(x, x′)‖ (20)

The distance measure by Hüllermeier et al. is defined then by the normalized sum of degrees
of discordance:

d(P,Q) =

∑
(x,x′)∈X ‖EP(x, x′)− EQ(x, x′)‖

n(n− 1)/2
. (21)

The direct generalization of the Rand index corresponds to the normalized degree of concor-
dance and it is equal to:

RE(P,Q) = 1− d(P,Q), (22)

and it reduces to the original Rand index when partitions P and Q are non-fuzzy.
There are some known problems with the Rand index:

• The expected value of the Rand index for two random partitions does not take a
constant value;

• It presents high variability;

• It is extremely sensitive to the number of groups considered in each partition, their
size and also to the overall number of observations considered.

To overcome these problems Hubert and Arabie (1985) proposed a corrected version of the
Rand index assuming the generalized hypergeometrical distribution as model of randomness
(i.e. P and Q are picked at random with a fixed number of partitions and a fixed number of
elements in each). In other words, this corrected version is equal to the normalized difference
of the Rand index and its expected value under the null hypothesis:

ARI =
Index− Expected Index

Maximum Index− Expected Index
. (23)

More formally the Hubert-Arabie’s formulation of the adjusted Rand index is:

ARIHA =
2(ad− bc)

b2 + c2 + 2ad+ (a+ d)(c+ b)
. (24)

This index has an upper bound of 1 and takes the value 0 when the Rand index is equal to
its expected value (under the generalized hypergeometric distribution assumption for ran-
domness). Negative values are possible but not interesting since they indicate less agreement
than expected by chance.
Since we are interested in comparing fuzzy partitions and the adjusted Rand index proposed
by Hubert and Arabie is still the most popular measure used for clusterings comparison,
we propose an extension of this index to fuzzy partitions based on the fuzzy version of the
Rand index proposed by Hüllermeier et al. in 2012. Hüllermeier et al. indeed proposed the
extension of a large number of related comparison measures (i.e the Jaccard measure, the
Dice index, etc), which can be expressed in terms of the cardinals a, b, c and d, through the
formalization of these cardinals in fuzzy logic concordance terms.
These cardinals can be expressed as follows:

• a-concordance: objects x and x′ are concordant because their degree of equivalence in
P and in Q is similar and their degree of equivalence in P is high and their degree of
equivalence in Q is high

a = >(1− |EP(x, x′)− EQ(x, x′)|,>(EP(x, x′), EQ(x, x′));
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• d-concordance: negation of a-concordance (objects x and x′ are concordant but either
the degree of equivalence in P is not high or the degree of equivalence in Q is not high)

d = >(1− |EP(x, x′)− EQ(x, x′)|,⊥(1− EP(x, x′), 1− EQ(x, x′));

• b-discordance: the degree of equivalence of x and x′ in P is larger than that in Q

b = max(EP(x, x′)− EQ(x, x′), 0);

• c-discordance: the degree of equivalence of x and x′ in P is smaller than that in Q

c = max(EQ(x, x′)− EP(x, x′), 0);

where > is the triangular product norm and ⊥ is the associated triangular conorm (algebraic
sum). The cardinals just mentioned can be also expressed as:

a = (1− |EP(x, x′)− EQ(x, x′)|) · EP(x, x′) · EQ(x, x′)

d = (1− |EP(x, x′)− EQ(x, x′)|) · (1− EP(x, x′) · EQ(x, x′))

b = max(EP(x, x′)− EQ(x, x′), 0)

c = max(EQ(x, x′)− EP(x, x′), 0)

(25a)

Hüllermeier et al. did not propose explicitly an extension of the adjusted Rand based on
these cardinalities, but we believe that using these formulas we can calculate the adjusted
Rand index according to its standard formulation. We obtain then a fuzzy version of the
ARI that reduces to the standard value of this index when applied to non-fuzzy partitions.
To show that the fuzzy Rand index and our extension of the adjusted Rand index are equal
to Rand index and ARI we report the results of a little experiment in which we simulated
two random crisp partitions with 3 subgroups according to a multinomial distribution 20
times and calculated these four indexes. The results that confirm that the fuzzy measures
and the standard measures are equal when evaluating crisp partitions are shown in Table 5.
We repeated this experiment taking into account different number of groups and different
probabilities of the multinomial distribution and obtained similar results.

Brier score

The Brier score (Brier, 1950) is a score function often used in supervised classification that
measures the accuracy of probabilistic predictions. It is equal to the mean squared difference
between the actual outcome and the predicted probability. In case of K categories and a
sample of n independent observations Brier score is given by

BS =
1

n

n∑
i=1

K∑
k=1

(fik − Eik)2, (26)

where fik is the forecast probability and Eik is an indicator function that takes value 1 or
0 according to whether the event occurred in class k or not. This form of Brier score takes
value between [0, 2] and for this reason is usually divided by 2 to make the range 1 to 0
(Stanski, Wilson and Burrows, 1989, p.34). Brier score, being a negatively oriented score,
gives smaller value for better predictions.
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Table 5: Equivalence of fuzzy Rand and fuzzy ARI with Rand and ARI in case of crisp partitions.

Fuzzy Rand Rand Fuzzy ARI ARI

1 0.4699 0.4699 -0.0036 -0.0036
2 0.5046 0.5046 0.0114 0.0114
3 0.5782 0.5782 0.0628 0.0628
4 0.5356 0.5356 -0.0589 -0.0589
5 0.5032 0.5032 -0.0056 -0.0056
6 0.5313 0.5313 -0.0030 -0.0030
7 0.4812 0.4812 0.0060 0.0060
8 0.5048 0.5048 -0.0198 -0.0198
9 0.5572 0.5572 0.0199 0.0199

10 0.5004 0.5004 -0.0116 -0.0116
11 0.5339 0.5339 0.0132 0.0132
12 0.4820 0.4820 -0.0370 -0.0370
13 0.5230 0.5230 0.0019 0.0019
14 0.5170 0.5170 0.0054 0.0054
15 0.4622 0.4622 -0.0021 -0.0021
16 0.6481 0.6481 -0.0821 -0.0821
17 0.4400 0.4400 -0.0007 -0.0007
18 0.4923 0.4923 -0.0139 -0.0139
19 0.4913 0.4913 0.0052 0.0052
20 0.5232 0.5232 -0.0085 -0.0085

In the case of simulated data, we know for every ranking which cluster center it was gener-
ated from, so we can use this information to create the indicator function Eik and compare
it with the estimated membership probabilities returned by the clustering algorithm. To the
best of our knowledge this is the first time the Brier score is used as validity measure in
cluster analysis.

2.4 The combination of K -median cluster component analysis with the
unfolding model.

Any time we want to analyze preference ranking data several questions arise: which model
has to be preferred, which distance should be used, how are we able to represent our data and
so on. All of these questions have no easy reply since, as stated before, rankings literature
contains lots of papers that develop methods and models to analyze this kind of data. The
majority of them try to model the ranking process or the population of rankers from a
sample of independent rankings given some strong hypothesis about the homogeneity of the
population. Almost none of them give the possibility of analyzing the sample data in their
original space and represent them in a reduced space that is more comprehensible for the non
technicians. Using the combination of CCA and the unfolding model, as we will show in the
next sections, we are able to identify groups of judges that have similar preference rankings,
taking into account the permutation polytope hyperspace, and plot them in a reduced space
eventually using some covariates to better understand the composition of these groups. A
huge advantage of the proposed approach is that the analysis is not based on any assumption
about homogeneity of preference rankings. CCA and the unfolding model can both deal with
heterogeneous preference data. This approach, on the other side, has not the objective of
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finding a stochastic model to represent preference rankings. This combination of methods
can be used as a descriptive analysis and represent the first step to understand interesting
features about the population.
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3 Evaluation of the methods

The aim of this section is to evaluate the performance of the CCA algorithm and the unfolding
model performed with Prefscal beta version on real and simulated data.

3.1 Checking K -median cluster component analysis.

In this section we evaluate the CCA algorithm in terms of local minima and internal valida-
tion criterion by analyzing simulated data.

3.1.1 Local minima study

In any partition method the number of random starting points to use is crucial to avoid locally
optimal solutions especially because results from studies that use a small number of random
starts can be misleading. As mentioned before, in K -median cluster component analysis it is
possible that in a single run of the algorithm the loss function may have not reached its global
minimum and for this reason, multiple starting points option is implemented with a default
value of 50 random starts. In order to determine how many random starts are required in
CCA to avoid local optima we set up a small experiment. We created an artificial data set
with a known cluster structure. This artificial dataset contained 240 preference rankings
expressed on 4 items, the cluster structure consisted of 3 clusters. As first experiment
we run the algorithm with 1000 random starts. The global minimum of the loss function
(0.81765) was reached 3 times over 1000. As the algorithm selects the best solution over the
total number of random starts, this ensured us that the identified minimum was a global
minimum. In Figure 7 a barplot of the values of the loss function is presented.

Figure 7: Barplot of the values of the CCA loss function for h = 1000 starting points, simulated data
with a known cluster structure.
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Figure 8: Values of the CCA loss function for different numbers h of starting points with h =
50, 100, · · · , 1000. Simulated data with a known cluster structure.

To determine how many random starts are needed to be sure that the algorithm reaches
the global minimum we set up another experiment. We run the algorithm with h random
starting points, with h = 50, 100, · · · , 1000. For each value of h we replicated the experiment
50 times, each time keeping the best value as solution. The results are shown in Figure 8.
As can be noted from Figure 8, 50 random starts were not sufficient to let the algorithm
reach the global minimum value. In all the fifty replications the global minimum value of
0.81765 was reached in the case h = 1000. For this reason we conclude that especially when
the sample size of the sample is not large, we suggest to choose 1000 random starts instead
of the default value.

3.1.2 Scree plot study

Since in K -median cluster component analysis the minimization of the loss function is equiv-
alent to the minimization of the joint distance function (JDF), the JDF of the entire sample
can be used as an internal validation criterion to detect the number of clusters when this is
unknown. To evaluate if the JDF can be used as internal validation criterion we set up an
experiment in which 3 artificial data sets with a known cluster structure were created. Each
of these data sets contained 864 preference rankings with a cluster structure of respectively
2, 3 and 4 clusters. We run the CCA algorithm on each data set with 1000 random starting
points. In Figure 9 scree plots for each data set are reported.

26



(a) data set 1 (b) data set 2 (c) data set 3

Figure 9: Screeplots of the simulated data. Vertical dotted lines indicate in each data set the actual
clustering structure.

As can be noticed from Figure 9, for data set 1 and 2 the scree plots correctly suggest
to select respectively 2 and 3 clusters. For data 3 instead the scree plot does not clearly
indicate to select 4 clusters. This can be due to the different overlap between clusters in
the data sets. While in data set 1 and 2 the overlap between clusters is small or moderate
(respectively 0.12 and 0.02) in the third data set the overlap between clusters is large (0.22,
i.e. the 22% of the rankings belong to a cluster but are closer to another one or they are at
the same distance from 2 or more clusters). For this reason we suggest the use of the JDF
to determine the number of clusters when the cluster structure is unknown, but at the same
time we suggest particular attention because the “elbow” cannot always be unambiguously
identified, especially when large overlap between clusters is present.

3.2 Simulation studies

The aim of the simulation studies is to evaluate how K -median cluster component analysis
and unfolding model (via Prefscal stand-alone beta version 2.0) perform when we manipulate
some factors. Artificial data sets with known cluster structure were generated. Two studies
were conducted, the first one considering only complete rankings, the second one considering
both complete and tied rankings. Data were generated both under the one dimensional and
the two dimensional unfolding model as described in the previous section. We designed a
full factorial experiment, which included five factors with two or three levels. A summary of
the factors and their levels is given in Table 6.
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Table 6: Summary of independent factors and accompanying levels of the simulation studies.

Factor # Levels

Number of items 2 4,9

Number of clusters 3 2,3,4

Sample size 2
small(240)
large(864)

Unfolding structure 2
one dimensional
two dimensional

Overlap between clusters 2
small(<= 25%)
large (> 25%)

Multiplying the number of levels of the factors we obtained 2×3×2×2×2 = 48 experiments;
for each of them 10 replications were generated, for a total of 480 data sets. As already
mentioned, two separate simulations were set up to take into account the type of input
rankings (complete or complete and tied rankings) obtaining a total of 960 data sets.

3.2.1 Description of the factors and of the generating process.

Number of items

The number of items is a very important factor since as the number of items increases the
number of rankings belonging to the sample space increases rapidly. We chose as levels
4 items, that is generally used in simulation studies and 9 items, that is higher than any
other number of objects considered in the most of simulation studies for computational
problems. We chose to generate the items according the two unfolding models depicted in the
previous section, the one dimensional and the two dimensional model. Items were generated
according to the unfolding structure from a univariate or a bivariate normal distribution.

In the univariate case N
(
µ = 50, σ2 = 625

)
and in the bivariate one: N

(
µ = (50, 50),Σ =(

625 0
0 625

))
.

The simulated item points were then considered fixed for all experiments.

Number of clusters

The simulated data set have a cluster structure consisting of 2, 3 or 4 clusters. Also cluster
centers (K) were generated, according to the unfolding structure, from a univariate or a
bivariate normal distribution with the same mean but now with variance σ2 = 2500 and Σ =(

2500 0
0 2500

)
respectively. Note that cluster centers were different in every experiment.

Every cluster center was then converted in a ranking by calculating the Euclidean distances
of the center points to the item points.
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Sample size

Two sample size levels were chosen, 240 and 864. These particular values were chosen since
they are multiples of 2, 3, and 4. We chose these values because also the sample size can
affect the performance of cluster analysis. We expect that sample size does not have any
influence on recovery rate but we do not have any particular expectation about its influence
on the other validation criteria.

Unfolding structure

One dimensional and two dimensional unfolding structures were considered. In Figure 10
items points (4 and 9 objects) are shown in the unfolding space. As can be noted from

Figure 10: Unfolding structure for items simulation.

Figure 10 the number of isotonic regions for one dimensional unfolding and two dimensional
unfolding structure in the case of 4 items is respectively 7 and 18 and in the case of 9
items is respectively 37 and 538. These numbers are sensibly smaller than 4! = 24 and
9! = 362880 rankings that are present in the sample space of complete rankings for 4 and 9
items, respectively.

Overlap

To control overlap factor (small/large) we imposed that the Kemeny distances between ran-
domly selected cluster points should have been greater/smaller than a pre-specified value.
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This value was equal to 8 for the 4 items case and 20 for the 9 items case. We encountered
some difficulties in the case of 4 items and 4 cluster centers, because the number of isotonic
regions (for both the one dimensional and two dimensional unfolding structures) that are
at a distance equal or greater than 8 from each other is relatively small. In other words, in
this particular case, over six pairwise distances that should have been greater than 8, there
were always 2 of them smaller than 8. For this reason in the case of 4 items and 4 clusters
centers almost all simulated data sets presented large overlap, and the data sets with small
overlap had an observed overlap anyway close to 25%. These last cases can be explained by
the natural variation in the sampling process.

Generating process

We simulated the clusters population by sampling from the universe of rankings with proba-
bilities calculated according to Mallows - Bradley - Terry models (Bradley and Terry, 1952;
Mallows, 1957).
The Mallows-Bradley-Terry model is a probability model on rankings with non-negative pa-
rameters vj , with j = 1, ...,m, where m is the number of items. The idea behind this model
is that the ranking structure can be recovered from

(
m
2

)
pairwise comparisons between items.

For each pair of items j < l, let pjl be the probability that item j is preferred to item l in
their paired comparison and let

pjl =
vj

(vj + vl)
, v1, ..., vm > 0 and

∑
j

vj = 1. (27)

Then for any given ranking π its corresponding probability is equal to:

P (π) = C(v)
m−1∏
r=1

(vjr)
m−r, (28)

where v = (v1, ..., vm) and the constant C(v) is chosen to make the probabilities sum to
1. Given this model and given a sample of rankings it is possible to estimate the model
parameters vj via Maximum Likelihood. For a more extensive description of parameters
estimation we refer to Critchlow, Fligner and Verducci (1991).
In the simulation study we did not estimate the vj but we calculate them in the following
way. Given a consensus ranking, we considered its reverse ranking to give an higher value
to the most preferred items. We multiplied each value of the reverse ranking for its adjacent
integer different from zero, then we normalized these values by dividing them by their sum.
We calculated with (28) the probabilities P (π) associated with every ranking in the set of
all rankings for the specified number of items and we sampled the simulated rankings data
from the multinomial distribution defined by P (π) over this set of rankings.
For example, if the consensus ranking was (3124) (and its corresponding ordering vector
< BCAD >), its reverse was equal to (2431) and the vi were equal to:

vi = (
2× 1

21
,
4× 3

21
,
3× 2

21
,
1× 1

21
) = (

2

21
,
12

21
,

6

21
,

1

21
) = (0.095, 0.571, 0.286, 0.048)

The corresponding probabilities P (π) associated with every ranking in the sample space for
4 items are shown in Figure 11. Overlap was then calculated for each data set by consid-
ering the Kemeny distances between all rankings and all cluster centers. Overlap rate for a
particular data set was equal to the number of rankings that were closer to a cluster center
they did not belong to or at an equal distance from two or more centers.
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Figure 11: Probabilities associated with every ranking in the sample space of 4 items given the
consensus ranking (3124). Ordering vectors are displayed over each probability.
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3.2.2 Simulation study 1 - only complete rankings

To evaluate the results obtained by performing the CCA analysis on the simulated data with
only complete rankings we used the recovery rate, the average τx, the fuzzy version of the
Rand index and of the ARI and the Brier score. In Table 7 the means and the standard
deviations per factor level of each of these validation criteria are shown. As we can notice

Table 7: Marginal means and standard deviations (in parenthesis) of validation criteria, simulation
with only complete rankings.

Factor Levels Recovery τx F.Rand F.ARI Brier

# items
4 0.91 (0.14) 0.90 (0.03) 0.64 (0.06) 0.23 (0.15) 0.31 (0.20)
9 0.96 (0.06) 0.86 (0.02) 0.56 (0.13) 0.21 (0.18) 0.31 (0.17)

# centers
2 0.98 (0.04) 0.86 (0.02) 0.66 (0.11) 0.34 (0.20) 0.16 (0.14)
3 0.97 (0.05) 0.89 (0.03) 0.59 (0.09) 0.20 (0.12) 0.33 (0.16)
4 0.86 (0.16) 0.90 (0.03) 0.56 (0.10) 0.13 (0.08) 0.44 (0.12)

sample size
240 0.94 (0.11) 0.89 (0.03) 0.60 (0.11) 0.22 (0.16) 0.31 (0.17)
864 0.94 (0.11) 0.88 (0.03) 0.60 (0.11) 0.23 (0.17) 0.31 (0.20)

unfolding
one dim. 0.93 (0.12) 0.89 (0.03) 0.60 (0.11) 0.23 (0.17) 0.30 (0.19)
two dim. 0.94 (0.10) 0.88 (0.03) 0.60 (0.11) 0.22 (0.16) 0.32 (0.18)

overlap
small 0.95 (0.09) 0.87 (0.03) 0.68 (0.07) 0.36 (0.15) 0.26 (0.22)
large 0.92 (0.13) 0.90 (0.03) 0.53 (0.10) 0.11 (0.07) 0.35 (0.14)

from Table 7, the highest value of the recovery rate (0.98) was attained when the number of
cluster centers was 2. Average τx was quite high for every level of the factors as expected and
it showed its highest value (0.90) in correspondence of 4 items, 4 cluster centers and large
overlap. This result (0.90) confirmed us that CCA increases more the homogeneity within
the clusters in these cases. The highest value of the fuzzy version of the Rand index (0.68)
and of the ARI (0.36) was attained in correspondence of small overlap, while the lowest value
of the Brier score (0.16) when there were 2 cluster centers.
To evaluate effect size of these factors and of their interactions we calculated the η2 and the
partial η2. These measures of effect size represent the degree of association between an effect
and a dependent variable. Eta-squared (η2) (Pearson 1923, Fisher, 1925) is a descriptive
index of strength of association between an experimental factor (main effect or interaction
effect) and a dependent variable and it is defined as the proportion of total variation that is
attributable to the factor. It ranges in [0, 1].

η2 =
SSbetween
SStotal

(29)

Partial η2 for an experimental factor is defined as the proportion of total variation at-
tributable to the factor, excluding other factors from the total nonerror variation (Cohen,
1972).

η2P =
SSfactor

SSfactor + SSerror
, (30)

where SSfactor is the variation attributable to the factor and SSerror is the error variation.
The tables of η2 and η2P for each validation criterion can be found in the Appendix.
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Recovery rate

Recovery rate values varied between a minimum of 0.4167 and a maximum of 1. The median
recovery rate was equal to 0.9815, while the mean recovery rate was equal to 0.9372. In 30
data sets over 480 (6%) the recovery rate was smaller than 0.7. Of these 30 data sets, the 74%
had 4 items and the 26% 9 items. No data sets with 3 cluster centers was included in those
which showed a recovery rate smaller than 0.7, while the 96% of these 31 data sets presented
4 cluster centers and the 4% of them 2 cluster centers. The 61% of these data sets were
generated according to one dimensional unfolding and presented a large overlap. From the
η2 in Table 12 in the Appendix, we can note that the 20% of the total variation of recovery
rate was explained by the factor # cluster centers. Box plots of the recovery rate by # cluster
centers are shown in Figure 12. As can be notice, from Figure 12, the recovery rate for 2

Figure 12: Recovery rate by cluster centers, simulation considering only complete rankings. Each
box plot represents 160 data sets.

cluster centers was higher and less variable than for 3 and 4 cluster centers. Small η2 values
were shown by the two-way interaction between # items and # cluster centers (0.06), by
the factor # items (0.05), by the interaction between # cluster centers and unfolding (0.02),
by the interaction between # cluster centers and overlap (0.02), by the interaction between
sample size and overlap (0.02) and by the three way interaction among # cluster centers,
unfolding and overlap. Box plots of these effects are shown in Figure 13. From Figure 13
we can notice that the recovery rate for 4 items and 4 cluster centers was highly variable.
We expected this result because of the already mentioned difficulties we encountered in
simulating these data sets having a small overlap, especially in the case of one-dimensional
unfolding structure.
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Figure 13: Recovery rate by factors: small effect size. From left to right in the first row each box
plot represents: (a) 80 data sets, (b) 240 data sets, (c) 80 data sets and in the second row:(d) ∼ 80
data sets, (e) ∼ 120 data sets, (f) ∼ 40 data sets.

Average τx

The average τx ranged in [0.8088, 0.9675], with a median value of 0.8764 and a mean value of
0.8846. We can note that the 38% of the total variation of the average τx was explained by
the factor # items and the 23% by the factor # cluster centers (Table 13 in the Appendix).
The box plots of the measure in correspondence of these factors are showed in Figure 14.
Average τx was generally high and it increased as the number of clusters increased, as we

Figure 14: Average τx by factors: large effect size. Box plots represent (a) 240 data sets, (b) 160
data sets.

expected. Furthermore it seemed to be more variable in the case of 4 items compared to
the case of 9 items. A small effect was also found for the factor overlap (0.10) and for the
interaction between # items and # cluster centers (box plots are shown in Figure 15). As
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Figure 15: Average τx by factors: small effect size. Box plots represent (a) ∼ 240 data sets, (b) 80
data sets.

expected, data sets characterized by small overlap showed an average τx less variable than
those characterized by large overlap.

Fuzzy Rand and ARI

The fuzzy Rand index ranged from a minimum of 0.3781 to a maximum of 0.8449. The
median fuzzy Rand was 0.6285, while the mean fuzzy Rand was equal to 0.6123. Over 480
data sets the 17% (82) of them showed a fuzzy Rand index smaller than 0.5. All these
data sets were characterized by 9 items and large overlap. From the values of η2 shown in
Table 14 in the Appendix, we can note that the 41% of the total variation of the fuzzy Rand
index was explained by the factor overlap type. The fuzzy Rand index was higher for data
sets with small overlap respect to those with large overlap. Also this result was expected.
Moderate values of the η2 were found for the factor # cluster centers (0.15), the factor #
items (0.14) and by the interaction between # items and overlap (0.11), box plots are shown
in Figure 17. This index showed a lower variability in the case of 4 items respect to the case
of 9 items and it was slightly higher (but more variable) for 2 cluster centers, respect to 3
and 4. As expected this measure was higher in case of small overlap for both levels of #
items. Furthermore a small value of η2 was shown by the interaction between # items and
# cluster centers (0.07), by the interaction between # cluster centers and overlap (0.02) and
by the three way interaction among # items, # cluster centers and overlap (0.02), showed
in Figure 18. From Figure 18 we can notice that more variable box plots were present in the
case of 9 items and with large overlap.
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Figure 16: Fuzzy Rand index by overlap type. The first box plot represents 219 data sets, while the
second 261 data sets.

Figure 17: Fuzzy Rand index by factors: medium effect size. From left to right each box plot
represents: (a) 240 data sets, (b) 160 data sets, (c) ∼ 120 data sets.
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Figure 18: Fuzzy Rand index by factors: small effect size. From left to right each box plot represents:
(a) 80 data sets, (b) ∼ 80 data sets, (c) ∼ 40 data sets.
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Fuzzy ARI varied in [0.0171, 0.6531] with a median value of 0.1636 and a mean value of
0.2228. From the η2 shown in Table 15 in the Appendix we can note that the 48% of the
total variation of the fuzzy ARI was explained by the factor overlap type and that the 26%
by the factor # cluster centers. Box plots considering these factors are showed in Figure 19.
The fuzzy ARI, as the fuzzy Rand, showed higher values in the case of small overlap and

Figure 19: Fuzzy ARI by factors: large effect size. From left to right each box plot represents: (a)
∼ 240 data sets, (b) 160 data sets.

Figure 20: Fuzzy ARI by factors: small effect size. From left to right each box plot represents: (a)
∼ 80 data sets, (b) ∼ 120 data sets, (c) 20 data sets.

less cluster centers even if it seemed to be more variable in these cases.

Brier score

Brier score for the simulated data sets with only complete rankings ranged between a mini-
mum of 0.0235 and a maximum of 0.7302. The median Brier score was 0.3130 and the mean
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Brier score was 0.3088. Over 480 data sets, 93 (19%) showed a Brier score higher than 0.5.
Of these 93 data sets the 67% presented 4 items and the 33% 9 items; the 8% had 2 cluster
centers, the 34% 3 cluster centers and the remaining the 58% 4 cluster centers. Moreover
the 37% presented small sample size (240) while the 63% large sample size (864). Half of
them presented small overlap and the other half large overlap.
From the values of η2 shown in Table 16 in the Appendix we can note that the 40% of the
total variation of the Brier score was explained by the factor # cluster centers. Box plot
of the recovery rate by # cluster centers is shown in Figure 21. Smaller values of the Brier

Figure 21: Brier score for factors with large effect size. Each box plot represents 160 data sets.

score were showed by the data sets with 2 cluster centers. A small value of η2 was shown
by # cluster centers and unfolding (0.04), by overlap (0.02), by the interaction between #
items and # cluster centers (0.02), by the interaction between # cluster centers and overlap
(0.02) and by the three way interaction among # cluster centers, sample size and unfolding
(0.02). The respective box plots are shown in Figure 22. Brier score values seemed to be
smaller in presence of less cluster centers and small overlap. We also noted that with small
overlap and 3 or 4 cluster centers the Brier score seemed to be more variable than in other
cases.
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Figure 22: Brier score for factors: small effect size. From left to right, in row one each box plot
represents: (a) 80 data sets, (b) ∼ 240 data sets, (c) 80 data sets and in row two: (d) ∼ 80 data sets,
(e) 40 data sets and (f) 20 data sets.

Unfolding

The unfolding model was tested on the simulated data by calculating the congruence between
the two configurations of item points, the original coordinates and the coordinates returned
by the unfolding model. Prefscal stand-alone beta version 2 (Busing, 2010) was used for
the unfolding model with the default values of the penalty parameters (λ = 1, ω = 0.5).
Tucker’s congruence coefficient φ (Tucker, 1951) is equal to the cosine of the angle between
two vectors, and can be interpreted as a standardized measure of similarity of elements in
both vectors. Given 2 matrices of coordinates of the item points, U and V , Tucker’s φ can
be defined as

φ(u, v) =
Tr (U ′V )√

Tr (U ′U)× Tr (V ′V )
. (31)

Tucker’s congruence coefficient ranged between 0.6943 and 0.9949, with a median value of
0.9225 and a mean value of 0.9138. In 66 over 480 data sets (∼ 14%) the coefficient was
smaller than 0.85. We examined these data sets by visual inspection of the unfolding joint
space configuration and in all of them we recognized the presence of a degenerate solution.
A finer tuning of the penalty parameters was then necessary in these cases. The values of η2

and partial η2 are shown in Table 17 in the Appendix. From this Table we can notice that
the 25% of the total variation of Tucker’s φ was explained by the factor overlap. The box
plot of Tucker’s φ by overlap type are shown in Figure 37. As can be noted by Figure 37,
data sets with a small overlap showed higher Tucker’s φ. Moreover a small value of η2 was
shown by the interaction between # items and overlap (0.11), by the factor # items (0.08),
by the interaction between # items and unfolding (0.05), by the factor # cluster centers
(0.04), by the three way interaction between # items, # cluster centers and overlap (0.03)
and also by the three way interaction between # items, sample size and overlap (0.02). Box
plots of Tucker’s congruence coefficient by small η2 are showed in Figure 24. From Figure 24
we can note that it was confirmed that higher values of Tucker’s congruence coefficient were
attained in presence of small overlap. Moreover it seemed that higher values of Tucker’s φ
were attained when a higher number of cluster centers was present.
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Figure 23: Tucker’s congruence coefficient by overlap. The first box plot represents 261 data sets,
the second 219.

Figure 24: Tucker’s congruence coefficient by factors: small effect size. From left to right, in row one
each box plot represents: (a) ∼ 120 data sets, (b) 240 data sets, (c) 120 data sets and in row two:
(d) 160 data sets, (e) ∼ 40 data sets and (f) ∼ 60 data sets.

3.2.3 Simulation study 2 - both complete and tied rankings

In this simulation we considered both complete and tied rankings. To have cluster cen-
ters presenting tied rankings, in the cluster centers simulation we took into account that a
randomly generated point in the Euclidean space could have fallen onto one of the equal-
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preference loci or in a region neighboring it. For example, in the case of the equal-preference
line between items A and B, AB, we considered a closed interval [AB − ε, AB + ε]; if a ran-
domly selected center fell in this region then it was considered containing the tie A−B. For
a visual representation of the cluster center simulation scheme in the case of two dimensional
unfolding structure allowing for ties, we refer to Figure 25. For avoiding rankings with too
many tied items, we selected ε = 2 in the case of 4 items and ε = 0.4 in the case of 9 items. It
should be noted that in this simulation study we had the same difficulties in simulating data
sets with small overlap in the case of 4 items and 4 cluster centers explained in the previous
section. In this particular case no data set with 4 items and 4 cluster centers presented small
overlap.

Figure 25: Cluster center simulation with 4 items and two dimensional unfolding structure in case of
complete and tied rankings.

In Table 8, mean values and standard deviations of each validation measure per factor level
are reported. As we can notice from this Table, the highest value of the recovery rate (0.94)
was attained in the case of 9 items; the average τx values were quite high for all factor levels,
even if generally lower than those observed in the simulation with only complete rankings,
with a maximum value of 0.84 attained in the case of 4 cluster centers. Highest values of
fuzzy Rand index (0.64) and ARI (0.32) were also in this case obtained for small overlap
level and the smallest value of the Brier score (0.27) was registered for 2 cluster centers.

42



Table 8: Marginal means and standard deviations (in parenthesis), complete and tied rankings.

Factor Levels Recovery τx F.Rand F.ARI Brier

# items
4 0.78 (0.17) 0.83 (0.03) 0.58 (0.08) 0.17 (0.14) 0.39 (0.18)
9 0.94 (0.06) 0.82 (0.01) 0.52 (0.14) 0.18 (0.16) 0.35 (0.15)

# centers
2 0.92 (0.11) 0.81 (0.02) 0.63 (0.10) 0.29 (0.19) 0.27 (0.21)
3 0.85 (0.14) 0.82 (0.01) 0.52 (0.09) 0.15 (0.10) 0.42 (0.11)
4 0.81 (0.17) 0.84 (0.02) 0.49 (0.10) 0.09 (0.07) 0.42 (0.09)

sample size
240 0.86 (0.15) 0.83 (0.02) 0.56 (0.11) 0.18 (0.16) 0.39 (0.16)
864 0.87 (0.15) 0.82 (0.02) 0.54 (0.12) 0.17 (0.15) 0.35 (0.16)

unfolding
one dim. 0.87 (0.15) 0.82 (0.02) 0.56 (0.12) 0.19 (0.16) 0.38 (0.17)
two dim. 0.86 (0.15) 0.83 (0.02) 0.53 (0.11) 0.16 (0.14) 0.37 (0.15)

overlap
small 0.93 (0.09) 0.81 (0.02) 0.64 (0.08) 0.32 (0.13) 0.35 (0.22)
large 0.81 (0.17) 0.83 (0.02) 0.48 (0.09) 0.07 (0.05) 0.38 (0.10)

Recovery rate

The recovery rate varied in [0.4126, 1] with a median value of 0.9259 and a mean value equal
to 0.8614. Over 480 data sets the 9.8% of them showed a recovery rate smaller than 0.7. Of
these data sets the 94% had 4 items and the 6% had 9 items. Regarding to the number of
cluster centers, the 13% of these data sets had 2 cluster centers, the 31% 3 cluster centers and
the remaining 56% 4 cluster centers. As expected, the 90% of them presented large overlap
while the 10% presented small overlap. As we can notice from Table 18 in the Appendix, we
can note that the 27% of the total variation of the recovery rate was explained by the factor
# items. Box plots of the recovery rate by number of items are shown in Figure 26. The

Figure 26: Recovery rate by # items, simulation considering complete and tied rankings. Each box
plot represents 240 data sets.

recovery rate values for 4 items seemed to be smaller and more variable than those registered
in the case of 9 items. Moreover small values of η2 were found for # cluster centers (0.09),
for the interaction between # items and overlap type (0.09), for the overlap (0.06) and for
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the interaction between # items and # cluster centers (0.03). Box plots of these effects are
shown in Figure 27. We can notice that recovery rate measures seemed to increase as the
number of cluster centers decrease and that, as expected, they were higher and less variable
in the case of small overlap respect to the case of large overlap.

Figure 27: Recovery rate by factors: small effect size. From left to right in the first row each box
plot represents: (a) 160 data sets, (b) ∼ 120 data sets and in the second row:(c) ∼ 240 data sets, (d)
80 data sets.

Average τx

Generally the average τx was again quite high even if smaller than those recorded in the first
simulation study; it ranged between a minimum of 0.7619 and a maximum value of 0.8853,
with a median equal to 0.8127 and a mean equal to 0.8244. A large η2 (0.30) was found for
the factor # cluster centers, meaning that the 30% of the total variation of the average τx
was explained by this factor.

As expected, data sets analysis considering more cluster centers presented a higher average
τx.
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Figure 28: Average τx by # cluster centers. Each box plot represents 160 data sets.

Figure 29: Average τx by factors: medium and small effect size. From left to right each box plot
represents (a) 80 data sets, (b) ∼ 240 data sets and (c) ∼ 20 data sets.

Average τx seemed to be higher as the number of cluster centers increased in the case of
4 items respect to the case of 9 items, even if it was generally higher in the presence of 9
items. Moreover it was higher in case of large overlap, confirming that even in this case the
homogeneity within clusters increases after performing the CCA.

Fuzzy Rand and ARI

Fuzzy Rand index ranged in [0.3032, 0.7858] with a median value of 0.5517 and a mean value
of 0.5487. Over 480 data sets the 23% of them (111) showed a fuzzy Rand index smaller
than 0.5. All these data sets presented a large overlap. Moreover the 24% of them had 4
items while the 76% had 9 items.

From Figures 30 and 31 we can conclude that fuzzy version of Rand index seemed to be
higher in the case of small overlap and in the case of a smaller number of cluster centers.
Fuzzy ARI ranged between a minimum of 0.0081 and a maximum 0.5779 of with a median
value of 0.1166 and a mean value of 0.1754. From the η2 values presented in Table
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Figure 30: Fuzzy Rand index by factors: large effect size. From left to right each box plot represents:
(a) ∼ 240 data sets, (b) 160 data sets.

Figure 31: Fuzzy Rand index by factors: small effect size. From left to right each box plot represents:
(a) 80 data sets, (b) 240 data sets, (c) ∼ 120 data sets.

Also the fuzzy ARI seemed to be higher in the case of small overlap and less cluster
centers. Moreover it was slightly higher and more variable in the case of one dimensional
unfolding structure.
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Figure 32: Fuzzy ARI by factors: large effect size. From left to right each box plot represents: (a)
∼ 240 data sets, (b) 160 data sets.

Figure 33: Fuzzy ARI by factors: small effect size. From left to right each box plot represents: (a)
∼ 80 data sets, (b) 240 data sets.

Brier score

The Brier score ranged in [0.0398, 0.6927] with a median value of 0.3867 and a mean value
equal to 0.3731. We noticed that the 24% of these data sets presented a Brier score higher
than 0.5 (115 data sets). The 70% of these data sets had 4 items and the 30% of them 9
items.

As we can note from Figure 35 the Brier score seemed to be smaller when a small number
of cluster centers was present, but it was more variable.
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Figure 34: Brier score for factors with large effect size. Each box plot represents 160 data sets.

Figure 35: Brier score for factors: small effect size. From left to right in the first row each box plot
represents (a) 240 data sets, (b) 120 data sets, (c) ∼ 60 data sets and in the second row (d) 80 data
sets, (e) 40 data sets and (f) ∼ 30 data sets.

Moreover it seemed to be smaller in the case of 9 items and when small overlap was present,
even if in this last case it showed a higher variability. Furthermore the Brier score was less
variable in the case of large sample size.

Unfolding

The Tucker’s congruence coefficient φ ranged in [0.7460, 0.9979] and presented a mean value
of 0.9223 and a median value of 0.9306. Over 480 data sets the 11.7% (56) showed a value
smaller than 0.85. We visually inspect the unfolding joint space configuration and we recog-
nized the presence of degenerate solutions in these cases. We think that for these data sets
a stronger value of the penalty parameters was needed. As shown in Table 23, the 22% of
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the total variation of the congruence coefficient was explained by the interaction between #
items and unfolding, and the 15% by the factor overlap, as shown in Figure 36.

Figure 36: Tucker’s congruence coefficient by factors: medium effect size. From left to right each box
plot represent (a) 120 data sets and (b) ∼ 240 data sets.

Tucker’s φ was higher in the case of small overlap respect to the case of large overlap.
As regarding to the interaction between # items and unfolding, there was a sort of trend
inversion between 4 items and 9 items: while in the case of 4 items the higher values of the
coefficient were registered in the case of two-dimensional unfolding structure, in the case of
9 items they were attained in the case of one-dimensional unfolding structure.

Figure 37: Tucker’s congruence coefficient by factors: small effect size. From left to right in first row
each box plot represents (a) 240 data sets, (b) 160 data sets and (c) ∼ 120 data sets and in second
row (d) 240 data sets, (e) ∼ 120 data sets and (f) ∼ 40 data sets.
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Small values of η2 were shown by # items (0.08), by # cluster centers (0.04), by the interac-
tion between # items and overlap (0.04), by sample size (0.03), by the interaction between
sample size and overlap (0.02) and by the three way interaction between # cluster centers,
unfolding and overlap (0.02). The box plots of the Tucker’s congruence coefficient taking
into account these factors are showed in Figure 37. We notice that φ seemed to be higher in
the case of 4 items and in the case of an higher number of cluster centers. Moreover it was
slightly higher and less variable in the case of large sample size and generally less variable
in the case of small overlap.

3.2.4 Discussion on the simulation results

Given the results of the simulation studies we can conclude that the CCA showed a high
recovery rate in both simulations. As expected, the recovery rate was lower in case of
large overlap. Other factors that had an important impact on this validation criterion were
the number of items and the number of clusters centers. Average τx values were quite high,
indicating that the clustering algorithm aggregates rankings into quite homogeneous clusters.
Factors that influenced the value of the average τx were the number of items, the number of
cluster centers and the overlap type.
The fuzzy version of the Rand index (Hüllermeier et al, 2012) and our fuzzy extension of
the ARI showed high values in presence of small overlap and also they were influenced by
number of cluster centers and by the number of items. The behaviour of both these validation
criteria seems to be coherent with our expectations, e.g. they were both higher in case of
small overlap. As regarding the magnitude, the values were not high as expected. Since in
the literature there are still no extensive studies on the behaviour of these criteria we keep
from make more conclusions. An interesting proposition for future research would be to
analyse their behaviour not only in the case of preference rankings, but also with numerical
and categorical data.
The Brier score was always below 0.5 and it was slightly lower in case of small overlap. This
effect also indicates that membership probabilities returned by K -median cluster component
analysis match with a quite good degree of correctness the subdivision of the rankings into
groups. Also Brier score was influenced by factors like number of cluster centers and items
and unfolding structure.
It should be noted that in K -median cluster component analysis, in theory, the internal
validation criterion (JDF) improves when cluster centers are really close one to another.
This is due to the higher separability of groups in these case. For example, if we consider
Figure 38, if the cluster centers are < ABC > and < A(BC) >, there is a clear separation
between the clusters, independently on where the actual rankings are, while if the cluster
centers are < ABC > and < ACB > then all the rankings corresponding to the ordering
< A(BC) > have 50% chance to belong to both the first and the second cluster center
and this happens also for the rankings corresponding to the ordering < (BC)A >. This is
obviously true independently of the rate of overlap between clusters even if it is reasonable
to think that when cluster centers are closer this rate should increase.
Tucker’s congruence coefficient was almost always high, indicating a high degree of similarity
between the original coordinates of the item points and the coordinates returned by the
unfolding model performed via Prefscal, except in the cases where degenerate solutions were
present. It should be noted that in this very moment Heiser and Busing are working on a
new definition of the Prefscal loss function to reduce the number of penalty parameters from
two to one, with the aim of simplifying the tuning of the penalty.
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Figure 38: Separability in case of closer cluster centers.

3.3 Real data application

The goal of this section is to point out the advantages we can obtain by analyzing real data
using a combination of the unfolding model and K -median cluster component analysis.

3.3.1 Data description: Preference for Italian Newspapers

The Italian newspaper data set was collected under the supervision of Prof. D. Piccolo and
Dr. M. Iannario, Department of Political Sciences, University of Naples Federico II.
The data contain preference rankings expressed by n = 335 individuals on 9 Italian newspa-
pers. Each individual was asked to rank according to his/her preferences 9 Italian newspapers
(Il Corriere, Il Fatto quotidiano, Il Foglio, Il Giornale, Libero, Il Manifesto, La Repubblica,
La Stampa, L’Unitá). Moreover, each individual was asked also to express his/her political
orientation on a Likert scale where: 1 = extreme left-wing and 9 = extreme right-wing. All
the considered newspapers have a clear political orientation. Il Corriere, Il Giornale, La
Stampa, Il Foglio and Libero are more right-wing oriented, while La Repubblica, Il Mani-
festo, L’Unitá and il Fatto quotidiano are more left-wing oriented. Furthermore Il Corriere
and La Repubblica are the newspapers with the highest circulation in Italy (more than 3
millions of readers according to Audipress data 2102).
The consensus ranking of these data for the whole group is (7 6 9 8 5 1 3 4 2), that corre-
sponds to the following ordering:
< Repubblica Corriere Stampa Fatto Giornale Manifesto Unitá Foglio Giornale >,
and shows a τx = 0.3788.

3.3.2 Results

The unfolding analysis was performed via Prefscal stand-alone beta version 2.0 by Busing
(2010). The default values of the penalty parameters(λ = 0.5 and ω = 1) were used.
The Prefscal algorithm converged to a solution after 626 iterations with a penalized stress of
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0.6109. Low stress values generally indicate that the solution fits well the data. Stress part
was equal to 0.1729 and penalty part was equal to 2.1585.
The variation coefficient for the initial preferences and the transformed preferences were
similar, e.g. most of the variability was retained after transformation. Furthermore, the
distances showed a variability which was more or less equal to the original one, indicating
that the points in space were scattered enough to reflect the initial distances. Normalized
raw stress was equal to 0.0296. The deviance accounted for (abbreviated DAF), which is
equal to 1 minus the n-stress, was 0.9704 and the variance accounted for (abbreviated VAF),
which is equal to the squared correlation between the distances and the pseudo-distances,
was equal to 0.8617. Both these measures indicated that the 2-dimensional prefscal solution
well represented the structure underlying the data. These fit measures are shown in Table
9.
The unfolding joint plot is shown in Figure 39. The joint plot allows for an interpretation

Figure 39: Unfolding joint plot, prefscal solution with penalty λ = 0.5 and ω = 1. Item points are
represented in red while subject points in gray.

of the dimensions. As can be noted by Figure 39, La Repubblica and Il Corriere, which are
the most popular newspapers, were displayed in the center of the unfolding configuration
as expected. In fact, popular items have coordinates values that are relatively small. The
horizontal dimension seemed to discriminate between left-wing oriented newspapers (on the
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Table 9: Fit measures Prefscal stand-alone beta version 2.0.

Final function values
Penalized stress 0.6109
Stress part 0.1729
Penalty part 2.1585
Badness-of-fit measure
n.stress 0.0296
Goodness-of-fit measure
DAF 0.9704
VAF 0.8617
Variation Statistics
Initial preferences (C) 0.5477
Transformed preferences (C) 0.5411
Transformed preferences (U) 0.5308
Distances (U) 0.4658
Rank Order Statistics
Spearman’s rho 0.8580
Kendall’s tau b 0.7705

right) and right-wing oriented (on the left), while the vertical dimension had not a clear in-
terpretation even if it pointed out especially three newspapers (Il Foglio, Il Fatto quotidiano
and Il Manifesto) which use a more versatile easy-reading communication style. The indi-
viduals were spread around the configuration and no clear cluster structure of the subjects
was identifiable. K -median cluster component analysis was also performed on this data set.

Figure 40: Scree plot, Italian newspapers data. On the y-axis values of the JDF are reported, while
on the x -axis number of clusters is reported.

The scree plot (reported in Figure 40) suggested to select the three clusters solution. The
three cluster centers and their characteristics are reported in Table 10. The 335 individuals
were assigned to clusters by considering a crisp partition criterion, i.e. each individual was
assigned to the cluster with the highest membership probability, in case of equal probabilities
a random assignment was performed. As can be noted from Table 10 the average global τx,

Table 10: Cluster centers characteristics, three clusters solution.

Order vectors nk t(x)k
cluster 1 <La Repubblica, Il Corriere, La Stampa, Il Fatto, L’Unitá, Il Manifesto, Libero, Il Giornale, Il Foglio > 124 0.5735
cluster 2 <Il Corriere, La Repubblica, Il Giornale, La Stampa, Il Fatto, Il Foglio, Il Manifesto, Libero, L’Unitá > 162 0.4850
cluster 3 <La Repubblica, L’Unitá, Il Corriere, Il Fatto, Il Manifesto, Il Foglio, Il Giornale, La Stampa, Libero > 49 0.5702

total 335 0.5302
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which can be interpreted as a measure of homogeneity, was equal to 0.5302, higher than
the τx of the whole group (0.3788). The τx correlation coefficients between cluster centers
are shown in Table 11. Cluster 1 showed a moderate correlation coefficient with cluster 2
and with cluster 3, on the other hand, a small correlation was present between cluster 2
and cluster 3. The three orderings for the three clusters solution looked pretty similar since

Table 11: τx correlation coefficient between cluster centers of the three clusters solution.

cluster 1 cluster 2 cluster 3
cluster 1 1.0000 0.4444 0.3889
cluster 2 0.3889 1.0000 0.1667
cluster 3 0.4444 0.1667 1.0000

they started with one or the other most widespread newspapers. A better interpretation of
this solution was done by using the explanatory variable political orientation. As explained
before, this explicatory variable is a ordered categorical variable expressed on a Likert scale
where 1 represented extreme left-wing and 9 extreme right-wing. Using this predictor it was
possible to discriminate between clusters: cluster 1 was made of individuals more politically
moderate, while cluster 2 and cluster 3 by more extreme oriented individuals (respectively
right-wing oriented people and left-wing oriented people). In the unfolding model it is possi-
ble to include predictor variables through the restricted unfolding model (Busing et al, 2010).
In this model the coordinates of the item points and of the subject points can be restricted to
form a linear combination of variables E, such that X = ExBx or Y = EyBy. The variables
in E are also allowed to be optimally transformed. The restricted unfolding model in our
case was given as:

Γ ∼= d(QxBx,Y) (32)

where the coordinates of the individuals X were a linear combination of the transformed
variable Qx, being Bx the matrix of regression coefficients. For a more extensive descrip-
tion of the restricted unfolding model we refer to Busing et al. (2010). In our analysis,
the external variable political orientation was used as passive variable, i.e. it had no influ-
ence on the final unfolding configuration. The passive variable can be described in terms
of direction and strength (variance accounted for). In this particular application we had
also other 7 predictors (gender, age, education level, current employment status, primary
information media, average daily number of information and perceived happiness), but it
turned out that all of them had a very low VAF (smaller than 0.015). Political orientation
is graphically represented by an arrow pointing towards the top-right angle of the unfolding
configuration (numerical transformation was used, i.e. categories were treated as ordered
and equally spaced), as shown in Figure 42. The variance accounted for by this variable
was equal to 0.245. Unfolding configuration labelled by modal cluster is shown in Figure 41.
Cluster centers coordinates were obtained by mean of external unfolding, i.e. we fixed the
item coordinates obtained via the unfolding model and analysed the row coordinates of the
estimated clusters centers switching penalty off (ω = 0).

54



Figure 41: Unfolding configuration combining unfolding model and K -median cluster component
analysis three clusters solution. The size of individual points in each graph is proportional to the
membership probability to belong to that cluster. Bar plots of the explicatory variable political
orientation for each cluster are also showed.
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Figure 42: Unfolding solution combining restricted unfolding and CCA algorithm. External variable
political orientation is represented by an arrow. Cluster center points are represented with blue dots
and blue numbers.
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4 Discussion

In this work we presented preference ranking data and some of the models used for their
analysis. We focused on the unfolding model and on the K -median cluster component analy-
sis (CCA), a probabilistic partitioning method for ranking data recently proposed by Heiser
and D’Ambrosio (2013), which is based on Kemeny distance as natural metric on the rank-
ings sample space. In the literature there are few propositions of clustering algorithms for
ranking data and the majority of them relies on some theoretical distribution of the chosen
distance. Differently from these methods, K -median cluster component analysis is a more
flexible way to group rankings into homogeneous subgroups, because it does not make any
distributional assumption.
Recently Jacques and Biernacki (2014) proposed a probabilistic generative model, called In-
sertion Sorting Rank model, based on pairwise comparisons to build up homogeneous clusters
of preference rankings. This model is parameterized by a location parameter (modal ranking)
and a dispersion parameter and relies on the framework of multistage models for rankings.
The estimation of these parameters is obtained through maximum likelihood estimation done
via EM algorithm. We believe that this method presents two disadvantages: first, it uses
as consensus the modal ranking; second, it is based on a model that require a large sample
size. Moreover, as also stated by the authors, the insertion sorting algorithm is not the most
powerful algorithm when the number of objects to be ranked is greater than 10 (Biernacki
and Jacques, 2013). On the other hand, K -median cluster component analysis can easily
deal even with a number of items greater than 10 thanks to the branch-and-bound algorithm
(Amodio, D’Ambrosio and Siciliano, 2014). An interesting proposition for further research
would be to compare K -medians cluster component analysis with Jacques and Biernacki’s
proposal in terms of recovery rate and fuzzy ARI by planning a different simulation study.
Through simulated data sets we studied the behaviour of CCA and of the unfolding model,
performed by means of Prefscal stand-alone beta version 2.0, when manipulating factors like
overlap, unfolding structure, number of items, number of cluster centers and sample size.
Furthermore, we introduced a new validation criterion (fuzzy version of the adjusted Rand
index) based on the fuzzy extension of the Rand index, proposed by Hüllermeier et al. (2012)
and an efficient algorithm to calculate recovery rate in case of preference rankings.
Using a real data set we showed that a combination of these two methodologies can be really
useful for the analysis of rankings since it permits both a low-dimensional representation
of preferences, which gains importance as the number of objects involved in the choice in-
creases, and the group representation of subjects characterized by similar preferences into
homogeneous clusters.
Moreover we showed that the this combination of methods opens for deeper insight in pref-
erences by the use of restricted unfolding through which explanatory variables can be added
in the analysis.
Given the results of this work we can conclude that the use of the combination of the un-
folding model and of the K -median cluster component analysis results to be a coherent
framework for the analysis of preference ranking data by virtue of allowing us to cover the
space of all permutations in different ways.
Other proposals which combine the unfolding model with a clustering algorithm are present
in the literature. In 2010, Busing et al. proposed an approach also based on probabilis-
tic d-clustering (Ben-Israel and Iyigun, 2007) in which they combined unfolding analysis of
preference data and a probabilistic clustering algorithm on the coordinates of the unfold-
ing solution to create homogeneous clusters of preferences. In 2013 Vera et al. proposed
a simultaneous cluster-unfolding procedure to analyze preference ranking data. This pro-
cedure is based on a two steps algorithm which combines a partition step of the ratings in
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homogeneous clusters and a step in which the unfolding model is estimated on the clustering
coordinates. Both these approaches are interesting but they differ from our since by com-
bining two different solutions (the unfolding model and the CCA) we think that we have a
more diagnostic insight of both methodologies that cover the preference space in a different
way.
An interesting suggestion for further research should be to insert in our analytical framework
the information originated by the analysis of preference rankings via the vector model. In
the vector mode individuals are represented as vectors in the configuration instead of points.
The preferences are defined in terms of distances as well, but an intermediate projection
step is done. The vector points in the direction of maximum preference, the further an item
projects onto the vector, the more it is preferred. The underlying iso-preference curves can
be either linear as in MDPREF (Carroll and Chang, 1970), or monotonically increasing as
in CATPCA (Meulman, van der Kooij and Heiser, 2004; Meulman and Heiser, 2005). After
that the items are projected onto the subjects’vectors, the differences between projections
can be also interpreted in terms of distances.
Another interesting proposition for future research would be to study the behaviour of the
K -median cluster component analysis and of the unfolding model when the clusters have
different dispersions and/or different shapes.
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Hüllermeier, E., Rifqi, M., Henzgen, S., and Senge, R. (2012). Comparing fuzzy partitions:
A generalization of the Rand index and related measures. Fuzzy Systems, IEEE Transactions
on, 20(3), 546-556.

Jacques, J., and Biernacki, C. (2014). Model-based clustering for multivariate partial rank-
ing data. Journal of Statistical Planning and Inference, 149, 201-217.

Kamiya, H., and Takemura, A. (1997). On Rankings Generated by Pairwise Linear Dis-
criminant Analysis of m Populations. Journal of multivariate analysis, 61(1), 1-28.

Kamiya, H., and Takemura, A. (2005). Characterization of rankings generated by linear
discriminant analysis. Journal of multivariate analysis, 92(2), 343-358.

Kamiya, H., Takemura, A., and Terao, H. (2011). Ranking patterns of unfolding models of
codimension one. Advances in Applied Mathematics, 47(2), 379-400.

Kemeny, J. G. (1959). Mathematics without numbers. Daedalus, 1959, 88.4: 577-591.

Kemeny, J. G., and Snell, J. L. (1962). Mathematical models in the social sciences (Vol. 9).
Boston: Ginn.

61



Kruskal, J. B. (1964). Multidimensional scaling by optimizing goodness of fit to a nonmetric
hypothesis. Psychometrika, 29(1), 1-27.(a)

Kruskal, J. B. (1964). Non-metric multidimensional scaling: A numerical method. Psy-
chometrika, 1964, 29, 115-129. (b)

Kruskal, J. B., and Carroll, J. D. (1969). Geometrical models and badness-of-fit functions.
Multivariate analysis, 2, 639-671.

Kruskal, J. B., and Shepard, R. N. (1974). A nonmetric variety of linear factor analysis.
Psychometrika, 39(2), 123-157.

Lingoes, J. C. (1970). A general nonparametric model for representing objects and attributes
in a joint metric space. J.-C. Gardin. Paris: Editions du Centre National de la Recherche
Scientifique, 277-97.

Luce, R. D. (1959). Individual Choice Behavior a Theoretical Analysis. John Wiley and
Sons.

Mallows, C. L. (1957). Non-null ranking models. I. Biometrika, 114-130.

Marcus, P. (2013). Comparison of Heterogeneous Probability Models for Ranking Data.
Unpubished master thesis. Leiden University, the Netherlands.

Marden, J. I.(1996). Analyzing and modeling rank data. CRC Press.

Maydeu-Olivares, A. (1999). Thurstonian modeling of ranking data via mean and covariance
structure analysis. Psychometrika, 64(3), 325-340.

Meulman, J., and Heiser, W. SPSS Inc.(2005). SPSS categories, 14. Chicago, IL, USA:
SPSS Inc.

Meulman, J. J., Van der Kooij, A. J., and Heiser, W. J. (2004). Principal components
analysis with nonlinear optimal scaling transformations for ordinal and nominal data. In
D. Kaplan (Ed.) The SAGE handbook of quantitative methodology for the social sciences,
49-70. Thousand Oaks, CA: Sage Publications Inc.

Pearson, K. (1923). On the correction necessary for the correlation ratio η. Biometrika,
412-417.

Plackett, R. L. (1975). The analysis of permutations. Applied Statistics, 193-202.

Rand, W. M. (1971). Objective criteria for the evaluation of clustering methods. Journal
of the American Statistical Association, 66(336), 846-850.

Ross, J., and Cliff, N. (1964). A generalization of the interpoint distance model. Psychome-
trika, 29(2), 167-176.

Schönemann, P. H. (1970). On metric multidimensional unfolding. Psychometrika, 35(3),
349-366.

Smith, B. B. (1950). Discussion of professor Ross’s paper. Journal of the Royal Statistical
Society B, 12(1), 41-59.

Stanski, H. R., Wilson, L. J., and Burrows, W. R. (1989). Survey of common verification
methods in meteorology. Geneva: World Meteorological Organization.

62



Thompson, G. L. (1993). Generalized permutation polytopes and exploratory graphical
methods for ranked data. The Annals of Statistics, 1401-1430.

Thurstone, L. L. (1927). A law of comparative judgment. Psychological review, 34(4), 273.

van Blokland-Vogelesang, A. W. (1991). Unfolding and group consensus ranking for indi-
vidual preferences. DSWO Press.

Van Deun, K., Groenen, P. J. F., Heiser, W. J., Busing, F. M. T. A., and Delbeke, L.
(2005). Interpreting degenerate solutions in unfolding by use of the vector model and the
compensatory distance model. Psychometrika, 70(1), 45-69.
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6 Appendix

Considering only complete rankings

Table 12: Recovery rate effect size, simulation with only complete rankings

η2 η2P
it 0.05 0.09
ce 0.20 0.27
ss 0.00 0.00
un 0.00 0.01
ov 0.00 0.00
it:ce 0.06 0.10
it:ss 0.00 0.01
ce:ss 0.01 0.02
it:un 0.00 0.00
ce:un 0.02 0.04
ss:un 0.00 0.00
it:ov 0.00 0.00
ce:ov 0.02 0.04
ss:ov 0.02 0.03
un:ov 0.01 0.02
it:ce:ss 0.01 0.01
it:ce:un 0.00 0.00
it:ss:un 0.00 0.00
ce:ss:un 0.00 0.01
it:ce:ov 0.01 0.01
it:ss:ov 0.00 0.00
ce:ss:ov 0.00 0.01
it:un:ov 0.00 0.00
ce:un:ov 0.02 0.03
ss:un:ov 0.00 0.01
it:ce:ss:un 0.01 0.01
it:ce:ss:ov 0.01 0.01
it:ce:un:ov 0.00 0.00
it:ss:un:ov 0.00 0.00
ce:ss:un:ov 0.01 0.03
it:ce:ss:un:ov 0.00 0.00
Residuals 0.52
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Table 13: Average τx effect size, simulation with only complete rankings

η2 η2P
it 0.38 0.70
ce 0.23 0.59
ss 0.00 0.01
un 0.00 0.00
ov 0.10 0.38
it:ce 0.07 0.31
it:ss 0.00 0.00
ce:ss 0.00 0.01
it:un 0.00 0.00
ce:un 0.00 0.02
ss:un 0.00 0.00
it:ov 0.00 0.01
ce:ov 0.01 0.04
ss:ov 0.00 0.01
un:ov 0.00 0.00
it:ce:ss 0.00 0.02
it:ce:un 0.00 0.02
it:ss:un 0.00 0.01
ce:ss:un 0.00 0.02
it:ce:ov 0.00 0.01
it:ss:ov 0.00 0.00
ce:ss:ov 0.00 0.02
it:un:ov 0.00 0.01
ce:un:ov 0.00 0.00
ss:un:ov 0.00 0.00
it:ce:ss:un 0.00 0.00
it:ce:ss:ov 0.00 0.02
it:ce:un:ov 0.00 0.02
it:ss:un:ov 0.00 0.02
ce:ss:un:ov 0.00 0.00
it:ce:ss:un:ov 0.00 0.00
Residuals 0.16
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Table 14: Fuzzy Rand index effect size, simulation with only complete rankings

η2 η2P
it 0.14 0.87
ce 0.15 0.87
ss 0.00 0.04
un 0.00 0.06
ov 0.41 0.95
it:ce 0.07 0.77
it:ss 0.00 0.02
ce:ss 0.00 0.15
it:un 0.00 0.14
ce:un 0.00 0.05
ss:un 0.00 0.08
it:ov 0.11 0.84
ce:ov 0.02 0.44
ss:ov 0.00 0.01
un:ov 0.00 0.01
it:ce:ss 0.00 0.04
it:ce:un 0.00 0.17
it:ss:un 0.00 0.14
ce:ss:un 0.00 0.07
it:ce:ov 0.02 0.44
it:ss:ov 0.00 0.03
ce:ss:ov 0.00 0.07
it:un:ov 0.00 0.03
ce:un:ov 0.00 0.06
ss:un:ov 0.00 0.03
it:ce:ss:un 0.01 0.29
it:ce:ss:ov 0.00 0.05
it:ce:un:ov 0.00 0.02
it:ss:un:ov 0.00 0.00
ce:ss:un:ov 0.01 0.38
it:ce:ss:un:ov 0.00 0.17
Residuals 0.02
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Table 15: Fuzzy ARI effect size, simulation with only complete rankings

η2 η2P
it 0.00 0.09
ce 0.26 0.92
ss 0.00 0.07
un 0.00 0.06
ov 0.48 0.95
it:ce 0.02 0.49
it:ss 0.00 0.00
ce:ss 0.00 0.16
it:un 0.00 0.15
ce:un 0.00 0.01
ss:un 0.00 0.09
it:ov 0.05 0.68
ce:ov 0.07 0.76
ss:ov 0.00 0.00
un:ov 0.00 0.02
it:ce:ss 0.00 0.03
it:ce:un 0.00 0.18
it:ss:un 0.01 0.23
ce:ss:un 0.00 0.11
it:ce:ov 0.00 0.12
it:ss:ov 0.00 0.03
ce:ss:ov 0.00 0.08
it:un:ov 0.00 0.06
ce:un:ov 0.00 0.07
ss:un:ov 0.00 0.09
it:ce:ss:un 0.02 0.41
it:ce:ss:ov 0.00 0.12
it:ce:un:ov 0.00 0.02
it:ss:un:ov 0.00 0.01
ce:ss:un:ov 0.02 0.43
it:ce:ss:un:ov 0.01 0.22
Residuals 0.02
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Table 16: Brier score effect size, simulation with only complete rankings

η2 η2P
it 0.00 0.00
ce 0.40 0.52
ss 0.00 0.00
un 0.00 0.01
ov 0.02 0.06
it:ce 0.02 0.06
it:ss 0.00 0.00
ce:ss 0.01 0.03
it:un 0.00 0.00
ce:un 0.04 0.10
ss:un 0.01 0.03
it:ov 0.00 0.01
ce:ov 0.02 0.06
ss:ov 0.00 0.00
un:ov 0.00 0.00
it:ce:ss 0.00 0.01
it:ce:un 0.00 0.01
it:ss:un 0.00 0.00
ce:ss:un 0.02 0.06
it:ce:ov 0.01 0.02
it:ss:ov 0.00 0.00
ce:ss:ov 0.00 0.00
it:un:ov 0.00 0.00
ce:un:ov 0.01 0.03
ss:un:ov 0.00 0.01
it:ce:ss:un 0.02 0.04
it:ce:ss:ov 0.01 0.03
it:ce:un:ov 0.00 0.00
it:ss:un:ov 0.00 0.00
ce:ss:un:ov 0.00 0.01
it:ce:ss:un:ov 0.00 0.00
Residuals 0.37
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Table 17: Tucker’s congruence coefficient effect size, simulation with only complete rankings

η2 η2P
it 0.08 0.21
ce 0.04 0.11
ss 0.01 0.03
un 0.01 0.04
ov 0.25 0.47
it:ce 0.01 0.02
it:ss 0.01 0.04
ce:ss 0.01 0.02
it:un 0.05 0.15
ce:un 0.00 0.01
ss:un 0.01 0.02
it:ov 0.11 0.27
ce:ov 0.01 0.03
ss:ov 0.01 0.04
un:ov 0.00 0.00
it:ce:ss 0.01 0.03
it:ce:un 0.00 0.01
it:ss:un 0.01 0.03
ce:ss:un 0.01 0.03
it:ce:ov 0.03 0.10
it:ss:ov 0.02 0.05
ce:ss:ov 0.01 0.03
it:un:ov 0.00 0.00
ce:un:ov 0.01 0.02
ss:un:ov 0.00 0.00
it:ce:ss:un 0.01 0.02
it:ce:ss:ov 0.01 0.04
it:ce:un:ov 0.00 0.01
it:ss:un:ov 0.00 0.00
ce:ss:un:ov 0.00 0.01
it:ce:ss:un:ov 0.00 0.01
Residuals 0.28
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Considering complete and tied rankings

Table 18: Recovery rate effect size, simulation with complete and tied rankings

η2 η2P
it 0.27 0.43
ce 0.09 0.20
ss 0.00 0.01
un 0.00 0.00
ov 0.06 0.14
it:ce 0.03 0.07
it:ss 0.00 0.00
ce:ss 0.00 0.01
it:un 0.00 0.01
ce:un 0.01 0.04
ss:un 0.01 0.02
it:ov 0.09 0.19
ce:ov 0.00 0.00
ss:ov 0.00 0.00
un:ov 0.00 0.01
it:ce:ss 0.00 0.01
it:ce:un 0.00 0.01
it:ss:un 0.00 0.01
ce:ss:un 0.01 0.02
it:ce:ov 0.01 0.02
it:ss:ov 0.00 0.00
ce:ss:ov 0.01 0.01
it:un:ov 0.00 0.01
ce:un:ov 0.00 0.00
ss:un:ov 0.00 0.00
it:ce:ss:un 0.00 0.00
it:ce:ss:ov 0.00 0.00
it:ce:un:ov 0.00 0.01
it:ss:un:ov 0.01 0.02
ce:ss:un:ov 0.00 0.00
it:ce:ss:un:ov 0.00 0.01
Residuals 0.37
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Table 19: Average τx effect size, simulation with complete and tied rankings

η2 η2P
it 0.00 0.00
ce 0.30 0.50
ss 0.01 0.03
un 0.00 0.00
ov 0.08 0.22
it:ce 0.18 0.38
it:ss 0.00 0.00
ce:ss 0.00 0.01
it:un 0.01 0.03
ce:un 0.01 0.04
ss:un 0.00 0.00
it:ov 0.00 0.02
ce:ov 0.00 0.01
ss:ov 0.00 0.00
un:ov 0.00 0.01
it:ce:ss 0.00 0.00
it:ce:un 0.01 0.03
it:ss:un 0.01 0.02
ce:ss:un 0.01 0.02
it:ce:ov 0.00 0.00
it:ss:ov 0.01 0.03
ce:ss:ov 0.00 0.01
it:un:ov 0.00 0.01
ce:un:ov 0.01 0.04
ss:un:ov 0.00 0.00
it:ce:ss:un 0.01 0.02
it:ce:ss:ov 0.00 0.00
it:ce:un:ov 0.02 0.08
it:ss:un:ov 0.01 0.04
ce:ss:un:ov 0.00 0.01
it:ce:ss:un:ov 0.00 0.00
Residuals 0.30
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Table 20: Fuzzy Rand index effect size, simulation with complete and tied rankings

η2 η2P
it 0.06 0.55
ce 0.26 0.84
ss 0.00 0.08
un 0.01 0.22
ov 0.45 0.90
it:ce 0.08 0.62
it:ss 0.00 0.03
ce:ss 0.00 0.04
it:un 0.00 0.00
ce:un 0.00 0.01
ss:un 0.00 0.00
it:ov 0.03 0.38
ce:ov 0.01 0.12
ss:ov 0.00 0.00
un:ov 0.00 0.01
it:ce:ss 0.00 0.01
it:ce:un 0.01 0.16
it:ss:un 0.00 0.00
ce:ss:un 0.00 0.00
it:ce:ov 0.01 0.14
it:ss:ov 0.00 0.00
ce:ss:ov 0.00 0.01
it:un:ov 0.00 0.01
ce:un:ov 0.00 0.08
ss:un:ov 0.00 0.01
it:ce:ss:un 0.00 0.01
it:ce:ss:ov 0.00 0.02
it:ce:un:ov 0.00 0.00
it:ss:un:ov 0.00 0.05
ce:ss:un:ov 0.00 0.02
it:ce:ss:un:ov 0.00 0.00
Residuals 0.05
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Table 21: Fuzzy ARI effect size, simulation with complete and tied rankings

η2 η2P
it 0.00 0.01
ce 0.28 0.80
ss 0.00 0.03
un 0.02 0.19
ov 0.51 0.88
it:ce 0.01 0.18
it:ss 0.00 0.02
ce:ss 0.00 0.01
it:un 0.00 0.00
ce:un 0.00 0.04
ss:un 0.00 0.00
it:ov 0.00 0.06
ce:ov 0.07 0.49
ss:ov 0.00 0.00
un:ov 0.00 0.00
it:ce:ss 0.00 0.02
it:ce:un 0.01 0.16
it:ss:un 0.00 0.00
ce:ss:un 0.00 0.00
it:ce:ov 0.00 0.04
it:ss:ov 0.00 0.00
ce:ss:ov 0.00 0.00
it:un:ov 0.00 0.01
ce:un:ov 0.01 0.09
ss:un:ov 0.00 0.00
it:ce:ss:un 0.00 0.02
it:ce:ss:ov 0.00 0.02
it:ce:un:ov 0.00 0.00
it:ss:un:ov 0.00 0.04
ce:ss:un:ov 0.00 0.01
it:ce:ss:un:ov 0.00 0.00
Residuals 0.07
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Table 22: Brier score effect size, simulation with complete and tied rankings

η2 η2P
it 0.05 0.12
ce 0.30 0.42
ss 0.00 0.00
un 0.00 0.00
ov 0.01 0.02
it:ce 0.02 0.05
it:ss 0.00 0.01
ce:ss 0.01 0.03
it:un 0.04 0.09
ce:un 0.00 0.01
ss:un 0.00 0.00
it:ov 0.00 0.00
ce:ov 0.01 0.03
ss:ov 0.00 0.01
un:ov 0.00 0.00
it:ce:ss 0.02 0.04
it:ce:un 0.01 0.03
it:ss:un 0.00 0.01
ce:ss:un 0.01 0.02
it:ce:ov 0.00 0.01
it:ss:ov 0.01 0.01
ce:ss:ov 0.00 0.01
it:un:ov 0.04 0.09
ce:un:ov 0.00 0.01
ss:un:ov 0.00 0.00
it:ce:ss:un 0.00 0.00
it:ce:ss:ov 0.00 0.00
it:ce:un:ov 0.00 0.00
it:ss:un:ov 0.02 0.04
ce:ss:un:ov 0.01 0.01
it:ce:ss:un:ov 0.00 0.00
Residuals 0.41
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Table 23: Tucker’s congruence coefficient effect size, simulation with both complete and tied rankings

η2 η2P
it 0.08 0.21
ce 0.04 0.12
ss 0.03 0.07
un 0.01 0.03
ov 0.15 0.32
it:ce 0.01 0.02
it:ss 0.01 0.03
ce:ss 0.00 0.01
it:un 0.22 0.41
ce:un 0.01 0.03
ss:un 0.01 0.02
it:ov 0.04 0.11
ce:ov 0.00 0.00
ss:ov 0.02 0.05
un:ov 0.00 0.00
it:ce:ss 0.00 0.01
it:ce:un 0.01 0.02
it:ss:un 0.00 0.01
ce:ss:un 0.00 0.01
it:ce:ov 0.00 0.00
it:ss:ov 0.01 0.02
ce:ss:ov 0.00 0.00
it:un:ov 0.01 0.03
ce:un:ov 0.02 0.06
ss:un:ov 0.00 0.01
it:ce:ss:un 0.00 0.00
it:ce:ss:ov 0.00 0.00
it:ce:un:ov 0.00 0.01
it:ss:un:ov 0.00 0.01
ce:ss:un:ov 0.00 0.01
it:ce:ss:un:ov 0.00 0.00
Residuals 0.31
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