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Abstract
The treatment of neurological diseases requires knowledge of the drug contration at the central-nervous-system (CNS) target site, which, in most cases, is
the extracellular fluid (ECF) of the brain. Determining the drug concentration
in the brain ECF is a major challenge in the development of CNS-targeted
drugs since, for ethical reasons, it is not possible to measure concentrations in
human brain ECF. It has therefore been suggested to use the concentrations
in cerebrospinal fluid (CSF) as an indication for ECF drug concentrations.
The advantage of using CSF concentrations is that CSF is easily accessible,
since we can extract CSF in a human by a lumbar puncture.
The aim of this thesis is to find a mathematical model that helps to
predict CNS target-site concentrations when only CSF concentrations in the
lumbar region are known. To this end, we will use an approach based on
partial differential equations (PDE), in order to improve the existing models,
which are based on ordinary differential equations. A one-dimensional model
consisting of an inverse problem will be developed and presented. The
solvability of this inverse problem will be investigated, and a method for
solving it will be proposed.
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1

Introduction

The treatment of central-nervous-system (CNS) disorders such as Alzheimer’s
disease, multiple sclerosis and Parkinson’s disease is a major problem. Due
to ageing societies and other factors, such as widespread stress and anxiety,
neurological diseases become more and more common. Most existing drugs
treat symptoms rather than the diseases. Therefore new drugs and new
methods of treatment are needed. In drug development, however, many new
drugs fail in clinical studies while having a significant effect in laboratory
species. Reasons for this failure may be that drugs are given at the wrong dose
or schedule, or that they do not reach the CNS target site (that is the site the
drug needs to reach in order to be effective) in the right concentration because
they cannot cross the blood-brain barrier (BBB). These problems make it
diffcult to predict effects of the drugs on the human CNS. Also, some drugs
need a minimal concentration in the brain in order to be effective. Of the
chemotherapeutic agent methotrexate, for example, it is known that in order
to effectively kill tumor cells, it needs a concentration of about 0.45µg/ml
at the target site [37]. While it is important to reach this concentration,
overdoses must be avoided since these might have negative effects on healthy
cells in different parts of the body. It is thus necessary to be able to predict
the drug concentration at the CNS target site, which is the brain extracellular
fluid (ECF), in order to give the right drug at the right time and dose. In
humans, however, the only accessable fluid is the cerebrospinal fluid (CSF),
which can be obtained by a spinal tap in the lumbar region located in the
lower back. Data obtained in animals indicates that CSF concentration gives
a rather good indication of brain-ECF concentrations, but not a reliable
prediction.
The aim of this thesis is to derive a simple model which can help to predict
human-brain target-site drug concentrations when only CSF concentrations in
the lumbar region are known. To this end, we will use an approach based on
partial differential equations (PDEs) to model the change in the concentration
over time along the CSF system, in order to improve the existing multicompartment models presented by Westerhout et al. in [38] and [39], which
are based on ordinary differential equations (ODEs). One advantage of using
a PDE instead of ODEs is that the former describes the concentration in any
point of the CSF system at any time in one single equation. In compartmental
models, a new equation has to be found for every compartment, which yields
a system of ODEs that must be satisfied simultaneously. Multi-compartment
models give only overall concentrations for the modelled compartments, thus
neglecting local variation within a given compartment. Therefore, we expect a
PDE to be more accurate. Once a PDE has been found, we can impose initial
1

and boundary conditions based on observed rat data and solve the resulting
initial-boundary value problem to understand how the concentration profiles
change according to the PDE. The results can then be compared to those
obtained by means of the compartmental models. In the last step of modelling,
we want to reconstruct brain-ECF concentrations from measurements in the
lumbar region using the PDE. This leads to a so-called inverse problem. We
will investigate the solvability of the inverse problem, and a method for solving
it will be introduced.
Before we can start modelling, a basic understanding of the processes
involved in drug distribution is needed. Therefore the following chapter
will give a short introduction to the CNS, the CNS system, and the brain
barriers. It should be mentioned that the CNS and the CSF system are very
complex, and that many anatomical and physiological parameters influence
the drug distribution. These processes are subject to ongoing reasearch.
Since what interests us is the mathematical model, the chapter on clinical
and physiological background is kept as simple as possible and only those
mechanisms, barriers and processes which are necessary to understand the
model equations and parameters are discussed.

2
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Clinical background: Anatomy and physiology of the central nervous system

This chapter aims to give an overview of the anatomy and physiology of the
CNS and the mechanisms involved in drug distribution, in order to provide a
basis for the modelling.
The central nervous system (CNS) can roughly be divided into three main
compartements:
1. the extracellular fluid (ECF) of the brain,
2. the brain cells,
3. the ventricular system, consisting of the left and right lateral ventricles
plus the third and fourth ventricles, the cerebral aqueduct, the cisterna
magna, and the subarachnoid space (SAS).
The localizations of these compartments are shown in figure 1. The ventricular
system works, in a manner of speaking, as a communication network [23]
and is filled with cerebrospinal fluid (CSF). In humans, the subarachnoid
space is of great interest since it includes the lumbar region in the lower back,
where CSF can be accessed easily. (Remember that we want to use CSF
concentrations in order to reconstruct brain-ECF concentrations.) Within
each of the ventricles there is a choroid plexus, which is a network of cells
forming an interface between blood and CSF. The exchange of substances
between blood, brain ECF, and CSF is regulated by the blood-brain barrier
(BBB) and the blood-CSF barrier (BCSFB). These will be introduced in
chapter 2.2. CSF is continuously produced and eliminated.

2.1

Cerebrospinal fluid (CSF) and CSF flow

CSF cushions the CNS against trauma, removes metabolic waste and foreign
substances from the brain, and helps to maintain an optimal environment in
the extracellular space, that is the liquid-filled interstice between the brain
cells and around the brain. CSF is mainly produced in the choroid plexuses
of the four ventricles. A certain portion of CSF is also contributed by the
ECF across the ependyma, which is a cellular layer lining the ventricles
[36]. Forming a barrier between brain ECF and CSF, the ependymal layer
plays an important role in the exchange of substances and drug compounds
between brain ECF and CSF. From the ventricles, the CSF flows through
the subarachnoid space (SAS) where it can be accessed by a spinal tap in
the lower back. CSF is mainly eliminated by the arachnoid granulations,
hereinafter called arachnoid villi, where it flows back into the blood. This
3

Figure 1: Localization of the compartments of the brain and CSF flow. Blue=
CSF, pink=venous blood, white=spine/brain. Reproduction of figure 4 in
[14].
process is driven by hydrostatic pressure differences between CSF and the
cerebral veins. These pressure differences make the CSF flow a one-way
stream. See figures 1 and 2 for the localizations of the brain compartments
and for a schematic representation of the CSF flow.
It has been shown in several studies that a small portion of CSF is
reabsorbed into the blood along the spine, but it is not clear yet to what
extend this has to be considered. Small portions of CSF may also be absorbed
by the cervical lymphatics, that is by the lymph nodes in the neck (see [8] and
[27]). Again, it is not clear to what extend the drainage into the lymphatics
has to be considered in our model.
In an adult human, approximately 500 ml of CSF is produced every day.
The total amount of CSF present in an adult human at a given time is about
150 ml. This implies a CSF turnover of about 4 times per day, or, in other
words, CSF is replaced every 5 to 6 hours. These amounts and rates, however,
may vary somewhat depending on a person’s health, age, and gender. Use of
anesthesia and time of day may also have an impact on the CSF flow and the
drug concentration in the SAS [14]. By using the turnover rate and the length
4

Figure 2: Simplified schematic one-dimensional CSF flow. Reproduction of
figure 2 in [23].
of the CSF space, it is also possible to compute an average flow velocity. The
CSF space is approximately twice as long as the spine. On average, female
human spines are 61 cm and male human spines 71 cm long. The spine has a
varying width of 6.4 mm in the thoracic area and 13 mm in the cervical and
lumbar regions. The 71 cm of a male human spine are divided as follows: The
cervical region measures about 12.5 cm, the thoracic 28 cm, and the lumbar
region 18 cm. The last 12.5 cm form the sacrum and coccyx. The locations
of the different regions are shown in figure 3.1

2.2

Barriers of the brain

One of the first things to consider in testing a new drug is its way of delivery
into the brain. Some substances might be suitable for the treatment of certain
neurological diseases, but if they fail to cross the barriers to the brain, they
fail in clinical studies as they do not reach the brain ECF. Hence, when
testing a new drug it is important to also investigate the pathways into the
brain.
The blood-brain barrier (BBB) is the largest and most important barrier
to be considered. It is the barrier between the blood and the brain ECF. As
such, its main task is to prevent harmful substances from entering the brain
1
Graphic from
www.compelvisuals.com/compel_blog/normal-anatomy-of-the-human-vertebral-column/
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Figure 3: The vertebral column (spine).
while allowing passage to other substances, such as certain proteins or water.
The BBB is formed by tight junctions between the endothelial cells.
The surface area of the BBB is large: somewhere between 12 m2 and 18
2
m in a human adult [1], which indicates the importance of the BBB in drug
delivery to the brain.
The blood-CSF barrier (BCSFB) is situated inside the brain around the
ventricles and is formed by tight junctions between the epithelial cells of the
choroid plexuses. Its permeability and modes of transport are similar to those
of the BBB, but the BCSFB is much smaller: only about 0.2 m2 [37], which
implicates that the BCSFB plays a minor role in drug delivery to the brain.
The main task of the choroid plexuses and the BCSFB barrier is to secrete
CSF and to restrict free diffusion in the brain.

2.3

Drug characteristics and physiological parameters

In order to become effective, any kind of drug must be transported across
the BBB. The smaller and more lipophilic molecules are, the more likely are
they to cross the BBB by passive diffusion, which is the simplest mode of
transport. Alongside, there are several possible modes of active transport
(e.g. through transporter proteins); by these, larger and/or more hydrophilic
6

Figure 4: Simplified schematic representation of drug transport, fluid flow,
and metabolism, which govern the concentration-time profiles of the drug in
different parts of the CNS. Reproduction of figure 3 in [23].
molecules may be able to enter the brain ECF, too. This means that drug
characteristics such as molecular size and weight, lipophilicity, affinity for
active transporters, and others, have an influence on what amount of a dose
of drug actually reaches the brain ECF and CSF. Some drug characteristics
also affect how the molecules further disperse in the CSF.
Apart from characteristics of the drug itself, certain physiological parameters have been shown to have an impact on drug distribution. These include,
for example, cerebrospinal blood flow, pH of blood or tissue, and capillary
surface area. Many diseases, such as Parkinson’s disease, Alzheimer’s disease,
multiple sclerosis, or tumors, can cause or contribute to BBB dysfunction,
which also affects the drug transport into the brain [1]. Other relevant physiological parameters are a persons’s age, gender, health, and even diet [24].
We must consider this when comparing data obtained in different studies.
In our model, we will not distinguish between different modes of transport specifically.2 Drug transport along the CNS will be reflected in three
coefficients: the diffusion coefficient, κ; the CSF flow velocity, v; and the
fraction of brain-ECF concentration reaching the CSF, cin . The diffusion
coefficient describes the ability of a drug to diffuse in the CSF: the larger
the coefficient, the faster will the drug diffuse. The diffusion coefficient is
2

Note, however, that the compartmental model in [39], which will be presented in
section 3, does distinguish between active and passive transport.

7

equivalent to the square over the travelled distance of the drug molecules
per time unit; it is dependant on drug characteristics including molecular
weight and lipophilicity. The second coefficient is equivalent to the velocity
of the CSF flow, which depends on a person’s age, gender, and health. The
third coefficient, cin , depends on drug characteristics as well as physiological
parameters. It is obvious that these coefficients need to be estimated or
determined experimentally for every drug and person individually. Their
computation will not be treated in this thesis.
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3

Previous Models

The compartmental models introduced by Westerhout et al. in [38] and [39]
are based on research in rats on the distribution of the drugs acetaminophen
(paracetamol), methotrexate, and quinidine as examples of different modes of
transport. Methotrexate is a chemotherapeutic agent used to treat certain
kinds of cancer, such as breast or skin cancer, but it is also used in the
treatment of rheumatoid arthritis. Quinidine is mainly used to treat irregular
heart rates. While acetaminophen is transported by passive diffusion only,
for methotrexate and quninidine several modes of transport are relevant. The
models by Westerhout et al. in [38] and [39] are multi-compartment models.
They divide the CNS into the following compartments:
1. the blood (plasma),
2. the brain ECF,
3. the lateral ventricles (CSFLV ),
4. the third and fourth ventricles (CSFT F V ),
5. the cisterna magna (CSFCM ),
6. the SAS (CSFSAS ),
7. the periphery.
The periphery represents tissues to which drugs can equilibrate, for example
muscle or fat tissue. Depending on the drug, we can distinguish between
fast and slow periphery, based on whether the equilibration is relatively
fast or slow in a given kind of tissue. (Note that for quinidine, yet another
compartment has been considered, the deep brain compartment. We will
not treat this model in detail, since for quinidine no extrapolation for the
human case is available.) Schematic representations of the models are shown
in figure 5. In the case of acetaminophen, we can see an additional input Fabs
into the plasma compartment besides the intravenous injection (i.v.). This
is due to the fact that for acetaminophen we have to consider the so-called
enterohepatic recirculation. It means that a certain portion of acetaminophen
is not eliminated but reabsorbed into the blood, from where it enters the brain
ECF and CSF again. For each of the compartments, an ordinary differential
equation describing the change of the concentration over time is derived. The
ODE for a given compartment in the models can be determined by means of
the schematic representations shown in figure 5, using the following method:
Let N be the number of compartments and denote ci the concentration in
compartment i, i = 1, . . . , N . Let ck be the concentration in the compartment
9

Figure 5: Schematic representation of the multiple-compartment models
for acetaminophen, methotrexate, and quinidine. CL=clearence; striped arrows=active transport; CSFLV =CSF in lateral ventricles; CSFT F V =CSF in
third and fourth ventricles; CSFCM =CSF in cisterna magna; CSFSAS =CSF
in SAS; Q=flow rate of CSF and ECF respectively; i.v.=intravenous injection; Fabs =fraction of the dose reabsorbed by enterohepatic recirculation
(acetaminophen). Human value of Fabs = 0.06 %/minute [38]. Reproduction
of figure 6 in [14].
in question. The change in the concentration ck is then given by
X
X
∂ck
=
(ci pik ) −
(ck pki ) ,
∂t
i=1,...,N ;i6=k
i=1,...,N ;i6=k

(3.1)

where pik denotes the percentage of the concentration ci that enters compartment k, and pki is the percentage of the concentration ck that is given off to
compartment i. The pik thus correspond to the inward pointing arrows while
the pki correspond to the arrows pointing out of the compartment in question.
Finding the ODE for each compartment yields a system of interdependent
ODEs that need to be solved simultaneously.
The main problem with compartmental models is the underlying assumption that the concentration is the same in every point within the compartment.
While this simplification may be justified for intra-brain compartments, which
are quite small, neglecting the flow within the much larger SAS decreases
10

the accuracy of the general solution significantly. Taking the SAS as one
compartment and neglecting inner local variation in the drug concentration
means that the model predicts the same concentration-time profile for the
neck and the lower back as both are part of the SAS compartment. This
is inaccurate since it takes some time before the CSF containing the drug
reaches the lumbar region in the lower back. Therefore it is desirable to find
a more realistic solution which takes into account not only compartments but
also the location within a given compartment. This is possible when instead
of a system of ODEs we use a PDE, by means of which we can model the
concentration in any point at any time. Moreover, the PDE can be applied to
most drugs by substituting the corresponding coefficients, while the ODEs for
compartmental models need to be derived for each drug individually due to
the fact that the number of relevant compartments, the number of clearences
that need to be considered for each compartment, and other factors may
differ.
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4

Modelling

We will now develop a simple model describing how the drug concentration in
the CSF changes over time. We will restrict our model to the 1D case, since
the width of the CSF space is quite small compared to its length and the
CSF flow is unidirectional. First, we need to find the governing equation. To
this end, we will use the information on CSF flow given in chapter 2. It is
important to understand how the drugs enter the CSF and which pathways
they take. In practice, drugs will be given orally or by venous injection. In
both cases, a drug enters the brain via the blood across the BBB and the
BCSFB. It then enters the CSF in the lateral ventricles by ECF bulk flow and
diffusion across the ependymal layer, which separates brain ECF and CSF
(see chapter 2.1). In this, bulk flow has a much stronger effect than diffusion.
Moreover, drugs can enter the CSF directly from blood by transport across the
BCSFB. Since the BCSFB is rather small and is assumed to play a minor role
in drug transport into the brain, the input from transport across the BCSFB
will be neglected. Thus, mathematically speaking, the input from brain ECF
will be the source in our model. The PDE will describe the transport of
the drug, which occurs not only by flowing along with the CSF but also
by diffusion. By imposing suitable initial and boundary conditions and by
assuming that the brain ECF concentration is known, we can then solve the
resulting initial-boundary value problem and observe how the concentrations
change over time along the CSF space. We will call this initial-boundary value
problem our forward or direct problem. Subsequently, we are interested in the
so-called backward equation or inverse problem, since, in fact, we do not know
the initial concentrations in the brain ECF but rather seek to reconstruct
them by using known lumbar-CSF values measured in the lower back. An
introduction to inverse problems will be given in section 4.4.

4.1

Model equation

In order to find the governing equation, we will make simplified assumptions.
In reality, the CSF space is U-shaped since it starts and ends in the head.
However, we will assume it to be a straight pipe, which, in one dimension,
can be modelled as an interval [0, xL ]. The lower bound of the interval
now corresponds to the intra-brain compartments, while the upper bound
corresponds to the arachnoid villi. The drug concentration at time t and place
x is modelled by a function c(x, t). We assume that the drug enters the CSF
space at time t = 0 and that this exchange of brain ECF and CSF is only
possible in the lateral ventricles, that is for small values of x. Moreover, it is
presumed that the duration of the experiment is T > 0. If we assume that
12

Figure 6: The interval [0, xL ] and its subintervals. Thick arrows indicate
injection or elimination of the drug. The thin arrow indicates the direction of
the CSF flow. LV=lateral ventricles.
there is no elimination nor injection, then for each subinterval [a, b] ⊂ [0, xL ]
the change in concentration should be equal to the inflow minus the outflow
on the boundaries. That is
Z b
∂
d Zb
(cv)(x, t)dx,
c(x, t)dx = c(a, t)v(a, t) − c(b, t)v(b, t) = −
dt a
a ∂x

where v(x, t) is the flow velocity. In practice, however, the equation must also
describe the changes in concentration when drug is injected and when drug is
eliminated by flowing back into the blood. Therefore, we must additionally
consider a source term (injection) and a sink term (elimination) which will
be modelled by a function I(x, t). Exchange of brain ECF and CSF is not
possible elsewhere than in the lateral ventricles, which means that the drug
can enter the CSF space in the lateral ventricles only. The source term will
thus be of the form cin cecf (t) in a subinterval [0, x0 ] of [0, xL ] and equal to
0 everywhere else. Here, x0 is small compared to xL . The coefficient cin
describes the fraction of the brain-ECF concentration cecf that enters the
CSF space, and the brain-ECF concentrations are assumed to be the same
in any point of the extracellular space. Similarly, elimination is assumed to
take place in the arachnoid villi only. Therefore the sink term should be of
the form cout c(x, t) in another subinterval [x1 , xL ] of [0, xL ] and equal to 0
everywhere else. Here, x1 is close to xL so that the interval [x1 , xL ] describes
the aracnoid villi. The interval [0, xL ] and its subintervals are shown in figure
6. Consequently, the function cin cecf (t) describes the amount of drug that can
pass from brain ECF to CSF, and cout is the fraction of the drug concentration
c(x, t) that leaves the system when CSF is eliminated by the arachnoid villi.
Of course, cecf , cin and cout depend on the drug characteristics, as well as
gender, age, health, and other parameters of the subject, and need to be
determined for each case individually. We presume that all functions are
smooth enough so we can switch integration and differentiation. We then
13

have

Z b
a

(∂t c + ∂x (cv) − I)dx = 0.

By adding the above source and sink functions, we find I to be of the form



cin cecf (t)

for 0 ≤ x < x0
I(x, t) = 0
for x0 ≤ x ≤ x1


−cout c(x, t) for x1 < x ≤ xL .

(4.1)

Here, the subintervals of [0, xL ] correspond to the lateral ventricles, the spinal
SAS, and the arachnoid villi, respectively. Since a, b were arbitrary, this can
only be achieved for all intervals [a, b] if
∂t c + ∂x (cv) = I

in (0, xL ) × (0, T ).

We will neglect elimination in our model. This is not an unreasonable
simplification since the flow is assumed to be unidirectional and the fluid
passes the lumbar region before it reaches the arachnoid villi. We have
presumed that there is no elimination in the spinal region of the SAS. Thus
elimination, which only takes place in the arachnoid villi (that is in the head),
does not affect the concentration in the lower back. Then the function I
reduces to a function F , which is obtained by setting the coefficient cout equal
to 0. Note that, technically, the resulting equation describes the concentration
in those parts of the system in which no elimination occurs, that is in the
interval [0, x1 ]. However, we will continue using xL as the upper bound since
the difference |xL − x1 | is small. Moreover, there can be diffusion, which is
assumed to have a rather small impact on the concentration compared to
the effect of advection, such that no drug diffuses against the flow direction.
In order to incorporate the effect of diffusion, we can add to the equation a
diffusion term according to Fick’s second law:
∂c
∂ 2c
= κ 2.
∂t
∂x
So the whole equation becomes
∂t c + ∂x (cv) − κ ∂xx c = I

in (0, xL ) × (0, T ),

(4.2)

where κ is the diffusion coefficient, which we assume to be constant. The
diffusion coefficient depends on properties of the CSF, but also on the drug
in question. We will assume that the flow velocity v remains constant in the
whole interval. Then
∂c
∂c
∂ 2c
= −v
+ κ 2 + I(x, t).
∂t
∂x
∂x
14

(4.3)

Figure 7: Schematic solution of the advection-diffusion equation in the (c, x)plane for different values of t. The dotted line represents the maximum
concentration as the wave moves downstream. Reproduction of figure 2.2 in
[35].
Since the spine is wider in some parts, the velocity may vary in reality, but for
now we assume the velocity v to be constant, using the average flow velocity
obtained from the CSF turnover rate. In equation (4.3), the first term on
the right hand side is called the advection term, while the second is called
the diffusion or dispersion term. These represent the following effects on the
concentration:
• Advection: This term represents the effect of the CSF flow. It means
that a given concentration moves along with the CSF with velocity v.
• Diffusion: This term describes that the drug tends to diffuse to places
where the concentration is lower. If this process is slow compared to
the advection process, then κ is small.
The effects of advection and diffusion are depicted in figure 7 (=figure 2.2
in [35]), in which a schematic solution to the advection-diffusion equation is
plotted in the (c, x)-plane for different values of t. The initial and boundary
conditions for the direct problem will be given in section 4.3.1. Before we
continue developping the model, let us have a look at the dimensions and
scales that appear in the equation.

4.2

Dimensions and scales

So far, we have done the modelling without specifying the dimensions and
scales of the terms appearing in the equation. We simply assumed that all
terms in the PDE could be compared with each other and that no unreasonable
15

comparisons between different scales, for example length scale and time scale,
took place. It is common to transform all parameters and variables into
dimensionless variables. This reduces the number of variables and simplifies
the computations since one need not worry about matching dimensions. In
this model, however, we will choose to work with the original variables and
parameters. Hence we must check if all terms in the equation are in the same
dimension. So consider the PDE
∂c
∂c
∂ 2c
(x, t) = −v (x, t) + κ 2 (x, t).
∂t
∂x
∂x

(4.4)

In the following, we will use [·] to indicate dimension. Length scale is denoted
by L, time scale by T , and mass by M .
First, consider the right hand side of (4.4). The concentration is given in
mass per volume. Since the model is 1D, the volume scale L3 reduces to L.
Hence,
[mass]
[M ]
[c(x, t)] =
=
.
[volume]
[L]
This implies
"

[1] [M ]
[M ]
∂
∂c
(x, t) =
[c(x, t)] =
= 2 .
∂x
∂x
[L] [L]
[L ]
#

"

#

The velocity v is given in length per time [v] =

[L]
,
[T ]

hence

[L] [M ]
[M ]
∂c
=
.
v (x, t) =
∂x
[T ] [L2 ]
[L][T ]

"

#

The diffusion coefficient κ is given in [κ] =
"

[L2 ]
,
[T ]

so

∂ 2c
∂2
[L2 ] [1] [M ]
[M ]
κ 2 = [κ]
[c]
=
=
.
2
2
∂x
∂x
[T ] [L ] [L]
[L][T ]
#

"

#

We see that both terms on the right hand side are given in the same dimension.
Now consider ∂c
(x, t):
∂t
"

∂c
[1] [M ]
[M ]
=
=
.
∂t
[T ] [L]
[L][T ]
#

Thus, all terms in (4.4) are indeed given in the same dimension.
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4.3

The direct problem

Before we define the inverse problem, let us have a closer look at the direct
problem to get a better understanding of the behaviour of the solution.
Consider the advection-diffusion equation
∂c
∂c
∂ 2c
= −v
+ κ 2 + F (x, t),
∂t
∂x
∂x
where F (x, t) is the source term
F (x, t) =


c

in cecf (x, t)

0

for 0 ≤ x < x0
otherwise.

In order to find a unique solution if possible, we need to impose some
conditions on the function c.
4.3.1

Initial and boundary conditions

We have assumed that the drug first reaches the CSF space at time t = 0. It
is therefore reasonable to assume that no drug is yet present throughout the
CSF system at t = 0. This corresponds to the initial condition
c(x, 0) = 0;

x ∈ (0, xL ).

(4.5)

Since the problem is a first-order problem with respect to t, one initial
condition is enough. Since it is second order with respect to x, we have
to impose two boundary conditions. If we take the simplest case, that is
exchange between ECF and CSF is only possible in one point located in the
lateral ventricles, then we can shift this point to be at x = 0. In this case, the
source term F (x, t) can be set to 0 and the first boundary condition becomes
c(0, t) = cin cecf (t);

0 < t < T.

(4.6)

The source is now incorporated as a boundary condition at x = 0. For the
second boundary condition at x = xL note that the drugs tend to diffuse from
regions of higher concentrations to those of lower concentrations. In a manner
of speaking, diffusion has an equalizing effect on the drug concentration. It
can be seen in figure 7 that the concentration-position profiles flatten for later
times. This implies that for large values of x the concentration difference with
respect to the space variable should be neglectable for all times: If t is small,
the wave will not have reached the point yet; if t is large, the waves passing
the point are very flat. Therefore, the concentration difference with respect
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to the space variable x will be neglectable in x = xL if xL is sufficiently large.
(Remember that we neglect elimination, so the drug does not leave the CSF
system.) Then, the second boundary condition is
∂x c(xL , t) = 0;

0<t<T

(4.7)

due to the distance of the point xL to the source.
4.3.2

Solution to the direct problem for κ = 0

In order to gain a rough idea about how cecf influences the concentration in
the CSF system, we can solve the direct problem for a general initial profile
G(t) = cin cecf (t) so that we obtain a general expression. Then we can plug
in different functions for cecf (t) according to the available data. Let us first
study the simplest case possible. For this, we assume that there is no diffusion,
the velocity v is constant, and exchange between brain ECF and CSF is only
possible at one point in the lateral ventricles. Then we can use the above
initial and boundary conditions, and the PDE reduces to the linear transport
equation. Thus, the problem becomes
∂c
∂c
= −v ;
∂t
∂x
c(x, 0) = 0;
c(0, t) = cin cecf (t) =: G(t);

t > 0; x ∈ (0, xL )

(4.8)

x ∈ (0, xL )
0<t<T

(4.9)
(4.10)

where v is the velocity of the CSF and where the source is now included as
an initial condition at x = 0. This system can be solved using the method of
characteristics. Suppose that K is a parametrized curve (x(s), t(s)) in the
(x, t)-plane. For K we have that
c(x, t) = c(x(s), t(s)).
Differentiation on K with respect to s yields that
∂c dx ∂c dt
dc
=
+
.
ds
∂x ds ∂t ds
Now, comparing this with (4.8), we see that if
dt
= 1,
ds

dx
= v,
ds
we also have

dc
= 0 on K.
ds
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(4.11)

Figure 8: The areas S1 and S2 .
K is thus indeed a characteristic curve of equation (4.8). Along a characteristic,
the concentration c is constant. From (4.11) we derive that
x(s) = vs + x0 ;

t(s) = s + t0 ;

(4.12)

dc
where x0 = x(0), t0 = t(0). Also, since ds
= 1, we find that dt = ds, so we can
write x = vt + x0 . Since the solution c is constant along each characteristic,
the solution only depends on the value of x − vt or t − xv . So c(x, t) is of the
form

x
c(x, t) = h(x − vt) or c(x, t) = H t −
,
v




where h, H are arbitrary differentiable functions. These functions can be
determined by the initial and boundary conditions (4.9), (4.10). By (4.9),
the function h is only known for positive arguments, that is for x > vt, while
H is determined by (4.10) and the condition only gives information on H
for 0 < x < vt, that is for t − xv > 0. So we can define S1 = {(x, t) | x >
vt}, S2 = {(x, t) | 0 < x < vt} as shown in figure 8. In S1 , the solution is
determined by (4.9), yielding h(t) = 0 in S1 . In S2 , the solution is determined
by (4.10), yielding H(t) = cin cecf (t − xv ) in S2 .
Thus, the solution is
c(x, t) =


0;
cin cecf (t −

x
);
v

x > vt
.
0 < x < vt

(4.13)

From this, we see that the drug moves along with the fluid with velocity
v. For x > vt, no concentration can be measured since the fluid containing
the drug has not passed this point yet. The solutions behave like travelling
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waves. We can see this simply by using some function for cecf and plotting the
concentration-time profile defined by (4.13) for different values of x. Note that
we get the same solution by solving the inhomogeneous transport equation
∂t c + v∂x c = cin cecf (t)δ(x);
c(x, 0) = 0; x ∈ (0, xL ).

0 < t < T, x ∈ (0, xL )

Here, δ(x) is the delta distribution, which is zero everywhere except in x = 0.
This indicates that the source is inactive everywhere except in the point
x = 0. We call this kind of source a point source. More properties of the delta
distribution are given in appendix B. Using the method of characteristics, we
find that
c(x, t) =

Z t
0

cin cecf (s)δ(x + v(s − t)) dt

= cin cecf ({s | x + v(s − t) = 0})
x
= cin cecf (t − )
v
by the integral property of the delta distribution.
Now let us find a suitable function G(t) with G(t) = cin cecf (t) as defined
above. Westerhout et al. [38] plotted rat data for acetaminophen distribution,
which results in figure 9. Note that only plasma and intra-brain ECF and
CSF concentrations are plotted here, so the effects of the advection term are
almost invisible due to the short distances and coarse time scale. Therefore,
there is no travelling wave in this figure. We can see that all graphs have a
similar shape, which is almost Gaussian. Hence, we can use the function
G(t) = cin cecf (t) = cin √

1
t−A
exp
4Dt
4πDt




with A = 0.8 as initial profile. By choosing different values for A, it is, of
course, possible to modify the shape a bit. Also, by choosing different values
for D and cin or by multiplying the function G(t) by a suitable constant, we
can make the plots look more similar to the actual data. But for simplicity,
and because we are interested in the shape of the graph rather than the actual
values, we take cin = v = 1, A = 0.8 and D = 0.1. Then, according to (4.13),
the solution is
(t − xv ) − 0.8
x
1
q
G(t − ) =
.
exp
v
4D(t − xv )
4πD(t − xv )
!
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(4.14)

Figure 9: Observed rat data for acetaminophen. Average free drug
concentration-time profiles for plasma (n=10), brain ECF (n=10), CSF LV
(n=14), and CSF CM (n=8); n=number of subjects (sample size). Reproduction of figure 1 in [38].
The function G(t) and the solutions for v = 1, D = 0.1, and x = 1, 5 are
shown in figure 10. We can see that if no diffusion, reaction, or elimination
takes place, the initial profile simply travels along with the fluid without
changing in shape, so that in each point x we can see the same profile simply
shifted to the right. This is reasonable, since without diffusion or elimination
present in the system the drug does not spread nor leave the system.
In practice, the concentration-time profile obtained by plotting the available rat data has a similar shape in each point x, increasing rather fast over a
short period in the beginning and then decaying possibly exponentially over
a longer period of time. However, the speed at which this happens and the
intensity of the peak differ. For the case of rats, SAS data is not available,
but there are predictions based on the model presented in [38]. The predicted
concentration-time profiles for rats obtained by means of the model in [38]
are shown in figure 11. The predictions for brain ECF and intra-brain CSF
suggest that the model is quite accurate. For this compare figures 9 and 11.
We therefore expect the concentration-time profile in the SAS to be similar
to that shown in figure 11. The shape of the curve of the predicted CSF
concentrations in the SAS differs from the other curves. This is probably due
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Figure 10: Travelling-wave solutions (4.14) for x = 0 (black), x = 1 (red),
and x = 5 (green). Parameters are v = 1, D = 0.1.
to effects of recirculation or diffusion, or possibly reaction or elimination. If
the effects of diffusion are responsible for the change of the shape, we should
see a similar shape for larger values of x when plotting the solution for κ 6= 0.
In case of other drugs, for which no recirculation takes place, the drug
concentration tends to 0 for larger values of t. The observed data obtained
from different studies and in different species as well as the predictions
obtained by the model for methotrexate introduced in [39] are shown in figure
12, which is a reproduction of figure 7 in [39]. The curves for methotrexate
representing brain-ECF and SAS concentrations in different species look
more similar to each other than in the case of acetaminophen. Compare
for this the second and last rows in figure 12. This might indicate that the
recirculation has an impact on the shape of the SAS curve, or it might be
due to the different modes of transport across the BBB and BCSFB or other
drug properties such as molecular size, or a different diffusion coefficient. If
diffusion is responsible for the change in the shape of the acetaminophen
concentration-time profiles for larger values of x, we should see a similar
effect when plotting solutions for κ 6= 0 (as above). We can see the expected
travelling-wave effects in the SAS concentrations in figures 12D ("healthy
dogs") and 12E ("diseased children").
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Figure 11: Predicted acetaminophen concentrations in plasma, brain compartments, and SAS. Predictions are based on the multi-compartment model in [38]
and a 10-minute infusion of 15 mg/kg in a rat weighing 250 g. Reproduction
of figure 4 in [38].
4.3.3

Solution to the direct problem for κ 6= 0

Now let us include the diffusion term into the model and see what effect it has
on the behaviour of the solution. We wish to find a solution to the problem
∂t c(x, t) + v∂x c(x, t) − κ∂xx c(x, t) = 0; x ∈ (0, xL ), t ∈ (0, T )
c(x, 0) = 0; x ∈ (0, xL )
c(0, t) = G(t), ∂x c(xL , t) = 0; t ∈ (0, T ).

(4.15)
(4.16)
(4.17)

Using the transformation
vx v 2 t
c(x, t) = Γ(x, t) exp
−
2κ
4κ

!

(4.18)

as proposed by Ogata and Banks in [30], equation (4.15) with respect to Γ
can be written as
∂t Γ = κ∂x2 Γ.
(4.19)
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Figure 12: Observed and predicted methotrexate plasma, brain ECF, CSF
LV, CSF CM, and CSF SAS concentration-time profiles in different species.
Black dots are observed data. Grey areas show the 95% confidence interval.
Predictions are based on the multi-compartment model presented in [39].
Note the differences in the time scales. Reproduction of figure 7 in [39].
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The corresponding initial and boundary conditions are
Γ(x, 0) = 0
!

v2t
Γ(0, t) = G(t) exp
=: φ(t)
4κ
v
∂x Γ(xL , t) + Γ(xL , t) = 0; xL → ∞.
2κ

(4.20)

Now we want to use the method of Laplace transformation as presented in
chapter 12.3 in Carslaw and Jaeger [7] to solve the heat equation (4.19).
Multiplying (4.19) by e−pt and integrating from 0 to ∞ yields the ODE
d2 Γ̄
p
= Γ̄,
2
dx
κ
where

Γ̄(x) =

Z ∞
0

(4.21)

e−pt Γ(x, t) dt.

The initial and boundary conditions are transformed in the same way, that is,
Γ̄(x, 0) =

Z ∞

Γ̄(0, t) =

Z

Z ∞



0

0
∞

e−pt Γ(x, 0) dt = 0
e

0

−pt

Γ(0, t) dt =

e−pt ∂x Γ(xL , t) +

Z ∞

−pt

e

0

v2t
G(t) exp
4κ

!

dt =

Z ∞
0

! !

G(t) exp

v2
− p t dt
4κ

v
Γ(xL , t) = 0; xL → ∞.
2κ


The general solution to (4.21) is given by
Γ̄(x) = Ae−qx + Beqx ,
q

where q = κp . We want Γ and Γ̄ to be bounded, so B = 0. Now we can use
Duhamel’s principle (see 1.14 (10) in [7]). It states that instead of solving
problem (4.19) for Γ(0, t) = φ(t) as defined by (4.20), we may solve the
problem for Γ(0, t) = 1 first. More precisely: Let f (x, t) be the solution to
(4.19) with Γ(0, t) = 1 and the other two conditions as in (4.20). Then, for
Γ(0, t) = φ(t), the solution of (4.19) is given by
Γ=

Z t
0

φ(τ )

∂
f (x, t − τ ) dτ.
∂t

So let Γ(0, t) = 1. Since
Γ(0, t) = 1 ⇒ Γ̄(0) =

Z ∞
0

e−pt Γ(0, t) = −
25

1 h −pt i∞ 1
e
= ,
0
p
p

(4.22)

we find that

1 √p
Γ̄(x) = e− κ x .
p

Using appendix V (8) in [7], we find Γ as
x
Γ(x, t) = erfc √
2 κt

!

2 Z ∞ −η2
e dη.
=√
π 2√xκt

Then, by Duhamel’s principle (4.22), the solution to the original problem
with Γ(0, t) = φ(t) is given by
Γ=

Z t
0



φ(τ )

∂  2
√
∂t
π

Z ∞
√ x
2 κ(t−τ )


2

e−η dη  dτ.

(4.23)

Since e−η is continuous, we can differentiate under the integral, using the
formula
2

!
Z b(x)
∂
d Z b(x)
0
0
f (x, t) dt = f (x, b(x))b (x) − f (x, a(x))a (x) +
f (x, t) dt.
dx a(x)
a(x) ∂x

Then,

Thus,

Substitute

Then,

x2
∂ 2 Z∞
x
− 4κ(t−τ
−η 2
).
√
√
e
dη
=
e
3/2
x
∂t π 2√κ(t−τ
2
κπ(t
−
τ
)
)

−x2
dτ
x Zt
φ(τ )e 4κ(t−τ )
Γ(x, t) = √
.
πκ 0
(t − τ )3/2

x
ξ= q
.
2 κ(t − τ )
!
2 Z∞
x2
−ξ 2
φ
t
−
e
dξ.
Γ(x, t) = √
π 2√xκt
4κξ 2

(4.24)

We have thus derived a general formula for the solution of (4.19) with the initial
and boundary conditions (4.20). In order to understand how concentrationtime profiles behave for different choices of c(0, t) = G(t), let us first discuss
what types of functions are relevant in applications. If a drug is given orally
or by a single injection into the blood, the concentration will increase over
a short period of time until it reaches a maximum. With most drugs, the
concentration will then decrease exponentially over a longer period of time
[32]. This results in concentration-time profiles as depicted in figure 13. The
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Figure 13: Schematic plasma concentration-time profile for intrevenous injection (i.v) and oral taking. Reproduction of figure 4 in [32].
curves for acetaminophen differ somewhat from the other ones. Due to the
effects of recirculation, the concentration decreases so slowly for large values
of t that, in the relevant time period, it seems to approach a limiting value
> 0. But let us for now restrict the discussion to drugs whose concentrationtime profiles in plasma look similar to the curves in figure 13. If a drug is
given at a constant rate over a longer period of time, typically by infusion,
the concentration in plasma will eventually reach a steady state. Once the
infusion is stopped, the concentration will start decreasing exponentially (see
figure 14).3 Since c(0, t) is of the form cin cecf (t) and the concentration-time
profiles for brain ECF look similar to those for plasma in most studies, we can
conclude from figures 13 and 14 that there are three cases to be considered:
1 the increase of drug concentration up to the maximum concentration
(drug aggregation);
2 the steady state;
3 the elimination of the drug.
Of these, case 3 corresponds to c(0, t) = c0 exp(−λt) for a constant c0 > 0.
Case 2 corresponds to an initial concentration c(0, t) = c0 . For case 1, we may
choose to use a function of the form c0 − c0 exp(−λt). Let us first consider the
simplest case, in which we assume a stable concentration level in the brain
ECF. This corresponds to a situation where the steady state has been reached
and a maintenance dose is given in order to keep the drug concentrations
constant in the brain ECF. The question is how the concentration in the
CSF changes along the CSF space if the concentration in brain ECF remains
3

Graphic taken from slide 27 in
http://de.slideshare.net/PallaviKurra/compartment-modelling
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Figure 14: Schematic concentration-time profiles in plasma if steady-state
concentration is reached.
constant. Let us assume the following problem.
∂t c = −v∂x c + κ∂xx c
c(0, t) = c0 ; 0 ≤ t
c(x, 0) = 0; 0 < x < xL
∂x c(xL , t) = 0; t ≥ 0.

(4.25)

For xL sufficiently large, the last condition is merely an approximation for
∂x c(∞, t) = 0. For simplicity, let us therefore first examine the above problem
with the second boundary condition replaced by ∂x c(∞, t) = 0. Applying the
evaluation of the integral used by Ogata and Banks in [30], we find that the
solution can be given by
c0
x − vt
vx
x + vt
√
√
c(x, t) =
erfc
+ exp
erfc
2
κ
2 κt
2 κt
!





2







2



!!

through substituting φ(t) = G(t)exp v4κt = c0 exp v4κt in (4.24). Solutions
for κ = 0.7, v = 0.5 and for different values of x are shown in figure 15. We
can see that the curves flatten for larger values of x, which implies that the
drug aggregation decelerates. After some time, the steady state-concentration
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Figure 15: Solutions to problem 4.25 with κ = 0.7, v = 0.5, c0 = 3 for x = 0
(black), x = 0.1 (green), x = 1 (red), x = 2 (orange), and x = 3 (blue).
in the CSF is reached for all values of x. We also see the travelling-wave
effect: the curve remains at 0 for x = 3 and t < 0.5.
Now let us consider the case where c(0, t) = c0 for 0 < t < t0 , but
c(0, t) = 0 for t > t0 . This case is similar to the former, but the maintenance
dose is now given for t < t0 only. The infusion is abruptly stopped at t = t0
and the brain-ECF concentration, that is the input from brain ECF to CSF,
instantly drops to 0. Then, the solution is given by
c(x, t) =


c

0 A(x, t)

c0 A(x, t) − c0 A(x, t − t0 )

0 < t < t0
t > t0 ,

(4.26)

where
1
x − vt
x + vt
vx
√
√
A(x, t) =
erfc
+ exp
erfc
2
κ
2 κt
2 κt
!





!!

.

This is obtained by solving the problem for 0 < t < t0 and t0 < t separately
using the solution of 4.25 and matching both functions at t = t0 .
The solutions for v = 0.5, κ = 1, and κ = 0.1 for different values of x are
shown in figures 16 and 17. We find that for smaller values of x (especially
x = 1) the shape of the resulting solution looks quite similar to that shown
in figure 14 (and the intravenous injection in figure 13). For κ = 1, a strong
flattening or equalizing effect can be seen, while the travelling-wave effect is
stronger for κ = 0.1 than for κ = 1.
In the elimination phase (case 3 above), exponential decay takes place.
We will therefore use c(0, t) = c0 exp(−λt) with c0 = 3, λ = 1. This case
corresponds to the drug being present in the CSF in the lateral ventricles at
some concentration c0 . At t = 0, the injection is stopped and the elimination
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Figure 16: Solutions of problem (4.25) with c(0, t) = 3 only if t < 3 according
to (4.26) for x = 0 (black), x = 0.1 (green), x = 1 (red), x = 2 (blue), x = 3
(purple), and x = 5 (pink). The coefficients are v = 0.5, κ = 1.
begins. This case is relevant for concentration-time profiles on coarse time
scales. Since the drug aggregation happens quite fast in the case of intraveneous injection, it will not be visible on such a time scale and we will see only
the elimination phase in the plot. Due to the initial condition c(x, 0) = 0 for
x ∈ (0, xL ), the shape of profile i.v. in figure 13 is restored
for all x > 0, that

x2
is c(x, 0) = 0 for all x > 0. Substituting for φ t − 4κt yields
2c0 Z ∞
exp
Γ= √
π α
2c0
=√ e
π



v2
−λ
4κ

!

v2
λx2
2
−λ t+
−
− ξ2
4κ
4κξ 2 ξ 2

 Z
∞
t
α

2
λx2
−
− ξ2
exp
4κξ 2 ξ 2

!

dξ

!

dξ,

where α = 2√xκt ,  = vx
. Now, since the first two terms in the exponential
4κ
1
both depend on ξ2 , we may introduce a new variable µ such that
λx2
.
4κ
Then, the above integral can be written as
µ2 = 2 −

Z ∞
α

µ2
exp −ξ 2 − 2
ξ

!

According to [30], we find that
c0 ( v2 −λ)t Z ∞
µ2
Γ(x, t) = 2 √ e 4κ
exp −ξ 2 − 2
π
ξ
α
30

(4.27)

!

dξ

dξ.

(4.28)

Figure 17: Solutions of the problem with c(0, t) = 3 if t < 3 according to 4.26
for x = 0 (black), x = 0.1 (green), x = 1 (red), x = 2 (blue), x = 3 (purple),
and x = 5 (pink). The coefficients are v = 0.5, κ = 0.1.
"√
!#
Z ∞
c0 ( v2 −λ)t
π −2µ 1 −2µ Z ∞ −β
2µ
−β
= 2 √ e 4κ
e
−
e
e dβ − e
e dβ
µ
µ
π
2
2
−α
+α
α
α





c0 ( v2 −λ)t 2µ
µ
µ
−2µ
= e 4κ
e erfc α +
+ e erfc α −
.
2
α
α

Since c(x, t) = Γ(x, t) exp



vx
2κ

−

v2 t
4κ



, we find that

vx
vx
µ
µ
c0
+ e 2κ −2µ erfc α −
c(x, t) = e−λt e 2κ +2µ erfc α +
2
α!
α !!
(v−y)x
(v+y)x
c0
x − yt
x + yt
√
√
= e−λt e 2κ erfc
+ e 2κ erfc
,
2
2 κt
2 κt
√
where y = v 2 − 4λκ. This is the same result as for problem A9 in [16]. Note
that the expression for y is a restriction on the values of v, κ, and λ in order
to give reasonable results. If v 2 − 4λκ < 0, then y is imaginary.
The corresponding solutions for κ = 0.2, v = 1 are shown in figure 18
for different values of x. We can see that the resulting solution for x = 0.1
looks very similar to the expected concentration-time profiles in plasma or
brain-ECF and intra-brain compartments as shown for intravenous injection
in figure 13, while the plots for x ≥ 2 already look similar to the predicted
concentration-time profile in the SAS in figure 11, only without the pseudolimiting value caused by the recirculation.
For case 1 (drug aggregation), we may now use c(0, t) = c0 − c0 e−λx . This
case corresponds to the case in which the drug is given continuously over
a longer period of time. The drug reaches the CSF at time t = 0 and no
drug was present in the brain ECF and CSF before that. The injection is
continued long enough in order to reach the steady-state concentration and is
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Figure 18: Solutions for drug elimination for x = 0 (black), x = 0.1 (green),
x = 0.5 (blue), x = 1 (red), x = 2 (purple), x = 3 (yellow), x = 5 (pink). The
coefficients are v = 1, κ = 0.2.
not stopped within the period of time considered. The solution is obtained by
adding the solutions for c(0, t) = c0 and for c(0, t) = −c0 e−λt . The solutions
for c0 = 3, λ = 1, κ = 0.2, v = 1, and for different values of x are shown in
figure 19. The solutions look similar to those for larger values of x in figure
15. This is reasonable because, once the steady state has been reached, the
situation is the same as in figure 15.
Let us now look at the solution with the boundary condition ∂x c(xL , t) = 0
in place. In figures 16 and 17, we plotted the approximate solution for
the boundary condition ∂x c(∞, t) = 0. When we use the formula for the
approximate solution to problem A3 in [16] for the finite case with v =

Figure 19: Solutions for drug aggregation for x=0 (black), x=1 (red), x=2
(blue), x=5 (green). The coefficients are v = 1, κ = 0.2
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Figure 20: Solutions for finite domain (xL = 15) in the case of c(0, t) = 3 for
0 < t < t0 for x = 0 (black), x = 0.1 (green), x = 1 (red), x = 2 (blue), x = 3
(pink), x = 5 (orange). The coefficients are v = 0.5 and κ = 1.
0.5, κ = 1, and xL = 15, this yields the results shown in figure 20. A
comparison with figure 16 indicates that the approximation obtained by using
∂x c(∞, t) = 0 instead of ∂x c(xL , t) = 0 is quite accurate in this case. See
also figure 21 for the plots for x close to xL = 15. We can see from part B
of this figure that even if xL = 15 the curve for κ = 1 and x = 14 is very
flat. In practice, xL will be larger than 14 in adults, so the approximation
∂x c(∞, t) = 0 instead of ∂x c(xL , t) = 0 seems sufficiently accurate.
For completeness’ sake, let us look at the concentration-position profiles
for different values of t. In figure 22, the solutions are plotted for c(0, t) = 3
for κ = 0.2 and κ = 1. By comparing A and B, we see that with a higher
diffusion coefficient the curves become flatter as the drug spreads more. In
A, it takes the wave longer to reach later positions (larger values of x): for
t = 15 there is no drug present at x = 14, while in B the curve for t = 15 at
x = 14 is clearly above 0. The concentration-position profiles for
c(0, t) =


3,

0 < t < t0 = 3
0, t > t0

and different values of t are shown in figure 23 for v = 0.5 and κ = 0.2 and
κ = 1. We can see the jump from c(0, t) = 3 to c(0, t) = 0. If κ = 1, the
curve for t = 7 is quite flat already, so it will be flat enough to justify the
assumption ∂x c(xL , t) = 0 if xL is large. If κ is quite small, the same effect
will eventually occur provided that xL is large enough. In the case of drug
elimination, that is for c(0, t) = 3e−t as used above, we obtain the curves
depicted in figure 24 for v = 1 and κ = 0.2. The effects of advection and
diffusion are clearly visible in this figure: The wave travels along with the
fluid and the drug spreads, which leads to a flattening of the curves. The
concentration at x = 0 decreases from close to 3 (for t = 0.1) to 0 (e.g. for
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Figure 21: Solutions for c(0, t) = 3 if 0 < t < t0 = 3 with κ = 1 as in figure
20 (B) and for κ = 0.2 (A) for x = 0.1 (green), x = 1 (red), x = 2 (blue),
x = 3 (pink), x = 5 (orange), and x = 14 (yellow). In both cases v = 0.5.
t = 7). Finally, the concentration-position profiles for c(0, t) = 3 − 3e−t and
for v = 1, κ = 0.2 are shown in figure 25. We can see the curves rising from
0. At t = 4 the steady-state concentration c0 = 3 is almost reached. When it
has been reached, the curves for t > 4 look similar to those in figure 22.
If
!
c0
t − 0.8 v 2 t
+
,
φ(t) = √
exp
4κt
4κ
4κπt
which corresponds to the function c(0, t) = G(t), which looks like the rat data
for acetaminophen concentrations in brain ECF, equation (4.24) becomes
Z ∞
v2 t
2
1
4κ
q
c0 e
π
α
4πκt −

2

x
2 t − 0.8 − 4κξ2 

exp −ξ − 2 +
dξ.
2
ξ
4κt − xξ2





2

x2 π
ξ2

Here, α = 2√xκt and  = vx
as defined ealier. We will not solve the above
4κ
integral analytically. Figures 26 to 28 show the numerical solution of the
advection-diffusion equation with v = 0.5, κ = 1 and the boundary condition
1
t − 0.8
c(0, t) = √
exp
4tD
4πDt




(4.29)

at x = 0 with D = 0.1 obtained in Mathematica. The concentration-time
profiles in figures 26 and 27 show that the model describes the shapes of
the concentration-time profiles seen in figure 11 quite well. The plots for
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Figure 22: Solutions if c(0, t) = 3 for different values of t: t = 0.2 (orange),
t = 0.7 (red), t = 2 (blue), t = 5 (green), t = 7 (pink), t = 15 (yellow).
Coefficients are v = 0.5 and (A): κ = 0.2, (B): κ = 1.
small values of x look similar to the shapes of the plasma, brain-ECF and
intra-brain concentration-time profiles, while the plots for larger values of x
have shapes similar to the predicted SAS concentration-time profile in figure
11. Our equation seems able to describe the distribution of acetaminophen.
The spatial plots for xL = 15 and t = 0, 2.5, 5, . . . , 50 are shown in figure 28.
The concentration rises from 0 along the CSF system and the equalizing effect
of the diffusion term is clearly visible. After the maximum concentration
has been reached, the concentration decreases again at the beginning of the
interval [0, xL ], that is for small x, when t is increasing.

35

Figure 23: Solutions in the (c, x)-plane for c(0, t) = 3 if 0 < t < t0 for t = 0.2
(red), t = 1 (blue), t = 2 (yellow), t = 3.2 (green), t = 4 (purple), t = 7
(orange), and t = 15 (grey, only in (A)). Coefficients are v = 0.5 and (A):
κ = 0.2, (B): κ = 1.

Figure 24: Solutions in (c, x)-plane for c(0, t) = 3e−t for different values of
t: t = 0.1 (red), t = 1 (green), t = 2 (blue), t = 3 (yellow), t = 7 (pink).
Coefficients are v = 1 and κ = 0.2.
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Figure 25: Solutions in (c, x)-plane for c(0, t) = 3 − 3e−t for different values
of t: t = 0.1 (red), T = 1 (yellow), t = 2 (blue), t = 4 (green). Coefficients
are v = 1, κ = 0.2.

Figure 26: Numerical solutions of the advection-diffusion equation with c(0, t)
given by (4.29) with v = 0.5, κ = 1 and T = 50 for x = 0, 1, 2, . . . , 15.
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Figure 27: Numerical solutions of the advection-diffusion equation with c(0, t)
given by (4.29) with v = 0.5, κ = 1 and T = 80 for x = 0, 1, 2, . . . , 15.

Figure 28: Numerical spatial solutions of the advection-diffusion equation with
c(0, t) given by (4.29) with v = 0.5, κ = 1 and xl = 15 for t = 0, 2.5, 5, . . . , 50.
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4.4

Introduction to inverse problems

In the previous sections, we have derived a governing equation describing the
change of the drug concentration in the CSF over time. In order to find a
unique solution, we imposed initial and boundary conditions, assuming that
the concentration in x = 0 was given by a known function c(0, t) = G(t).
We examined the behaviour of the solutions for different doses and different
phases of drug distribution by solving the resulting problem
∂t c = −v∂x c + κ∂x2 c
c(x, 0) = 0
c(0, t) = G(t); ∂x c(xL , t) = 0
for different functions G(t). Unfortunately, this approach is not practicable:
G(t) = cin cecf (t), while our aim is to determine brain-ECF concentrations.
G(t) is thus, in fact, the function we are looking for and not known to us.
Our only available data are CSF concentrations, meaning that we do not
know the source function or the initial concentration at x = 0 but only the
concentration in the lumbar region (in the lower back). From this we aim
to reconstruct the source function. Problems of this kind are called inverse,
because instead of predicting effects from model inputs we seek to determine
the causes for observed effects. In the terminology of inverse problems, the
more standard problem of predicting effects from known model parameters
and given initial and boundary conditions is called a direct problem (see figure
29). This section will provide the theoretical basis needed for formulating
and solving our inverse problem. We will formulate it in section 4.5 based
on the governing equation we derived in section 4.1 and the assumption that
measurements in the lumbar region are available. We will then summarize
the results obtained for a similar problem by El Badia et al. in [10], which
will show that our inverse problem is solvable. The method proposed in [10]
uses the Tikhonov regularization, to which we will give a brief introduction.
Solving inverse problems is generally very complicated. Most inverse
problems are ill-posed in the sense that one of the following properties is not
satisfied (ill-posedness according to Hadamard):
1. There is a solution (existence).
2. The solution is unique (uniqueness).
3. The solution depends continuously on the data (stability).
In dealing with inverse problems, it is therefore necessary to examine whether
the above conditions are satisfied and, if not, to find a way of handling the
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Figure 29: Schematic representation of a direct versus an inverse problem.
ill-posedness. Stability is particularly crucial in applications: If the solution
does not depend continuously on the data, small data errors lead to exploding
errors in the solution.
Numerical differentiation may serve as an example of the difficulties we
face in ill-posed inverse problems. Differentiation and integration are inverse
to one another. Numerical integration of a given function φ ∈ C([0, 1]) is a
direct problem:
(TD φ)(x) =

Z x

x ∈ [0, 1]; φ ∈ C([0, 1]),

φ(t) dt;

0

(4.30)

while the corresponding inverse problem is given by:
Solve (TD φ)(x) = g(x); for a given g ∈ C([0, 1]),

(4.31)

where TD is the integral operator defined by the direct problem. The inverse
problem is ill-posed in the sense of Hadamard, as the following example shows.
Let us assume that we have noisy data g δ ∈ C([0, 1]) satisfying an error bound
kg − g δ k∞ ≤ δ
for a small δ. The functions
gnδ (x) = g(x) + δ sin



nx
; n = 2, 3, 4, . . .
δ


satisfy the error bound. However, for the derivatives
(gnδ )0 (x) = g 0 (x) + n cos
we find that



nx
; n = 2, 3, 4, . . .
δ


k(gnδ )0 (x) − g 0 k∞ = n,
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which blows up as n → ∞. When we look at the approximate solution of
(4.31) obtained by using the central difference quotients
(Rh g)(x) =

g(x + h) − g(x − h)
;
2h

x ∈ [0, 1], h > 0,

(4.32)

we can see another typical property of ill-posed inverse problems. Assuming
that g is periodic with period 1 in order to make (Rh g) well defined near the
boundaries, and using Taylor expansion, we obtain the approximiation error
kg 0 − Rh gk∞ ≤

h 00
kg k∞
2

if g ∈ C 2 ([0, 1]). For noisy data g δ , the total error can then be estimated by
kg 0 − Rh g δ k∞ ≤ kg 0 − Rh gk∞ + kRh g − Rh g δ k∞
h
δ
≤ kg 00 k∞ + .
2
h
The first term on the right hand side is the approximation error, which tends
to 0 as h goes to 0, the second term is the data noise error, which blows up
as h goes to 0. In order to obtain a good approximation, we must balance
the two error terms by choosing an adequate discretization parameter h. The
optimal h is that which minimizes the total error, thus
h=

2
kg 0 k∞

!1
2

1

δ2.

This simple example has illustrated several typical properties of ill-posed
inverse problems:
• amplification of high frequency errors;
• dependence of ill-posedness on the choice of norms;
• trade-off between accuracy and stability in the choice of the discretization parameter;
• dependence of the optimal choice of a discretization parameter on the
smoothness of the solution.
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4.4.1

Algorithms for the solution of linear inverse problems

We will now introduce some common methods for the stable solution of linear
ill-posed operator equations
T φ = g,
(4.33)
where T : X → Y is a bounded linear injective operator, X and Y are Hilbert
spaces, and g ∈ range(T ) =: R(T ). The methods that will be introduced
here are the Tikhonov regularization, which is used in the solution method
proposed by El Badia et al. [10] (see 4.5.1), and the discrepancy principle as
an example of a so-called parameter-choice rule. Parameter-choice rules are
used to find an optimal discretization or regularization parameter.
Tikhonov regularization
One of the most commonly used methods for the regularization of linear illposed inverse problems is the Tikhonov regularization, sometimes also called
the Ridge regression. One of its advantages is that there are no restrictions
on the operator T . The method works for any T regardless of its symmetry,
definiteness, or rank, provided that the regularization parameter α, which
is defined below, is positive. The idea of the Tikhonov regularization is to
rewrite problem (4.33) with noisy data g δ as a minimization problem:
Find φ ∈ X such that
kT φ − g δ k2 → min.

(4.34)

Again, the solution to this problem does not depend continuously on the
data. One possible way of restoring stability is to add a penalty term to the
functional. We then obtain the so-called Tikhonov functional
Jα (φ) = kT φ − g δ k2 + αkφ − φ0 k2

(4.35)

for an initial guess φ0 . If no initial guess suggests itself, we take φ0 = 0. The
number α > 0 as in (4.35) is called the regularization parameter. It can be
proved that the Tikhonov functional has a unique minimum φδα for all α > 0
and for all initial guesses φ0 ∈ X. Moreover, φδα depends continuously on the
perturbed data. The minimum is then given by
φδα = (T ∗ T + αI)−1 (T ∗ g δ + αφ0 ),

(4.36)

where T ∗ is the conjugate transpose of T and the operator T ∗ T + αI is
boundedly invertible. The proof can be found in appendix C.
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Remark 4.1 (Iterated Tikhonov reularization). As mentioned above, we use
φ0 = 0 as a default initial guess. Depending on the actual function, this may
not be very accurate. One can try to improve the approximation by applying
the Tikhonov regularization again, now using the obatined function φδα as a
new initial guess. This leads to the so-called iterated Tikhonov regularization:
φδα,0 = 0
φα,n+1 = (T ∗ T + αI)−1 (T ∗ g δ + αφδα,n );

n ≥ 0.

Note that only one operator T ∗ T + αI has to be inverted in order to compute
φδα,n for any n ∈ N. Thus, computing φδα,n for any n ≥ 2 is not much more
expensive than computing φδα,1 when a method such as LU factorization is
used. By induction, the following expression for φδα,n is found:
φδα,n = (αI + T ∗ T )−n (T ∗ T )−1 ((αI + T ∗ T )n − αn I) T ∗ g δ .
Discrepancy principle
We have seen that the Tikhonov regularization is a very useful method since
it yields a unique solution depending continuously on the noisy data and
since it can be applied to any operator T . A crucial problem concerning the
Tikhonov regularization as well as other regularization methods is the choice
of an optimal regularization parameter α. We can decompose the total error
φ − φδα for φ0 = 0 as follows:
φ − φδα = φ − (αI + T ∗ T )−1 T ∗ T φ + (T ∗ T + αI)−1 T ∗ (g − g δ )
= α(αI + T ∗ T )−1 φ + (T ∗ T + αI)−1 T ∗ (g − g δ ).
We have now split the total error into an approximation error
α(αI + T ∗ T )−1 φ
and a data noise error
(T ∗ T + αI)−1 T ∗ (g − g δ ).
Formally, the approximation error tends to 0 as α goes to 0, while the data
noise error tends to T −1 , which is unbounded. We therefore expect the data
noise error to blow up as α tends to 0. Hence, there is a trade-off between
accuracy and stability as we have already seen in the introductory example.
The trade-off situation is illustrated in figure 30.
The optimal value of the regularization parameter α balances between
desired accuracy and necessary stability. It depends on both the data noise
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Figure 30: Dependence of the errors on α. [19]
level δ and the exact solution φ. Many strategies have been proposed for
choosing α. The most well-known is Morozov’s discrepancy principle. The
idea is to not try to satisfy the operator equation more accurately than the
data-noise error. More precisely, we want to take the largest α = α(δ, g δ )
such that the residual kT φδα − g δ k is not larger than τ δ with τ ≥ 1 being
some fixed parameter:
α(δ, g δ ) = sup{α > 0 | kT φδα − g δ k ≤ τ δ}.

(4.37)

It can be shown that the function α 7→ kT φδα − g δ k is monotonically increasing
for most regularization methods including Tikhonov regularization. Usually,
finding α such that
τ1 δ ≤ kT φδα − g δ k ≤ τ2 δ
for given 1 ≤ τ1 < τ2 is sufficient. This can be done by a bisection algorithm
or by Newtons’s method applied to α1 as unknown.

4.5

The inverse problem

So far, we have worked with the direct problem assuming that some intial
conditions are given. In practice, however, this approach is not adequate.
The only available data in humans are concentrations measured in the lumbar
region. Reconstructing brain-ECF concentrations from lumbar CSF measurements is an inverse problem. In this section, we will formulate the inverse
problem. In view of the ill-posedness of inverse problems, three questions will
have to be answered:
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1.) Identifiability: Is the source term F , which must be recovered, uniquely
determined by the measurements, that is the right hand side of equation
(4.41) below?
2.) Stability: If so, do the source parameters continuously depend on the
data or not?
3.) Identification: Is there a constructive algorithm for determining the
source?
Unfortunately, indentifiability is often not given. In [10], however, El
Badia et al. have proved for a problem similar to ours that a point source
is identifiable if certain conditions are met regarding the points where the
measurements are taken. El Badia et al. also proved a local stability result
and proposed an algorithm for recovering the source parameters, that is
location and intensity of the source F . In section 4.5.1, we will present the
results given in [10] and apply them to our problem. First, let us formulate
the inverse problem. The operator L defined by
L[c] = ∂t c(x, t) − κ∂xx c(x, t) + v∂x c(x, t)

(4.38)

is a linear parabolic partial differential operator. It is known that the problem
L[c](x, t) = F (x, t)

(4.39)

has a unique solution, if certain conditions on F are met and suitable boundary
and initial conditions are given. This is the direct problem that was studied
in section 4.3. We will assume that c is smooth enough so we can postulate
the existence of point values. Then, we can define the so-called observation
operator
B[F ] := {c(a, t; F ), c(b, t; F ); 0 < t < T }
(4.40)
for 0 < a < b < xL . In accordance with the results in [10], we will assume
that we have measurements in two points, even though we have only one
actual point of measurement, namely the lumbar region, where and where
alone CSF can be accessed. A way of circumventing this problem and adding
a second point of measurement will be given in the following subsection. T is
the duration of the experiment. The inverse source problem is now stated as
follows:
(ISP): Given the measurements {d1 (t), d2 (t), 0 < t < T } of the concentration
in two points a, b ∈ (0, xL ), find the source F such that
B[F ] = {d1 (t), d2 (t); 0 < t < T }.
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(4.41)

In accordance with the assumptions in [10], we will assume that the source F
becomes inactive after time T ∗ with 0 < T ∗ < T . We will assume F to be a
point source since El Badia et al. proved identifiability for point sources only.
This assumption is no unreasonable simplification, because the source in our
model is located in the lateral ventricles, which are very small compared to
the whole CSF system.
4.5.1

Solving the inverse problem for a point source

In this section, we will examine the solvability of the inverse problem using
the results in [10]. We will assume here that we start injecting the drug into
the CSF space at time t = 0 and stop the injection at some time T ∗ with
0 < T ∗ < T , meaning that the source becomes inactive after time T ∗ but we
continue collecting data till a later time T . Note that T ∗ and T might take
high values depending on the drug in question.
With these assumptions in place, let us answer the three questions.
Identifiability
Since the source is considered to be a point source, it is of the form
F (x, t) = λ(t)δ(x − S) = cin cecf (t)δ(x − S),

(4.42)

where δ(x) is the so-called delta function or delta distribution (see appendix
B) and S is the location of the source. Since the source is assumed to become
inactive after time T ∗ , we assume λ(t) = 0 for t > T ∗ . Also, we will presume
that the unknown intensity function λ belongs to L2 (0, T ). In this case,
it is known that the direct problem has a unique solution, which belongs
to L2 (0, T ; H 1 (0, xL )) ∩ C([0, T ]; L2 (0, xL )) [26]. By the Sobolev embedding
theorem (A.1), we can therefore define the values of c(x, t) in any point
(x, t) ∈ (0, xL ) × (0, T ). This allows us to define the observation parameter
and formulate the inverse problem. In order to determine the parameters of
the source F , that is the intensity λ and the location S, we will denote the
solution as c(x, t; λ, S) and the observation operator as
B[λ, S] = {c(a, t; λ, S), c(b, t; λ, S); 0 < t < T }.
For proving the identifiability of the point source, certain conditions must be
imposed on the points a, b, where data is collected. We only have access to
the CSF in the lumbar region, but in order to use the results in [10] we need
two measurements, one of which is to be taken upstream from the source
and one downstream, that is 0 < a < S < b < xL , where S is the location
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of the source. Since the source is located in the lateral ventricles, that is
S ∈ (0, x0 ), we can use a close to 0 and b ∈ (x0 , x1 ), that is b is in the lumbar
region (recall figure 6). The concentration upstream from the source should
be negligible, because the CSF flow is unidirectional, the effect of diffusion
is assumed to be small enough so the drug does not diffuse against the flow
direction, and no drug is naturally present in the body. We may therefore
simply take c(a, t; λ, S) = 0 for all times t. Then, in order to guarantee the
identifiability of the point source, one of the points a, b needs to be strategic
in the following sense.
Definition 4.1. Let {ψn } be a complete orthonormal family of continuous
functions in L2 (0, xL ). A point b ∈ (0, xL ) is said to be strategic relative to
the family {ψn } if
ψn (b) 6= 0 ∀n.
This condition is needed in the proofs in [10]. The orthonormal family ψn
will be used to express the solution in terms of Fourier series. The definition
of a strategic point relative to the ψn is then used to prove that c(b, t) = 0
implies that all coefficients in the Fourier series must vanish. In order to find
an expression for the ψn , let us consider the Sturm-Liouville problem
−κψ 00 (x) + ρψ(x) = µψ(x); 0 < x < xL
ψ(0) = ψ 0 (xL ) − αψ(xL ) = 0,

(4.43)
(4.44)

where α = −v
, ρ = α2 κ, and v and κ are taken from (4.38). We are interested
2κ
in the family {ψn } of complete orthonormal eigenfunctions to the above
problem. For this, rewrite (4.43) as
−κψ 00 (x) + (ρ − µ)ψ = 0.

(4.45)

The general solution to this equation is
ψn = cn sin(βn x) + c̃n cos(βn x).

(4.46)

Using the initial condition in (4.44), we find that ψn (0) = 0, which implies
c̃n = 0 and hence
ψn (x) = cn sin(βn x).
By the boundary condition in (4.44), ψn0 (xL ) = αψn (xL ). Since
ψn0 (xL ) = −cn βn cos(βn xL ),
we obtain the equation
−cn βn cos(βn xL ) = cn α sin(βn xL ).
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By dividing by cn 6= 0 and multiplying by xL , we find that the βn , n ≥ 0 are
the positive solutions to
βxL cot(βxL ) = αxL .

(4.47)

The cn are normalization coefficients. The associated eigenvalues µn to ψn are
µn = ρ + κβn2 .

(4.48)

Hence,
xL βn = (2n + 1)

π
− δn ;
2

0 < δn <

And thus,
ρ < µn < µn+1 ,

µn ≈

π
,
2

lim δn = 0.

n→∞

κ 2 2
π n at ∞.
x2L

(4.49)
(4.50)

In the following, we will use the ψn as defined by (4.43), (4.44). This is
convenient since El Badia et al. [10] proved identifiability only if one of the
points where measurements are taken is strategic with respect to the family
{ψn }. For the family we have just introduced, any point p ∈ (0, xL ) such
that ψn (p) = 0 has to satisfy p = mπ
yxL for some integer m. The set of
βn
such points is countable, so an arbitrary point b ∈ (0, xL ) is strategic with
probability 1. In the following, let L[·] be the operator defined by (4.38). In
order to prove the main theorem on the identifiability of the source, we need
the following lemma (see lemma 1 in [10]).
Lemma 4.1. Let T ∗ < T and b ∈ (0, xL ) be a strategic point relative to the
family {ψn }. Suppose that w = w(x, t) satisfies
L[w](x, t) = 0; 0 < x < xL , T ∗ < t < T
w(0, t) = ∂x w(xL , t) = 0; T ∗ < t < T
w(·, T ∗ ) ∈ L2 (0, xL ).

(4.51)

Then
w(b, t) = 0 for all t ∈ (T ∗ , T ) ⇒ w(·, T ∗ ) = 0 in L2 (0, xL ).
The proof of this lemma can be found in appendix D. We will now
state and prove the main theorem on the identifiability of the solution (see
theorem 1 in [10]). The theorem states that if we have the same observations
in points a and b, one of them being strategic, for two source terms Fj =
λj (t)δ(x − Sj ), j = 1, 2 for all 0 < t < T , then F1 = F2 almost everywere. It
is thus a uniqueness result.
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Theorem 4.1. Suppose Fj (x, t) = λj (t)δ(x − Sj ), where λj ∈ L2 (0, T ) is such
that for j = 1, 2, λj (t) ≥ 0 with λj (t) = 0 for t ∈ (T ∗ , T ), and Sj ∈ (a, b),
j = 1, 2. If at least one of the points a, b is strategic with respect to the family
{ψn }, then B[λ1 , S1 ] = B[λ2 , S2 ] implies λ1 (t) = λ2 (t) almost everywhere in
(0, T ) and S1 = S2 .
Proof. Let cj , j = 1, 2 be the solutions of
L[cj ](x, t) = λj (t)δ(x − Sj ); 0 < x < xL , 0 < z < T
cj (0, t) = ∂x cj (xL , t) = 0; 0 < t < T
cj (x, 0) = 0; 0 < x < xL .

(4.52)
(4.53)
(4.54)

Again, the second condition in (4.53) applies when we neglect elimination in
the arachnoid villi. Since there is no elimination and the effect of diffusion
is assumed to be small, it is assumed that the change of concentration with
respect to space is neglectable at xL due to the distance to the source.
Consider the difference u = c2 − c1 , which is the solution to
L[u](x, t) = λ2 (t)δ(x − S2 ) − λ1 δ(x − S1 );
u(0, t) = ∂x u(xL , t) = 0; 0 < t < T
u(x, 0) = 0; 0 < x < xL .

0 < x < xL , 0 < t < T (4.55)
(4.56)
(4.57)

Now, B[λ1 , S1 ] = B[λ2 , S2 ] implies that
u(a, t) = u(b, t) = 0;

0 < t < T.

(4.58)

First consider u ∈ (0, xL ) × (T ∗ , T ). Then λj (t) = 0, j = 1, 2, and we obtain
the problem
L[u](x, t) = 0; 0 < x < xL , T ∗ < t < T
u(0, t) = ∂x u(xL , t) = 0; T ∗ < t < T.
Since u(b, t) = 0 in (T ∗ , T ) by (4.58), lemma 4.1 implies that
u(x, T ∗ ) = 0;

0 < x < xL .

(4.59)

Now consider u ∈ (0, xL ) × (0, T ∗ ) and the corresponding problem
L[u](x, t) = λ2 (t)δ(x − S2 ) − λ1 (t)δ(x − S1 ); 0 < x < xL , 0 < t < T ∗
(4.60)
u(0, t) = ∂x u(xL , t) = 0; 0 < t < T ∗
u(x, 0) = 0; 0 < x < xL .
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(4.61)
(4.62)

Since 0 < a < Sj < b < xL and δ(x − Sj ) = 0 for all x 6= Sj , j = 1, 2, we
see that the right hand side of (4.60) vanishes identically in (0, a) × (0, T ∗ ) ∪
(b, xL ) × (0, T ∗ ). Therefore we deduce from (4.60)-(4.62) that
u = 0 in (0, a) × (0, T ∗ ) ∪ (b, xL ) × (0, T ∗ ).

(4.63)

And thus, by (4.58),
∂x u(a, t) = ∂x u(b, t) = 0;

0 < t < T ∗.

(4.64)

Let ri , i = 1, 2 be the solutions of the equation −κr2 − vr = 0 and let
ui = eri x . Through multiplying (4.60) by ui and integrating with respect to x
and t, we obtain
Z b Z T∗
a

0

L[u](x, t)ui (x)dtdx = eri S2

Z T∗
0

λ2 (t)dt − eri S1

Z T∗
0

λ2 (t)dt,

(4.65)

where the eri SRj , i, j = 1, 2 term results from the integral property of delta,
that is from ab δ(x − Sj )ui (x)dx = ui (Sj ), because S ∈ (a, b). Since u ∈
L2 (0, T ; H 1 (0, xL )) ∩ C(0, t; L2 (0, xL )), using integration by parts, we see that
the left hand side of (4.65) vanishes according to (4.58), (4.59), and (4.64).
Therefore,
er1 S2

Z T∗
0

r2 S2

e

Z T∗
0

λ2 (t)dt = er1 S1
λ2 (t)dt = e

r2 S1

Z T∗
0

Z T∗
0

λ1 (t)dt
λ1 (t)dt.

∗

∗

Since
r1 6= r2 and 0T λj (t)dt > 0, we obtain S1 = S2 and 0T λ1 (t)dt =
R T∗
−v
αx
0 λ2 (t)dt. So let S = S1 = S2 and y(x, t) = e u(x, t) with α = 2κ as
above. Then, u is a solution to (4.55) if and only if y is a solution to the heat
equation:
R

R

∂t y − κ∂xx y + ρy = eαS (λ2 (t) − λ1 (t))δ(x − S); 0 < x < xL , 0 < t < T
(4.66)
y(0, t) = ∂x y(xL , t) − αy(xL , t) = 0;
y(x, 0) = 0; 0 < x < xL ,

0<t<T

(4.67)
(4.68)

where ρ = α2 κ. Then, y is given by the Fourier expansion
y(x, t) =

X

an (t)ψn (x)

n

with an (t) =

R xL
0

y(x, t)ψn (x)dx and an (0) = 0. Since

d
hy(x, t), ψn (x)i =
dt

*

+ *

+

∂
∂
y(x, t), ψn (x) + y(x, t), ψn (x) =
∂t
∂t
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*

+

∂
y(x, t), ψn (x) ,
∂t

we obtain
a0n (t) =
=

Z xL
Z0xL
0

∂t y(x, t)ψn (x)dx
(κ∂xx y(x, t) − ρy(x, t))ψn (x)dx + eαS (λ2 (t) − λ1 (t))ψn (S)

= −µn an (t) + eαS (λ2 (t) − λ1 (t))ψn (S),
using (4.66) for the expression of ∂t y(x, t). The µn are the eigenvalues with
respect to ψn as defined by (4.43) and (4.48). Therefore,
u(x, t) = e

−αx

y(x, t) =

∞
X

ψn (x)ψn (S)e

−α(x−S)

Z t
0

n=0

(λ2 − λ1 )(ζ)e−µn (t−ζ) dζ,

which is obtained by integrating a0n (t) with respect to t. We can write this as
u(x, t) =
with
Φ(x, t) =

Z t
0

(λ2 − λ1 )(ζ)Φ(x, t − ζ)dζ

∞
X

ψn (S)ψn (x)e−α(x−S) e−µn t .

(4.69)

n=0

Here we have switched integration and summation, which is justified by
Lebesgue’s theorem of dominated convergence and the estimate
∞
X

|ψn (S)ψn (x)e

−α(x−S)

|e

−µn t

≤M

n0

≤M

∞
X

2t

e−Kn

n0
Z ∞

2

e−Ktξ dξ

0

1
= M1 √ ,
t

(4.70)
(4.71)
(4.72)

where M, M1 , K are constants.
The first estimation (4.70) is obtained by using (4.50)
for n0 sufficiently
√
R ∞ −x2
large,√while equation (4.72) is obtained by using −∞ e dx = π with
x = ξ Kt, dξ = √1Kt dx.
Since u(b, t) = u(a, t) = 0 for 0 < t < T , we get
u(b, t) =

Z t
0

(λ2 − λ1 )(ξ)Φ(b, t − ξ)dξ = 0;

∀t ∈ (0, T ).

According to theorem D.1, the functions (λ2 −λ1 ) and Φ must vanish identically
at least in some intervals (0, T 0 ), (0, T 00 ) respectively, where T 0 , T 00 are such
that T 0 + T 00 ≥ T . If Φ = 0 in (0, T 00 ) with T 00 > 0, analytic continuation
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also yields Φ = 0 in (0, ∞), which implies ψn (S)ψn (b) = 0 for all n. Since
b is strategic, that is ψn (b) 6= 0 for all n, this implies ψn (S) = 0 for all n,
which is impossible according to the representation of βn in (4.49). Hence
(λ2 − λ1 ) = 0, and thus
λ2 (t) = λ1 (t); 0 < t < T.

Stability
Stability is crucial in numerical applications. If the source F does not
depend continuously on the data, small perturbations and rounding errors
are amplified. El Badia et al. [10] proved a local Lipschitz stability result
using Gâteaux differentiability. These arguments are based on those used by
Bellout and Friedmann in [4].
Definition 4.2. Let X, Y be locally convex topological spaces, for example
Banach spaces, U ⊂ X open and F : X → Y . The Gâteaux differential
dF (u; ψ) of F at u ∈ U in direction ψ ∈ X is defined as
F (u + τ ψ) − F (u)
τ →0
τ

dF (u; ψ) = lim

if this limit exists. If the limit exists for all ψ ∈ X, then F is said to be
Gâteaux differentiable at u ∈ U .
Now consider the set
G(T ∗ ) = {(λ, S) ∈ L2 (0, xL ) × (a, b) | λ(t) ≥ 0 with λ(t) = 0 for t ≥ T ∗ }.
Then, for (λ, S), (µ, τ ) ∈ G(T ∗ ) and h sufficiently small, (λ + hµ, S + hτ ) ∈
G(T ∗ ). We can therefore define the source term
F h (x, t) = (λ(t) + hµ(t))δ(x − (S + hτ )).

(4.73)

Moreover, by using Taylor expansion with respect to h, we see that there is a
point Sh satisfying |S − Sh | < |τ h| such that
F h (x, t) = F (x, t) + hF̂ (x, t) + h2 F̃ (x, t),
where
F̂ (x, t) = µ(t)δ(x − S) − λ(t)τ δ 0 (x − S)
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1
F̃ (x, t) = −µ(t)δ 0 (x − S) + λ(t)τ 2 δ 00 (x − Sh ).
2
Hence,

c(x, t; F h ) = c(x, t; F ) + hc(x, t; F̂ ) + h2 c(x, t; F̃ ),

where c(x, t; F̂ ) and c(x, t; F̃ ) are solutions of (4.39) with the initital and
boundary conditions
c(0, t) = ∂x c(xL , t) = 0
c(x, 0) = 0
and with F̂ and F̃ , respectively, as source terms. Therefore,
B[F h ] − B[F ]
= {c(a, t; F̂ ), c(b, t; F̂ )}.
h→0
h
lim

(4.74)

We can now state the local Lipschitz stability result as mentioned earlier.
For the proof, see appendix D.
Theorem 4.2. Let λ, µ ∈ G(T ∗ ). If (µ, τ ) 6= (0, 0) for 0 < t < T , then
B[F h ] − B[F ]
6= 0.
h→0
h
lim

This theorem means that with h → 0 we can still distinguish between the
source terms F h and F by means of the measurements taken in points a and
b as long as the error in the measurements is o(h).
Identification
Having answered the questions of identifiability and stability, we are left with
the third question. If the source term is identifiable and the solution depends
continuously on the data, how can we determine the source parameters? For
the identification of the source term F (x, t), we need to find the location S
and the intensity λ. The method presented in [10] requires knowledge of the
functions c(x, T ∗ ) for 0 < x < xL and ∂x c(a, t), ∂x c(b, t) for 0 < t < T ∗ . So
before we can try to recover the source parameters, we need to find these
functions. This is done by solving three systems.
The first step is to determine cT ∗ = c(x, T ∗ ) from the system
L[c](x, t) = 0; 0 < x < xL , T ∗ < t < T
c(0, t) = ∂x c(xL , t) = 0; T ∗ < t < T
c(x, T ∗ ) = cT ∗ (x); 0 < x < xL
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by using the data {d1 (t), T ∗ < t < T } and {d2 (t), T ∗ < t < T }. Again, F = 0
since λ(t) = 0 in (T ∗ , T ). Tikhonov regularization can be used to solve the
system and hence to identify cT ∗ .
Then, ∂x c(a, t) and ∂x c(b, t) can be determined by solving two direct
problems. For identifying ∂x c(a, t), we use the data {d1 (t), 0 < t < T ∗ } and
solve the system
L[c](x, t) = 0; 0 < x < a, 0 < t < T ∗
c(0, t) = 0; 0 < t < T ∗
c(a, t) = d1 (t); 0 < t < T ∗
c(x, 0) = 0; 0 < x < a.
Here, F = 0 since S ∈
/ (0, a). Similarly, for ∂x c(b, t) we have to solve the
system
L[c](x, t) = 0; b < x < xL ;
c(b, t) = d2 (t); 0 < t < T ∗
∂x c(xL , t) = 0; 0 < t < T ∗
c(x, 0) = 0; b < x < xL

0 < t < T∗

with F = 0 since S < b.
If we suppose now that c(x, T ∗ ), ∂x c(a, t) and ∂x c(b, t) are completely
determined in their domains, we can try to recover the location S. Therefore,
consider the system
L[c](x, t) = λ(t)δ(x − S); 0 < x < xL , 0 < t < T ∗
c(0, t) = ∂x c(xL , t) = 0; 0 < t < T ∗
c(x, 0) = 0; 0 < x < xL .
Through multiplying the first equation by eri x with ri as before and integrating
with respect to x and t over (0, xL ) × (0, T ∗ ), in which we use integration by
parts, we obtain
ri S

e

Z T∗
0

λ(t)dt = −κe

ri b

+

Z b
a

Z T∗
0

∂x c(b, t)dt + κe

c(x, T )e
∗

ri a

ri x

dx;

i = 1, 2.

Z T∗
0

∂x c(a, t)dt

(4.75)

Here, the integrals with respect to x are from a to b because L[c] = 0 for
x ∈ (0, a) × (b, xL ). The formula allows us to determine S since all functions
appearing on the right hand side are completely determined in their domains
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(and set equal to 0 everywhere else). More precisely, by taking the logarithm
on both sides of (4.75) for i = 1, 2, we obtain a system
Z T∗

ln

0

Z T∗

ln

0

!

λ(t)dt + r1 S = ln(A(r1 ))
!

λ(t)dt + r2 S = ln(A(r2 )),

where A(ri ) denotes the right hand side of (4.75) for i = 1, 2. Now, by
substracting the second equation from the first, we obtain
A(r1 )
,
(r1 − r2 )S = ln
A(r2 )
!

which leads to

1
A(r1 )
ln
.
S=
r1 − r2
A(r2 )
!

(4.76)

In the last step, we can now try to reconstruct the intensity function λ. This
function gives information on the brain-ECF concentrations, in which we are
interested. Recall that λ was of the form λ(t) = cin cecf (t), so finding λ gives
indeed the concentration we have been searching for. El Badia et al. [10]
present two methods for solving the following problem: Given measurements
{d2 (t); 0 < t < T }, determine λ such that
d2 (t) =

Z t
0

λ(ζ)Φ(b, t − ζ) dζ;

0 < t < T.

Here, Φ(x, t) is the function (4.69) in the proof of theorem (4.1). Both
methods transform the above equation into a linear system. For the first
method, the convolution equation is replaced by its approximated version
using the trapezoidal rule. To this end, set
h=

T∗
,
M

and denote

tm = mh, m = 1, . . . , M,

0 < t1 < · · · < tk < · · · < tm−1 < tm

yk = d2 (tk ) and λk = λ(tk ).

In each interval (tk , tk+1 ), we can now approximate the corresponding integral
Z tk+1

λ(ζ)Φ(b, t − ζ)dζ

tk
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by the trapezoidal rule
h
(Φ(b, tm−k−1 )λk+1 + Φ(b, tm−k )λk ) .
2
Then,
ym =

X
h m−1
(Φ(b, tm−k−1 )λk+1 + Φ(b, tm−k )λk );
2 k=0

m = 1, . . . , M,

which leads to the linear system
AΛ = Y

(4.77)

with Y = (yk )k = (d2 (tk ))k and Λ = (λk )k . The second method consists in
decomposing λ on a finite Fourier basis lk
λ(t) =

m
X

θk lk (t),

k=1

which leads to the linear system
AΘ = Y.

(4.78)

The coefficients of A are given by
Z tm
0

4.6

lk (ζ)Φ(b, tm − ζ)dζ.

(4.79)

Model improvements

We will now discuss some possible improvements of the model derived in
this thesis. The model so far neglects the effects of drug elimination or
reabsorption of CSF along the spine. A certain portion of CSF may be
absorbed into the blood by the spinal venules or drain into the lymph nodes
in the neck. The experiments mentioned in McComb [27], in which dyed fluid
was injected into the CSF space of rabbits, suggest that about 26% of the CFS
drains into the cervical lymphatics, which would imply that drug elimination
also takes place in the SAS and hence affects the concentration in the lumbar
region. Similar results can be found in Koh et al. [22], where human values
are given as well. On the other hand, since CSF is eliminated by flowing
into the blood, we would expect the CSF containing the dye to be filtered
from the blood into the lymphatics. This would lead to an overestimation of
the actual lymphatic contribution to CSF drainage [22]. It is thus not yet
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clear to what extend CSF drainage into the lymphatic system needs to be
considered. It is also conceivable that some drug compounds may react with
certain contents of the CSF, creating a new substance which is no longer
detectable as the drug in question. Hence, drug elimination may take place
by reaction with other substances along the CSF space.
All of this might mean that neglecting elmination in the model yields
insufficiently accurate results. One could therefore add to the equation a
reaction term which deals with the above possibilities of absorption, drainage,
or reaction, yielding the PDE
∂t c(x, t)+v∂x c(x, t)−κ∂xx c(x, t)+Rc(x, t) = F (x, t);

0 < x < xL ; 0 < t < T.

Here, R is the reaction coefficient, which is the fraction of the total concentration eliminated in the ways specified in the preceding paragraph. All proofs
in section 4.5.1 can be adapted to this case using ρ = α2 κ + R with α = −v
as
2κ
before. Of course, R needs to be estimated or determined experimentally. The
experimental setup could be as follows: The drug in question is injected into
the plasma as usual. The drug is bound to H1 (hydrogen). Then, the same
drug is injected at the same dose but bound to H3 into the CSF space in the
cervival region, that is in the neck. Here, H3 denotes tritium, a radioactive
isotope of hydrogen. It contains one proton and 2 neutrons, whereas the
most common isotope of hydrogen H1 (or simply H) contains one proton
and no neutrons. Tritium is often used as a tracer in pharmaceutical or
chemical studies. It reacts in the same manner as hydrogen, but is distinguishable from simple hydrogen due to its radioactivity. Tritium can be used
to monitor, for example, metabolic processes because it can easily be followed
when participating in biochemical reactions. In the lumbar region, CSF is
extracted and the concentrations of the drug bound to H1 and bound to H3
are measured separately (see figure 31). Comparing these two concentrations
should give not only the loss of concentration due to reaction or absorption
in the thoracic and lumbar regions of the SAS (in form of the loss of drug
bound to H3 ), but also loss due to brain metabolism or reabsorption into the
cervical lymphatics. The same fraction of the drug bound to H1 is lost along
the thoracic and lumbar regions of the SAS. The additional difference to the
initial dose corresponds to the fraction lost due to brain metabolism or ealier
drainage.
Moreover, we have shown solvability for a point source only. It may be
desirable to have solvability conditions and a stability result also for non-point
sources. The assumption we made was that exchange between brain ECF
and CSF is only possible in one single point located in the lateral ventricles.
Of course, in reality we expect exchange to be possible everywhere in the
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Figure 31: Schematic setup of an experiment to determine the reaction/elimination coefficient R.
lateral ventricles. Also, drugs may enter the CSF in the lateral ventricles
directly from the blood via the BCSFB, which has been neglected in our
model. Neglecting the input from transport across the BCSFB leads to an
overestimation of brain-ECF concentrations. In order to incorporate the
transport across the BCSFB, the source term must be modified. For this,
it is important to have a reliable estimation of the BCSFB contribution
to drug transport into the CSF in order to distinguish between brain-ECF
concentration and transport across the BCSFB in the source term. So far,
the coefficients are assumed to be constants. However, the coefficients may
be time dependent or depend on the spatial variable. Since some transport
processes are faster than others, cin might be time dependent. Similarly, we
may find it appropriate to use v = v(x) or even v(x, t) instead of assuming a
constant velocity. The experiments in [29] and [17] suggest that the CSF flow
velocity depends on the location within the CSF space as well as the time
within the cardiac cycle.
So far, we can only model the change in the CSF concentration, whereas
the compartmental models also describe the change in plasma and brainECF concentrations. Since the PDE describes all of the CSF compartments
together, it is possible to incorporate the PDE model into the compartmental
models by replacing the ODEs for the CSF compartments with the PDE
while continuing to use the ODEs for plasma and brain ECF concentrations.
The resulting model will describe the full process of drug distribution from
injection into the blood to distribution along the CSF space.
Finally, a generalization to a 2D or even 3D model might be more accurate.
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5

Result

The model developed in this thesis can be seen as a basic model calling for
further research. Many simplifications were made to prove the solvability of
the problem of reconstructing brain-ECF values from CSF measurements in
the lumbar region. Not enough data is available to test the method for solving
this inverse problem. The numerical results in [10] suggest that the method
presented works quite well if the data-noise level is small enough, despite
the fact that the errors are multiplied by solving the problems for c(x, T ∗ )
and ∂x c(a, t), ∂x c(b, t) first and using the obtained functions for solving the
last problem. For the actual validation of the model, it is necessary to have
brain-ECF and lumbar-CSF data for the same species and obtained under
the same conditions, that is in the same study. Only by means of such data
would it be possible to see how accurately the model – along with the method
introduced in section 4.5 – reconstructs brain-ECF values from lumbar-CSF
measurements. Also, reliable estimates for cin and κ need to be given for the
drug in question.
The main problems we faced were due to insufficient data or difficulties
with the solvability of the model. Many simplifications we made were necessary
to guarantee the solvability of the inverse problem. The method introduced by
El Badia et al. works only for point sources. Most existing methods for inverse
advection-diffusion equations allowing more flexibility in the coefficients have
only been proved to work for time independent source terms. For this reason,
they cannot be used for reconstructing brain-ECF concentrations. Hence,
further research is necessary on the cases of a non-point source and of variable
velocity. Concerning the data problem, recall the following figure (figure 32
= figure 12 above), which is a reproduction of figure 7 in Westerhout et al.
[39]. It must be noted that the time scales in different parts of the figure vary
from 120 min up to 1680 min. Therefore, the full elimination of methotrexate
is not yet visible in some plots. In parts D and E of this figure, we can clearly
see the travelling-wave effect as obtained for the analytical solution from
the advection term (recall figure 10). In A to C, this effect is not visible.
The SAS in a rat is very short while the time scale in the figure is rather
coarse, which makes it probable that the travelling-wave effect is present but
too small to be visible in the figure. It is remarkable that the humanized
model seems to underestimate the real brain-ECF and CSF concentrations.
There are three main reasons for this observation. Firstly, it may be due
to errors in extrapoliting from the rat to the human model. Secondly, the
models were obtained using data from healthy rats while the human data
was obtained under disease conditions. The disease state may have affected
the permeability of the barriers and the CSF turnover, which then affects
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Figure 32: Concentration-time profiles for methotrexate concentrations in
different species. Black dots are observed data. Grey areas show the 95%
confidence interval. Reproduction of figure 7 in [39].
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Figure 33: Data used for figure 32, n=number of subjects (sample size).
Reproduction of table 4 in [39].
the drug distribution and hence the concentration profiles. This is supported
by the fact that we see a similar underestimation in diseased rats, albeit in
the first part of the time interval, while in humans it is stronger later on.
However, the last reason may be the most important: The human data was
obtained in multiple studies. Several studies have shown that CSF turnover
and permeability of the barriers are highly sensible to a great variety of
parameters, so measurements obtained under different conditions in different
studies will differ severely. We can see in figure 33, which is a reproduction of
table 4 in Westerhout et al. [39], that the subjects from whom the data used
in figure 32 was obtained had different diseases or disease states. Moreover,
some studies measured concentrations from as few as two people. The human
data is therefore of very limited comparability. Yet again, we face the problem
of insufficient data.
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A

Sobolev spaces

In sections 4.4 and 4.5, we used certain properties of Lebesgue functions and
Sobolev spaces. The definitions and major theorems shall be given here. In
order to define the Sobolev spaces, we need a weaker form of differentiation.
The idea behind the weak derivative is related to that behind integration
by parts. Before giving the definition of a weak derivative, we introduce a
multiindex as follows.
Definition A.1 (Multiindex). A vector
α = (α1 , . . . , αn ) ∈ Nn0
is called a multiindex. The order of α is |α| = α1 + · · · + αn . In the symbol
Dα , the αi indicates how many times we differentiate in the ith direction.
Example A.1. Let n = 3 and u ∈ C 3 . Then, for α = (1, 0, 2) we have
|α| = 3 and
∂ 3u
Dα u =
.
∂x1 ∂x23
Definition A.2 (Weak derivative). Let Ω ⊂ Rn open and define
L1,loc (Ω) = {f : Ω → R | f ∈ L1 (K) for any compact set K ⊂ Ω}.
If there exists v ∈ L1,loc (Ω) such that
Z
Ω

u(x)D φ(x)dx = (−1)
α

α

Z

v(x)φ(x)dx;

Ω

∀φ ∈ C0∞ (Ω),

then v is called the weak derivative of y of order α. In this case, we write
v = Dα u.
In the above definition, C0∞ (Ω) is the set of C ∞ (Ω) having a compact
support in Ω. Note that supp φ = {x ∈ Ω | φ(x) 6= 0} implies that any
φ ∈ C0∞ (Ω) vanishes on the boundary ∂Ω.
Definition A.3 (Sobolev spaces). Let Ω ∈ Rn .
i.) The Sobolev space W k,p (Ω) is the space of all functions u ∈ Lp such
that for every multiindex α with |α| ≤ k the weak derivative Dα u exists
and belongs to Lp (Ω), that is
W k,p (Ω) = {u ∈ Lp (Ω) | Dα u ∈ Lp (Ω) for all |α| ≤ k}.
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ii.) On W k,p (Ω) we introduce the Sobolev norm
1/p



kukW k,p (Ω) = 

X Z

|α|≤k

kukW k,∞ (Ω) =

X
|α|≤k

Ω

|Dα u|p dx

1/p



=

X

kDα ukpLp (Ω) 

;

1≤p<∞

|α|≤k

ess sup |Dα u| ;

p = ∞.

x∈Ω

The Sobolev spaces are Banach spaces with respect to the Sobolev norm.
iii.) For p = 2, W k,p is a Hilbert space. We write W k,2 (Ω) = H k (Ω) to
distinguish this case from the other Sobolev spaces.
iv.) H0s (Ω) is the closure of C0∞ (Ω) in H s (Ω).
[6].

Of course, ii.) and iii.) are not merely definitions; a proof can be found in

Theorem A.1 (Sobolev embedding theorem). Let 1 ≤ p < ∞ and k ∈ N0 .
Let further Ω ⊂ Rn bounded open subset with C 1 boundary. Then the following
continuous embeddings hold.
i.) If kp < n :
W k,p (Ω) ,→ Lq (Ω);
ii.) If kp = n :

W k,p ,→ Lq (Ω);

with

1
1 k
= − .
q
p n

∀1 ≤ q < ∞.

iii.) If kp > n:
W k,p (Ω) ,→ C(Ω̄).
On C(Ω̄) the norm maxx∈Ω̄ |u(x)| is imposed.
A proof of this theorem can be found in [6] as well as [2].

B

The Dirac delta function

The delta function plays an important role in modelling point sources. Since
a point source is only active in one point, it should be zero elsewhere, which
yields a source term of the form
F (x, t) = λ(t)δ(x − S),

(B.1)

where λ is the intensity of the source and S the location. There are different
ways to define the delta function δ(x). One possibility is to define it by its
properties
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• δ(x) =
•

R∞

−∞


0 ;
∞ ;

x 6= 0
x=0

δ(x)f (x) dx = f (0).

The second property implies that
Z b
a

δ(x)f (x − S) dx = f (S)

if a < S < b or zero otherwise. It must be noted that the delta function is in
fact not a function, which is why it is also called delta distribution. Another
definition often found in the literature is δ(x) = H 0 (x), where the derivative is
to be understood in the weak sense and H is the so-called Heavyside function
H(x) =


0 ;

x<0
.
1 ; x > 0

We can also define δ as the limit of a sequence of functions. For example, the
delta function can be defined as one of the following limits for  → 0:
1

lim 2
π →0 x + 2
1
= lim |x|−1
→0 2
x2
1
= lim √ e− 4
→0 2 π
1
x
= lim
sin( ).
→0 πx


δ(x) =

(B.2)
(B.3)
(B.4)
(B.5)

Moreover, it is possible to find a weak derivative of δ(x). Using definition
A.2, one finds that δ 0 (x) is defined by the property
Z b
a

δ 0 (x)f (x) dx = −

Z b
a

δ(x)f 0 (x) dx = f 0 (0)

for a < x < b. From (B.2) we can even derive an expression for δ(x) as the
limit of a sequence of functions [33]
2
x
δ 0 (x) = − lim 2
.
→0
π
( + x2 )2
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(B.6)

C

Tikhonov regularization: proofs

We will prove that the Tikhonov functional
Jα (φ) := kT φ − g δ k2 + αkφ − φ0 k2

(C.1)

for perturbed data g δ and α > 0, has a unique minimum for all initial guesses
φ0 . Moreover, we will show that the mimimum φδα depends continuously on
the perturbed data. Some preparations are needed for the proof of the main
theorem.
Definition C.1. Let X, Y be normed spaces and U ⊂ X an open subset. A
mapping F : U → Y is called Fréchet differentiable at φ ∈ U if there exists a
bounded linear operator F 0 [φ] : X → Y such that
1
(F (φ + h) − F (φ) − F 0 [φ]h) = 0.
h→0 khk
lim

F 0 [φ] is called the Fréchet derivative of F at φ. F is called Fréchet differentiable
if it is differentiable at every φ ∈ U .
For Fréchet differentiable functions F the following lemma holds.
Lemma C.1. Let U be an open subset of a normed space X. If F : U → R
is Fréchet differentiable at φ and if φ ∈ U is a local minimum of F , then
F 0 [φ] = 0.
Proof. Let φ be a local minimum of F and assume that F 0 [φ] 6= 0. After
changing the sign of h if necessary, assume that F 0 [φ]h < 0. Then
F (φ + h) − F (φ)
= F 0 [φ]h < 0.
&0


lim

This contradicts the assumption that φ was a local minimum of F .
Lemma C.2. The Tikhonov functional is Fréchet differentiable for every
α ≥ 0 and the Fréchet derivative is given by
Jα0 [φ]h = 2 RehT ∗ (T φ − g δ ) + α(φ − φ0 ), hi.
Proof. Follows from
Jα (φ + h) − Jα (φ) − Jα0 [φ]h = kT hk2 + αkhk2 .
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(C.2)

Finally, recall the following theorem.
Theorem C.1 (Lax-Milgram). Let X be a Hilbert space over K ∈ {R, C} and
a : X × X → K a sesquilinearform. Let there exist constants 0 < c ≤ C < ∞
such that for all x, y ∈ X:
i) |a(x, y)| ≤ CkxkX kykX ,
ii) Re a(x, x) ≥ ckxk2X .
Then, there is a unique linear operator A : X → X such that
a(y, x) = hy, AxiX ;

∀x, y ∈ X.

Furthermore, A is invertible and
kAk ≤ C;

1
kA−1 k ≤ .
c

A proof can be found in [25].
Now we can state and prove the following useful theorem.
Theorem C.2. The Tikhonov functional Jα has a unique minimum φδα in
X for all α > 0, g δ ∈ Y and φ0 ∈ X. This minimum is given by
φδα = (T ∗ T + αI)−1 (T ∗ g δ + αφ0 ),

(C.3)

where T ∗ is the conjugate transpose of T . The operator T ∗ T + αI is boundedly
invertible, so φδα depends continuously on g δ .
Proof. Let us assume that φδα minimizes the Tikhonov functional Jα . Then
J 0 [φδα ]h = 0 for all h ∈ X by lemma C.1 and lemma C.2. Chosing h =
T ∗ (T φ − g δ ) + α(φ − φ0 ) in (C.2) implies that
(T ∗ T + αI)φδα = T ∗ g δ + αφ0 ,
since in this case
Jα0 [φ]h =< h, h >= khk2 = 0 ⇒ h = 0.
By theorem C.1 and the inequality
Reh(T ∗ T + αI)φ, φi = kT φk2 + αkφk2 ≥ αkφk2 ,
the operator T ∗ T + αI is invertible, since condition i) of theorem C.1 follows
from the Cauchy-Schwarz inequality. Note that for all h ∈ X \ {0}, the
function ψ(t) := Jα (φδα + th) is a polynomial of degree 2 with ψ ≥ 0 and
ψ 0 (0) = 0, which implies that ψ(t) ≥ ψ(0) for all t ∈ R and equality only
when t = 0. Therefore, φδα defined as in (C.3) indeed minimizes the Tikhonov
functional Jα .
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D

Proofs of the theorems in section 4.5

In the following, we will give the theorems used in section 4.5 and the proofs
by El Badia et al. in [10].
Lemma D.1. Let T ∗ < T and b ∈ (0, xL ) be a strategic point relative to the
family {ψn }. Suppose that w = w(x, t) satisfies
L[w](x, t) = 0; 0 < x < xL , T ∗ < t < T
w(0, t) = ∂x w(xL , t) = 0; T ∗ < t < T
w(·, T ∗ ) ∈ L2 (0, xL ).

(D.1)

Then
w(b, t) = 0 for all t ∈ (T ∗ , T ) ⇒ w(·, T ∗ ) = 0 in L2 (0, xL )
Proof. Let

z(x, t) = eαx w(x, t)

(D.2)

−v
.
2κ

with α =
Then, w is the solution to (D.1) if and only if z is the solution
to the following equation:
∂t z − κ∂xx z + ρz = 0; 0 < x < xL , T ∗ < t < T
z(0, t) = ∂x z(xL , t) − αz(xL , t) = 0; T ∗ < t < T
z(·, T ∗ ) ∈ L2 (0, xL ).

(D.3)

Thus, z is given by the Fourier expansion in L2 -sense
z(x, t) =

∞
X

∗

hz(·, T ∗ ), ψn iL2 ψn (x)e−µn (t−T ) ,

(D.4)

n=0

where the µn are the eigenvalues (4.48) and hf, giL2 = 0xL f (x)g(x)dx denotes
the usual inner product in L2 (0, xL ). It can be seen from (4.50) that the right
hand side of (D.4) converges uniformly for all t ≥ t0 > T ∗ by the Cauchy
∗
criterion since e−µn (t−T ) goes to 0 exponentially fast as n → ∞. Also, the
right hand side gives an analytic function of t ∈ (T ∗ , ∞) for every x ∈ (0, xL ).
This gives a sense to z(b, t) and w(b, t) for t > T ∗ . Now, if w(b, t) = 0 for all
t ∈ (T ∗ , T ), then by definition
R

z(b, t) = 0;

∀t ∈ (T ∗ , T ).

By analytic continuation, we can conclude that
∞
X

hz(·, T ∗ ), ψn iL2 (0,xL ) ψn (b)e−µn (t−T

n=0
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∗)

= 0;

∀t ∈ (T ∗ , ∞).

(D.5)

Therefore, we may deduce successively that all coefficients in (D.5) vanish, so
∀n ∈ N.

hz(·, T ∗ ), ψn iL2 (0,xL ) ψn (b) = 0;

Since b is strategic with respect to the ψn , so ψn (b) 6= 0 for all n, this means
hz(·, T ∗ ), ψn iL2 (0,xL ) = 0;

∀n ∈ N.

Thus z(·, T ∗ ) = 0 in L2 (0, xL ) and therefore, by the definition of z(x, t), we
also have w(b, t) = 0 in L2 (0, xL ).
In the proof of the main theorem on the identifiability of the solution, we
also used the following theorem. A proof can be found in [9].
Theorem D.1 (Titchmarsh). Let φ(t), ψ(t) be integrable functions such that
Z x
0

φ(t)ψ(x − t) dt = 0

almost everywhere in the interval 0 < x < ν. Then there exist λ ≥ 0, µ ≥ 0
with λ + µ ≥ ν such that φ(t) = 0 almost everywhere in (0, λ) and ψ(t) = 0
almost everywhere in (0, µ).
For the proof of the stability result, consider the set
G(T ∗ ) = {(λ, S) ∈ L2 (0, xL ) × (a, b) | λ(t) ≥ 0 with λ(t) = 0 for t ≥ T ∗ }.
Then, for (λ, S), (µ, τ ) ∈ G(T ∗ ) and h sufficiently small, (λ + hµ, S + hτ ) ∈
G(T ∗ ). We can therefore define the source term
F h (x, t) = (λ(t) + hµ(t))δ(x − (S + hτ )).

(D.6)

Moreover, by using Taylor expansion with respect to h, we see that there is a
point Sh satisfying |S − Sh | < |τ h| such that
F h (x, t) = F (x, t) + hF̂ (x, t) + h2 F̃ (x, t),
where
F̂ (x, t) = µ(t)δ(x − S) − λ(t)τ δ 0 (x − S)
1
F̃ (x, t) = −µ(t)δ 0 (x − S) + λ(t)τ 2 δ 00 (x − Sh ).
2
Hence,

c(x, t; F h ) = c(x, t; F ) + hc(x, t; F̂ ) + h2 c(x, t; F̃ ),
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where c(x, t; F̂ ) and c(x, t; F̃ ) are solutions of (4.39) with the initital and
boundary conditions
c(0, t) = ∂x c(xL , t) = 0
c(x, 0) = 0
and with F̂ and F̃ , respectively, as source terms. Therefore,
B[F h ] − B[F ]
= {c(a, t; F̂ ), c(b, t; F̂ )}.
h→0
h
lim

(D.7)

Furthermore, since λ, µ ∈ L2 (0, xL ), it can be proved by means of a transformation method that the function c(·, ·; F̂ ) belongs to L2 ((0, xL ) × (0, T )), and
hence it also belongs to C([0, T ]; H −1 (0, xL )), where H −1 denotes the dual
space to H01 .4 This regularity result is needed to justify the integration by
parts below.
Now we can prove the local Lipschitz stability result as given in section
4.5 (see theorem 2 in [10]).
Theorem D.2. Let λ, µ ∈ G(T ∗ ). If (µ, τ ) 6= (0, 0) for 0 < t < T , then
B[F h ] − B[F ]
6= 0.
h→0
h
lim

Proof. We will prove that
{c(a, t; F̂ ), c(b, t; F̂ )} =
6 {0, 0};

0<t<T

by showing that {c(a, t; F̂ ), c(b, t; F̂ )} = {0, 0} implies that (λ, τ ) = (0, 0). So
suppose that c(a, t; F̂ ) = c(b, t; F̂ ) = 0. First, using the same techniques as in
the proof of theorem 4.1, we can show that
c(x, T ∗ ; F̂ ) = 0;
and

0 < x < xL

∂x c(a, t; F̂ ) = ∂x c(b, t; F̂ ) = 0;

0 < t < T ∗.

Note that in (T ∗ , T ) the problem becomes
L[c](x, t) = 0; 0 < x < xL , T ∗ < t < T
c(0, t) = ∂x c(xL , t) = 0; T ∗ < t < T
c(x, 0) = 0,
4

El Badia et al. [10] adopt this method from Lions [26]. See this for details.
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(D.8)
(D.9)

because F̂ (x, t) = µ(t)δ(x − S) − λ(t)τ δ 0 (x − S) and µ, λ = 0 for t ≥ T ∗ .
Since c(b, t; F̂ ) = 0 by assumption, lemma 4.1 implies that
c(x, T ∗ ; F̂ ) = 0;

0 < x < xL .

In (0, T ∗ ), we now have the problem
L[c](x, t) = µ(t)δ(x − S) − λ(t)τ δ 0 (x − S)
c(0, t) = ∂x c(xL , t) = 0
c(x, 0) = 0.

(D.10)
(D.11)
(D.12)

By definfition, δ(xS ) = 0 for all x 6= 0. Also, δ 0 (x − S) can be written as the
limit
2
(x − S)
δ 0 (x − S) = − lim 2
π →0 ( + (x − S)2 )2
according to (B.6). Now, since 0 < a < S < b < xL , δ(x − S) = 0 and also
δ 0 (x − S) = 0 in (0, a) × (0, T ∗ ) ∪ (b, xL ) × (0, T ∗ ), which means
c(x, t; F̂ ) = 0 in (0, a) × (0, T ∗ ) ∪ (b, xL ) × (0, T ∗ ).
By (D.10)-(D.12), we conclude that
∂x c(a, t; F̂ ) = ∂x c(b, t; F̂ ).
Now consider an infinitely differentiable function ξ ∈ D(0, xL ) such that
ξ(x) = 1 in a neighbourhood of S. Through multiplying the equation
L[c](x, t) = F̂ (x, t)
with L[c] as in (4.38) by ξ(x)eri x , where the ri are the solutions to the
characteristic equation −κr2 − vr = 0, and integrating with respect to x from
0 to xL , we obtain
µ(t)eri S + λ(t)τ ri eri S =
Z xL
0

(∂t c(x, t) − v∂x c(x, t) − κ∂xx c(x, t))ξ(x)eri x dx.

(D.13)

By using integration by parts and (D.8) and (D.9), we find that
D

µ(t)eri S + λ(t)τ ri eri S = ∂t c(x, t; F̂ ), ξ(x)eri x

E
H −1 ,H01

,

0 < t < T ∗ , (D.14)

since all other terms vanish. Here h·, ·iH −1 ,H01 is the duality bracket between
H −1 and H01 (that is a generalized form of the L2 inner product). Now, since
∂t c(x, t; F̂ ) ∈ L1 (0, T ; H −1 (0, xL )) and ξ(x)eri x ∈ H01 (0, xL )
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c(x, T ∗ ; F̂ ) = c(x, 0; F̂ ) = 0;

0 < x < xL

we have
Z T∗
0

h∂t c(x, t; F̂ ), ξ(x)e

ri x

iH −1 ,H01 dt =

*Z ∗
T
0

+

= 0.

∂t c(x, t; F̂ )dt, ξ(x)e

ri x
H −1 ,H01

Thus,
Z T∗
0

Z T∗
0

µ(t)dt + τ r1
µ(t)dt + τ r2

Z T∗
0

Z T∗

∗

0

λ(t)dt = 0
λ(t)dt = 0.
∗

Since r1 =
6 r2 and 0T λ(t)dt > 0, this implies τ = 0 and 0T µ(t)dt = 0.
Using
the same arguments as in the proof of theorem (4.1), we find that
R T∗
0 µ(t)dt = 0 implies that µ(t) = 0, which ends the proof of the theorem.
R

R
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