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Introduction

An elliptic curveE defined over a number fieldK is the locus of an equation of the
form

E : y2 = x3 +Ax+B

where A,B ∈ OK are such that −16(4A3 + 27B2) 6= 0, together with a point at in-
finity O given in projective coordinates by [0 : 1 : 0]. Given a prime ideal p of K
we can reduce the equation of E modulo p, obtaining in this way the equation of a
new curve Ẽ(kp) on the residue field kp := OK/p. Just for finitely many primes this
curve will be singular: these are called primes of bad reduction. For all the other
prime ideals (the primes of good reduction) the reduced curve Ẽ(kp) is an elliptic
curve and, as such, the set of points on it carries a natural structure of finite abelian
group. It is a standard result in the theory of elliptic curves that this group is abelian
on at most two generators i.e. it is either cyclic or isomorphic to the product of two
cyclic groups of non-coprime order. The question that we address in this thesis is
the following:

Question: for how many primes p of K the elliptic curve E has good reduction
and the reduction of E modulo p is cyclic? Are they infinitely many? If so, does the
set of primes of cyclic reduction for E have a density?

As we shall see, this question resembles a classical problem in number theory called
Artin’s primitive root conjecture. The problem is the following: given a a non-zero
integer, for how many primes p is amod p a primitive root, that is a generator of
the cyclic group F∗p? Using algebraic number theory one can see that whether a is a
generator modulo p of F∗p depends on the splitting behaviour of p in the extension
Q( l
√
a, ζl) where l is a prime number and ζl denotes a primitive l-th root of unity.

In 1966 Cristopher Hooley proved, under the assumption of the Generalized Rie-
mann Hypothesis, that the density of the set of primes for which a is a primitive
root is

δ(a) =

∞∑
m=1

µ(m)

[Q( m
√
a, ζm) : Q]

where µ(m) denotes the Möbius µ-function on the integers. Following Hooley’s
proof, J. P. Serre was able, modulo GRH, to give an analogous formula for the den-
sity of the set of rational primes for which a given elliptic curve defined overQ has
cyclic reduction (see [17]). In this thesis we generalize Serre’s proof for an elliptic
curve defined over an arbitrary number field.

In chapter 1 we introduce the cyclic reduction problem for an elliptic curve
starting form Artin’s primitive root problem. We recall here the basic definitions
and results concerning natural densities and elliptic curves, and we will also pro-
vide some numerical computations. In chapter 2 we prove, under the Generalized
Riemann Hypothesis, a formula for the density of the set of primes in a number
field K for which a given elliptic curve E defined over K has cyclic reduction. The
proof will make use of analytic number theory. In chapter 3 we are able to factor



the found density into a finite sum and an infinite product which never vanishes.
This shows that the vanishing of the density depends only on a finite computation.
As we will see, the fact that the base field contains the full l-torsion of an elliptic
curve for some prime l causes the vanishing of the density. In chapter 4 we exhibit
an infinite family of examples of elliptic curves for which the density is zero but
their field of definition does not contain the full l-torsion for any prime l. Finally in
chapter 5 we discuss some numerical examples.
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Chapter 1

Primitive root problems

In this chapter we discuss a family of problems from which this thesis arises, the
so called primitive root problems. First we talk about the classical Artin primitive
root conjecture and then we move to similar conjectures for elliptic curves. In both
cases the problems can be studied by analyzing the splitting of primes of a number
field K in an infinite family of finite extensions of K.

1.1 The multiplicative primitive root problem

Let a be an integer and p a prime number not dividing a. It is known that the mul-
tiplicative group F∗p of the finite field Fp := Z/pZ is cyclic. For a ∈ F∗p we denote by
ordF∗p(a) the multiplicative order of a in F∗p.

Definition 1.1.1. We say that a is a primitive root modulo p if amod p generates F∗p,
i.e. 〈amod p〉 = F∗p.

Example. The integer 2 is a primitive root modulo 5 and modulo 13.

The problem of determining the prime numbers p for which a given integer a
is a primitive root modulo p is already mentioned, for the particular case a = 10,
by Gauss in his "Disquisitiones Arithmeticae" (see [2] art. 49). In his study of the
periodical decimal expansions of fractions with denominator p, Gauss asked why
the decimal expansion of 1/7 has period length 6 (1/7 = 0.142857) while 1/11 has
period lenght only 2 (1/11 = 0.09). These questions have a formulation in terms of
primitive roots.

Lemma 1.1.2. Let p be a prime number different from 2, 5 and let k be the (minimal)
period of the decimal expansion of 1

p . Then k = ordF∗p(10).

Proof. Since p 6= 2, 5, the reduction 10 mod p is in F∗p. Let k := ordF∗p(10). Then there
exists an integer b such that

1

p
=

b

10k − 1
.

Using the geometric series we can write

1

p
=

b

10k − 1
=

b · 10−k

1− 10−k
=

∞∑
j=1

b10−jk

and this shows that k is a period of 1/p. Conversely if there exists k′ ≤ k such that
1/p is periodic of period k′, then writing

1

p
= 0.b1 . . . bk′ b1, ..., bk′ ∈ {0, ..., 9}.



2 Chapter 1. Primitive root problems

we deduce that 10k
′ ≡ 1 mod p, so k ≤ k’. Hence k = k′ and this completes the

proof.

The lemma above shows that for p 6= 2, 5, the length of the period in the decimal
expansion of 1/p is precisely the multiplicative order of 10 ∈ F∗p. In particular the
decimal expansion of 1/p is the longest possible precisely when 10 is a primitive
root mod p. Of course the same argument can be repeated by replacing 10 with a
different base B > 1. In this case the result of lemma 1.1.2 can be restated as fol-
lows: letB be an integer and p a prime number not dividingB. If k is the (minimal)
period of the base B expansion of 1

p then k = ordF∗p(B).
We see that these simple observations give rise to a number of interesting ques-

tions: how often is 10 a primitive root mod p? Is it a primitive root for infinitely
many primes? More generally, given an integer a, is it true that a is a primitive root
modulo infinitely many primes? To understand better what the answer to these
questions should be, we can do some numerical experiments for different integers
and primes up to 106: for an integer a let

P (a) :=
#{p ≤ 106 prime : 〈amod p〉 = F∗p}

#{p prime : p ≤ 106}
=

#{p ≤ 106 prime : 〈amod p〉 = F∗p}
78498

.

P (a) is the fraction of primes up to 106 for which a is a primitive root. We collect
data for P (a) in the following table; the values of P (a) have been given rounded to
four decimal digits.

a Number of primes for which a is a primitive root P (a)

-2 29438 0.3750
2 29341 0.3737
4 0 0
5 30885 0.3934
6 29348 0.3739

10 29500 0.3758
11 29433 0.3749

TABLE 1.1: How often a is a primitive root modulo p for p < 106 for
some integers a.

What we notice immediately from the table above is that when a 6= 4, 5 all the
values of P (a) are approximatly 0.374. The integer 4 is never a primitive root mod-
ulo p for any prime p ≤ 106: this is clear because 4 is a square so it is a square also
modulo all the primes. But except for p = 2, the index |F∗p : (F∗p)2| is always 2, so
squares can never (except possibly for p = 2) be primitive roots modulo p. This
suggests that perfect powers may behave differently from the other numbers. We
give some numerical data for cubes.
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a Number of primes for which a is a primitive root P (a)

8 17623 0.2245
27 17621 0.2244

125 18537 0.2361
343 17674 0.2251

TABLE 1.2: How often a is a primitive root modulo p for p < 106 for
some cubes a

When a 6= 125, all the values of P (a) seem to be approximately 0.224. The in-
teger 125, as 5 before, appears to behave differently. Notice that both of them are
congruent to 1 modulo 4. We give some data for integers congruent to 1 modulo 4.

a Number of primes for which a is a primitive root P (a)

-7 30089 0.3833
-3 35324 0.4499
5 30885 0.3934

125 18537 0.2361

TABLE 1.3: How often a is a primitive root modulo p for p < 106 for
some a ≡ 1 mod 4

As the table shows, there is no clear pattern for the values of P (a) when the
integer a is congruent to 1 modulo 4. These values seem to behave differently even
from each other.

The value ofP (a) above is not completely satisfactory: it depends on the bound
106 that we have taken for our computation. Of course increasing the bound will
give us a better picture of the situation. This suggests that the right quantity to
consider is:

A(a) = lim
x→∞

#{p ≤ x prime : 〈amod p〉 = F∗p}
#{p prime : p ≤ x}

if the limit exists. The quantity A(a) is the density of the primes for which the inte-
ger a is a primitive root. The tables above show that this density, if it exists, should
depend on whether the integer a is a perfect power or it is congruent to 1 modulo 4.

1.2 Artin’s Primitive Root Conjecture

As we already noticed in the previous section, if an integer a is a square then it is
never a primitive root modulo p for every p > 2. Hence

a square ⇒ A(a) = 0.

Of course the same happens if a = ±1, 0. What about the other cases? Tables
1.1-1.3 seem to show that at least there are infinitely many primes for which a is a
primitive root. Emil Artin studied the problem for a = 2 and in 1927 proposed the
following conjecture.

Conjecture 1.2.1 (Artin’s Primitive Root Conjecture). Let a 6= ±1 be a non-zero in-
teger that is not a square. Then there exist infinitely many primes p for which a is a
primitive root modulo p. Moreover if we write a = bn with b ∈ Z not a perfect power
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then the density A(a) exists and its value is

A(a) =
∏
l-n

(
1− 1

l(l − 1)

)∏
l|n

(
1− 1

l − 1

)
.

Before explaining how Artin conjectured the above value of the density we want
to compare Artin’s conjectured density with the numerical data given in the previ-
ous section. For a = 2 the expected value of the density according to the conjecture
is:

A(2) =
∏

l prime

(
1− 1

l(l − 1)

)
≈ 0.373955838964330

which agrees with the value given in table 1.1. However if a = −3 or a = 5 then
according to Artin conjecture we should have

A(−3) = A(5) = A(2) ≈ 0.373955838964330

which does not agree with the data P (−3) ≈ 0.449998 and P (5) ≈ 0.393449514
given in table 1.3. Again integers congruent to 1 modulo 4 seem to behave differ-
ently. To explain this phenomenon we give Artin’s heuristic argument that leads to
the conjecture above.

Let a, p ∈ Zwith p a prime number not dividing 2a. We claim that a is a primitive
root mod p if and only if

a
p−1
l 6≡ 1 (mod p).

for every prime divisor l of p − 1. The "only if" part is clear. Conversely if k is the
order of amod p then k | p − 1 and if k 6= p − 1 then there exists a prime number l
dividing p− 1 such that k | p−1l .

The claim above shows that a is a primitive root mod p if and only if the two
"events" {

p ≡ 1 (mod l)

a
p−1
l ≡ 1 (mod p)

(1.1)

do not occur simultaneously for any prime l. Artin realized that the two conditions
of 1.1 can be stated in terms of the splitting behaviour of p in a finite extension of
Q. We need a lemma.

Lemma 1.2.2. Let a be an integer and p, l primes such that p - 2a. Then{
p ≡ 1 (mod l)

a
p−1
l ≡ 1 (mod p)

⇔ p splits completely in Fl

where Fl = SplitQ(xl − a) = Q(ζl, l
√
a) with ζl a primitive l-th root of unity.

Proof. The conditions p ≡ 1 mod l and a
p−1
l ≡ 1 mod p together are equivalent to

the condition l | |F∗p : 〈amod p〉|. This means precisely that the group F∗p contains
a primitive l-th root of unity as well as an l-th root of a. Since the condition p -
2a implies that p does not ramify in Fl, this is equivalent to p splitting completely
in Fl.

Corollary 1.2.3. Let a ∈ Z \ {±1} be a nonzero integer and let p be a prime number
not dividing 2a. Then a is a primitive root modulo p if and only if for every prime
l < p, the prime p does not split completely in any extension Fl = Q(ζl, l

√
a) of Q.
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The corollary above says that, apart from finitely many primes, finding the
primes p for which a is a primitive root modulo p is equivalent to finding the primes
p that do not split completely in any field Fl with l < p prime. Checking this condi-
tions for all the rational primes clearly involves an infinite number of verifications
to be done.

Since adding or removing a finite number of primes to a set does not change
the density of the set itself, we deduce the following.

Proposition 1.2.4. Let a ∈ Z \ {±1} be a non zero integer. The density of the set of
primes p for which a is a primitive root modulo p is equal to the density of the set of
primes that do not split completely in any extension Fl/Q, for every l prime.

We can now understand how Artin was able to conjecture the value of the den-
sityA(a). IfK/Q is a normal extension, then a theorem of Chebotarev (the so called
Chebotarev Density Theorem, see for instance [21]) implies that the density of the
set of primes p that split completely inK is 1

[K:Q] (for a precise notion of density see
the next paragraph). The fields Fl for l prime are all Galois extensions ofQ because
they are splitting fields of the polynomials xl−a. Hence by the Chebotarev Density
Theorem, the density of the set of primes that do not split completely in Fl is

1− 1

[Fl : Q]
.

Assuming the conditions "not splitting completely in Fl" independent for all l, we
would then expect the density of the primes p for which a ∈ Z\{±1, 0} is a primitive
root mod p to be ∏

l prime

(
1− 1

[Fl : Q]

)
.

Since [Fl : Q] = l(l − 1) if a is not an l-th power and [Fl : Q] = l − 1 otherwise,
writing a = bn with b ∈ Z not a perfect power, we obtain the formula that appears
in 1.2.1:

A(a) =
∏
l-n

(
1− 1

l(l − 1)

)∏
l|n

(
1− 1

l − 1

)
. (1.2)

The problem in this heuristic argument is that the conditions for a prime p to
"not split completely in Fl" are in general not independent for different primes l.
We give two examples.

Example. Let a = 5: in this case F2 = Q(
√

5) and algebraic number theory implies
that

F2 ⊆ Q(ζ5) ⊆ Q(ζ5,
5
√

5) = F5.

So in this case if a prime does not split completely in F2 then it would not split
completely in F5. This means that for a given prime p, verifying that it does not
split completely in F2 is sufficient to conclude that it does not split completely also
in F5. Then the factor

1− 1

[F5 : Q]
= 1− 1

20
=

19

20

which appears in the infinite product forA(5) as in 1.2 is redundant and should be
removed. So a corrected density in this case is

20

19
A(5) ≈ 0.393637724
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which agrees with the figure in table 1.3.

Example. When a = −3 the correction factor is even bigger than in the previous
example. In this case we have

F2 = Q(
√
−3) ⊆ Q(ζ3) ⊆ Q(ζ3,

3
√
−3) = F3

so we have to remove the factor

1− 1

[F3 : Q]
= 1− 1

6
=

5

6

from the infinite product for A(−3) as in 1.2. So a corrected density in this case is

6

5
A(−3) ≈ 0.448747

which agrees with the figure in table 1.3.

The problem in Artin’s heuristic argument is that the fields Fl may be related in
some way, so that knowing the splitting of a prime in one of the fields can auto-
matically give information on the splitting of the same prime in another field. This
problem was first spotted in a correspondence between Artin and Lehmer between
1957-1958 (see [20] for more details). When D := disc(Q(

√
a)/Q) ≡ 1 mod 4 there

is always a relation between the fields Fl, l prime: indeed, algebraic number theory
tells us that in this case we have the inclusions

F2 = Q(
√
a) = Q(

√
D) ⊆ Q(ζ|D|)

⊆ Compositum(Q(ζl,
l
√
a) : l | D) = Compositum(Fl : l | D)

where all the fields Fl with l | D are different from Q(
√
D) since D ≡ 1 mod 4.

However it is possible to show that this is the only case in which these fields are
related.

What prevents Artin’s reasoning from being a proof is the fact that his argument
involves a limit process: he considers the fraction of primes that do not split com-
pletely in Fl with l prime and, by multiplication, he obtains an infinite product
which should represent the wanted density. Of course this limit process requires
an argument. In 1966 Cristopher Hooley was able to prove Artin’s primitive root
conjecture with a corrected density under the assumption of Generalised Riemann
Hypothesis. The Hypothesis is used to obtain sufficient control of the error terms
in the density statements for the sets of primes that split completely in the fields
Fl. An unconditional solution to Artin primitive root problem is still unknown.

In this thesis we study the cyclic reduction problem for elliptic curves: roughly
speaking, given an elliptic curve defined over a number field K, we want to find
the density of the set of primes in K for which the reduction of the elliptic curve is
cyclic (more details are given in the following sections). Apparently this is very dif-
ferent from the multiplicative primitive root problem that we studied so far. How-
ever, as we shall see, the two problems can be tackled in the same way, by looking
at the splitting of primes in certain finite extensions of K.
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1.3 Preliminaries: Natural densities and Elliptic curves

Before going on with the elliptic curve analogues of the multiplicative primitive
root conjectures, we want to briefly recall some basic facts and definitions con-
cerning natural densities and elliptic curves which will be used later in the thesis.
Most of the results about elliptic curves will not be proved: the standard reference
for these is [19].

1.3.1 Natural densities

In this section we make precise the concept of natural density that was already in-
troduced in the section on Artin’s conjecture. In Number Theory the natural den-
sity is one of the tools which allow to measure "how large" a subset of the prime
ideals in the ring of integers of a number field is. For instance, all prime numbers
p 6= 2 are congruent to either 1 or 3 modulo 4. Intuitively, one expects half of the
prime numbers to be congruent to 1 mod 4 and half of them congruent to 3 mod 4.
The concept of natural density makes this intuition precise.

Definition 1.3.1. Let K be a number field and S a subset of primes in OK . If the
limit

δ(S) := lim
x→∞

#{p ∈ S : NK/Q(p) ≤ x}
#{p ⊆ OK prime ideal : NK/Q(p) ≤ x}

exists, then we call δ(S) the natural density of S.

Notice that if K = Q and S is a set of rational primes, the natural density of the
set S becomes

δ(S) := lim
x→∞

#{p ∈ S : p ≤ x}
#{p prime : p ≤ x}

which is analogous to the formula that we provided in section 1.1.
In what follows we use the following notation: let f, g : R → R be two real-

valued functions. We say that f is asymptotic to g as x→∞ if

lim
x→∞

f(x)

g(x)
= 1.

In this case we write f ∼ g.

Theorem 1.3.2 (Prime number theorem for Number Fields). Let K be a number
field and let πK(x) be the number of prime ideals in OK with norm ≤ x. Then
πK(x) v x

log x as x→∞.

Thanks to the theorem above we can write the density of a set of primes S as

δ(S) = lim
x→∞

#{p ∈ S : NK/Q(p) ≤ x}
x/ log x

.

Lemma 1.3.3. Let K be a number field. Then the set of primes in OK with norm pf

for some f > 1, has density 0.

Proof. Let S be the set of primes in OK with norm pf for some f > 1, and let

Sx := {p ∈ S : NK/Q(p) ≤ x}.

If p ∈ Sx then NK/Q(p) = pf ≤ x for some rational prime p and some integer f > 1.
This implies that p ≤ f

√
x ≤
√
x.
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So every prime in Sx must lie over a rational prime ≤
√
x and over such a prime

can lie at most n primes of OK , with n := [K : Q] the degree ofK. This implies that

#Sx ≤ n
√
x.

Hence

0 ≤ δ(S) = lim
x→∞

#Sx
x/ log x

≤ lim
x→∞

n
√
x

x/ log x
= 0

and this proves the lemma.

The lemma above shows that if a set S of primes in a number field K has a
density, then this is equal to the density of the set of primes S′ obtained from S by
removing all the prime ideals of non-prime norm.

1.3.2 Elliptic curves: basic definitions and results

In this subsection let K be a perfect field and K an algebraic closure of K. There
are several ways in which elliptic curves can be introduced. For practical purposes
we suppose char(K) 6= 2, 3 and we give the following definition.

Definition 1.3.4. An elliptic curve E is a plane projective curve given by a homoge-
neous equation of the form

Y 2Z = X3 +AXZ2 +BZ3 (1.3)

withA,B ∈ K satisfying−16(4A3 +27B2) 6= 0 and the specified base point [0 : 1 : 0].
The quantity ∆E := −16(4A3 + 27B2) is called the discriminant of the elliptic curve
E. If A,B ∈ K we say that the elliptic curve E is defined over K. We denote by
E(K) the set of K-rational points on E, that is, the points of E whose homogeneous
coordinates can be chosen in K.

An equation of the form 1.3 is called a Weierstrass equation for the elliptic
curve E. Notice that, given an elliptic curve with Weierstrass equation as above
there is just one point on the line Z = 0, namely the base point [0 : 1 : 0]. This
means that we can think of an elliptic curve as an affine curve given by the equa-
tion

y2 = x3 +Ax+B (1.4)

with an additional point at infinity which we will call O. Notice that if E is defined
over K and λ ∈ K× then the map (x, y) 7→ (λ−2x, λ−3y) gives an isomorphism of
varieties between E and the curve

y2 = x3 + λ4Ax+ λ6B.

Hence using a change of coordinates we can always scale (A,B) to (λ4A, λ4B).
The set of points of an elliptic curve E has a natural structure of abelian group

with the pointO as zero element (see [19] section 3.2). This means that an addition
law is defined for the points of an elliptic curve. The abelian group structure can
be expressed as follows: given P,Q,R ∈ E then P +Q+R = O if and only if P,Q,R
are collinear. The set E(K) is a subgroup of E(K) with the induced group law. We
denote by [m] : E → E the multiplication by m map, i.e.

[m]P = P + · · ·+ P︸ ︷︷ ︸
m times

.
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Definition 1.3.5. Let E1 and E2 be elliptic curves with base points O1 and O2 re-
spectively. An isogeny between E1 and E2 is a morphism of varieties φ : E1 → E2

satisfying φ(O1) = O2. We say that an isogeny is defined over K if it can be locally
written using rational functions with coefficients in K.

Example. If E is an elliptic curve then the multiplication by m map defined above
is an isogeny defined overQ from E in itself.

Proposition 1.3.6. Every isogeny φ : E1 → E2 is a group morphism.

The first consequence of proposition 1.3.6 is that if E is an elliptic curve then

End(E) := {isogenies defined over K from E in itself}

becomes a ring: if φ, ψ ∈ End(E) then (φ+ ψ)(P ) = φ(P ) + ψ(P ) and (φ ◦ ψ)(P ) =
φ(ψ(P )). We have an injection

Z ↪→ End(E)

sending m 7→ [m]. When this map is surjective we say that the elliptic curve does
not have complex multiplication. Otherwise we say that the elliptic curve has com-
plex multiplication (CM in short).

Since every morphism of curves has finite degree, proposition 1.3.6 also implies
that the the kernel of a non-zero isogeny is always a finite abelian group. Let

E[m](K) = ker[m] = {P ∈ E(K) : mP = O}.

The group E[m] is the group of m-torsion points on E.

Example. Let char(K) 6= 2, 3 and E/K be an elliptic curve given by a Weierstrass
equation as in 1.4. In this case the addition formulas for the points on E imply
that if P = (x, y) ∈ E is an affine point then its inverse −P has coordinates −P =
(x,−y). We want to find E[2](K) i.e. the set of points P ∈ E such that 2P = O.
Clearly O ∈ E[2](K). For every affine point P = (x, y) ∈ E[2](K) we have

2P = O ⇔ P = −P ⇔ y = 0.

Hence
E[2](K) = {O, (x1, 0), (x2, 0), (x3, 0)}

where xi is a root of x3 + Ax + B for every i = 1, 2, 3. Since E[2](K) is a group of
order 4 and of exponent 2 it is necessarily isomorphic to Z/2Z× Z/2Z.

Proposition 1.3.7. Let E be an elliptic curve defined over K and let m ∈ Z with
m 6= 0. If m 6= 0 in K then

E[m](K) ∼= Z/mZ× Z/mZ.

If char(K) = p > 0 then one of the following is true:

• E[pe](K) = {O} for all e = 1, 2, 3, ....

• E[pe](K) ∼= Z/peZ for all e = 1, 2, 3, ....

1.3.3 Reduction of elliptic curves defined over a number field

In this subsection let K be a number field, p ⊆ OK a prime ideal and E/K an
elliptic curve defined overK with Weierstrass equation y2 = x3+Ax+B. Using the
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change of coordinates illustrated in the previous section, we may always suppose
that A,B ∈ OK (so also the discriminant ∆E of E lies in OK). Call kp the residue
field OK/p. We denote by Ẽ(kp) the cubic curve in Pn(kp) with equation

y2 = x3 + Ãx+ B̃

where Ã = Amod p and B̃ = Bmod p. Hence the defining equation of Ẽ(kp) is the
reduction modulo p of the defining equation of E(K): in particular the discrimi-
nant of Ẽ(kp) is the reduction modulo p of the discriminant ∆E of E. By definition
1.3.4 the curve Ẽ(kp) is an elliptic curve if and only if p does not divide ∆E .

Definition 1.3.8. A prime ideal p ⊆ OK is called a prime of bad reduction for E/K
if p divides the discriminant ∆E . Otherwise p is called a prime of good reduction for
E/K.

It is clear from the definition that there are only finitely many primes of bad
reduction for E.

Proposition 1.3.9. Let E/K be an elliptic curve and p a prime of good reduction
for E. Then the group of points of Ẽ(kp) is either cyclic or isomorphic to the direct
product of two cyclic groups.

Proof. Let kp be a fixed algebraic closure of kp. Since kp is a finite field, also the
group of points of Ẽ(kp) is a finite group. Let m := #Ẽ(kp). Then for every P ∈
Ẽ(kp), [m]P = O so we have

Ẽ(kp) ⊆ Ẽ(kp)[m].

However by proposition 1.3.7 the latter group is finite, and either cyclic or isomor-
phic to the direct product of two cyclic groups. Hence also Ẽ(kp) is either cyclic or
isomorphic to the direct product of two cyclic groups.

For every prime p ⊆ OK we can also define a reduction map

red : P2(K)→ P2(kp)

as follows: for every point [X : Y : Z] ∈ P2(K), we can scale its coordinates such
that the new point obtained has all its coordinates in OK but not all in p. Hence,
by reducing all the coordinates of the new point modulo p, we get a point in P2(kp).
This gives the reduction map above.

The restriction of this map toE(K) has image contained in Ẽ(kp). However the
restriction map is not in general surjective.

1.3.4 Division fields

LetK be a number field,K a fixed algebraic closure ofK andE/K an elliptic curve.
The absolute Galois group Gal(K/K) acts on the set of pointsE(K) in the following
way: if P = [X : Y : Z] ∈ E(K) and σ ∈ Gal(K/K), we define

σ(P ) = [σ(X) : σ(Y ) : σ(Z)].

In particular, we have σ(O) = O. The fact that the addition formulas for the points
of E are rational functions with coefficients in K of their coordinates implies that

σ(P +Q) = σ(P ) + σ(Q)
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for every P,Q ∈ E(K). So Gal(K/K) fixes E[m] and acts on it by group automor-
phisms. Thus for every m ∈ Nwe obtain a Galois representation

Gal(K/K)→ Aut(E[m](K)).

By proposition 1.3.7 and the fact that K has characteristic 0, we know that E[m] ∼=
Z/mZ× Z/mZ. So we actually have a map

Gal(K/K)→ Aut(Z/mZ× Z/mZ) ∼= GL2(Z/mZ). (1.5)

Definition 1.3.10. Let K be a number field, E/K an elliptic curve and m ∈ N fixed.
The m-division field over K is the field Km := K(E[m](K)), obtained by adjoining
to K all the affine coordinates of the m-torsion points of E.

Proposition 1.3.11. For every m ∈ N the m-division field Km is a finite Galois ex-
tension of K with Galois group isomorphic to a subgroup of GL2(Z/mZ).

Proof. Every field embeddingKm ↪→ K sendsm-torsion points tom-torsion points,
so actually is aK-automorphism ofKm. Hence the extensionKm/K is Galois. The
kernel of the map 1.5 is clearly Gal(K/Km), so by the first isomorphism theorem
and by Galois theory we deduce that Gal(Km/K) is isomorphic to a subgroup of
GL2(Z/mZ).

In general Gal(Km/K) can be isomorphic to a proper subgroup of GL2(Z/mZ):
for instance let K = Q and E/K be the elliptic curve defined by

E : y2 = x(x− 1)(x+ 1).

Then we know that E[2] = {O, (0, 0), (1, 0), (−1, 0)} so K2 = K(E[2]) = K. In this
case we have

Gal(K2/K) = {1} � GL2(Z/2Z).

We can then ask, given E as above, for how many natural numbers m the Galois
group Gal(Km/K) is isomorphic to the full GL2(Z/mZ). For non-CM curves an
answer is given by a well-known theorem of Serre called "open image theorem".
This theorem can be formulated in several equivalent ways. We have chosen the
most useful statement for the purposes of this thesis.

Theorem 1.3.12 (Serre’s open image theorem). Let K be a number field and E/K
an elliptic curve without CM. Then for all but finitely many prime numbers p ∈ N
we have

Gal(Kp/K) ∼= GL2(Z/pZ),

and the index of Gal(Km/K) ⊆ GL2(Z/mZ) remains bounded for m→∞.

One of the consequences of Serre’s theorem is that for every elliptic curve E
defined over a number field K without CM, there exists a constant cE such that

[Km : K] ∼ cE ·m4 as m→∞.

IfE has CM instead then the endomorphism ring End(E) is strictly bigger than
Z. It is possible to prove that in this case End(E) is isomorphic to an order

OD = Z

[
D +

√
D

2

]
, D < 0, D ≡ 0, 1 mod 4
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in an imaginary quadratic field Q(
√
D), and all the endomorphisms of E are de-

fined over F = K(
√
D) (the field F is called the CM-field associated to E). By

proposition 1.3.6 every endomorphism sendsm-torsion points tom-torsion points
for every m ∈ N, so the group E[m](K) has a natural structure of OD-module for
every natural m. Since all the endomorphisms of E are defined over F , for every
m ∈ Nwe obtain a Galois representation

Gal(K/F )→ AutOD
(E[m](K)).

Moreover the OD-module E[m](K) is cyclic and isomorphic to OD/mOD, so we
have AutOD

(E[m](K)) ∼= (OD/mOD)∗. This fact implies that for every m ∈ N we
have an injection

Gal(F ·Km/F ) ↪→ (OD/mOD)∗ ,

As in the non-CM case, the image of the representation above has bounded index
in (OD/mOD)∗ for m→∞, so there exists a constant cE such that

[Km : K] ∼ cE ·m2 as m→∞.

We conclude this subsection with a result on ramification in division fields (for
the proof see [19] prop. 8.1.5).

Proposition 1.3.13. Let K be a number field and E/K an elliptic curve. If p is a
prime ideal in OK and p ramifies in Km, then either p divides m or p is a prime of
bad reduction for E .

1.3.5 The Weil pairing

Let E/K be an elliptic curve and m an integer coprime with char(K). By proposi-
tion 1.3.7 E[m] is a free Z/mZ-module of rank two. It is possible to define a pairing
(see [19] section 3.8 for details)

em : E[m]× E[m]→ µm

where µm is the group of m-th roots of unity in K. This pairing satisfies the follow-
ing properties

• It is bilinear

em(S1+S2, T ) = em(S1, T )em(S2, T ) and em(S, T1+T2) = em(S, T1)em(S, T2).

In particular em(O, T ) = em(S,O) = 1 for every S, T ∈ E[m].

• It is alternating
em(T, T ) = 1

so in particular em(S, T ) = em(T, S)−1.

• It is non-degenerate i.e. if em(S, T ) = 1 for all S ∈ E[m] then T = O.

• It is Galois invariant

σ(em(P, T )) = em(σ(P ), σ(T )) for all σ ∈ Gal(K/K)

• It is compatible i.e. emm′(S, T ) = em([m′]S, T ) for all S ∈ E[mm′] and T ∈
E[m].



1.3. Preliminaries: Natural densities and Elliptic curves 13

The pairing em is called the Weil em-pairing.

Proposition 1.3.14. Let K be a number field and E/K an elliptic curve. Then for
every m ∈ N the m-th division field Km contains a primitive m-th root of unity.

Proof. We first prove that the image of the Weil em-pairing is surjective. By the
bilinearity of the pairing we see that the image of the Weil em-pairing is a subgroup
of µm, hence it is of the form µd for d | m. So for every S, T ∈ E[m] by bilinearity we
have

1 = em(S, T )d = em([d]S, T ).

By the non-degeneracy of the pairing we deduce that [d]S = O for all S ∈ E[m]. By
proposition 1.3.7 the group E[m] has exponent m so we deduce that m | d. Hence
m = d and the Weil em-pairing is surjective.

For every σ ∈ Gal(K/Km) the Galois invariance gives for all S, T ∈ E[m]

σ(em(S, T )) = em(σ(S), σ(T )) = em(S, T ).

This implies that em(S, T ) ∈ Km for every S, T ∈ E[m]. The surjectivity of the
pairing implies that Km contains a primitive m-th root of unity.

Proposition 1.3.15. LetE be an elliptic curve defined over a number fieldK,m ∈ N
an integer and Km the m-division field over K. Then, if ζm denotes a primitive m-th
root of unity, K(ζm) ⊆ Km and for every σ ∈ Gal(Km/K)

σ(ζm) = ζdet(σ)m .

Remark 1.3.16. Notice that the formula above is well defined: indeed the automor-
phism σ can be written as 2× 2 matrix with entries in Z/mZ, by choosing a basis of
E[m] as a free Z/mZmodule. The determinant is independent from the choice of the
basis.

Proof. The first part of the proposition was proved in 1.3.14. We know by the previ-
ous proposition that the Weil em-pairing is surjective: hence there exist S, T ∈ E[m]
such that

em(S, T ) = ζm.

We claim that {S, T} is a basis ofE[m] as a freeZ/mZmodule. First notice that both
S and T have order m: suppose for example that S has order d | m. Then

1 = em([d]S, T ) = em(S, T )d = ζdm

and this implies d = m. Hence to conclude that {S, T} is a basis it suffices to show
that there don’t exist a, b ∈ Z/mZ such that aS + bT = O. Let a, b ∈ Z/mZ be such
that aS + bT = O: then

1 = em(aS + bT, T ) = em(S, T )aem(T, T )b = ζam

which implies that a = 0 ∈ Z/mZ. Similarly also b = 0 and this shows that {S, T} is
a basis.

Let now σ ∈ Gal(Km/K): by the Galois invariance property of the Weil em-
pairing we get

σ(ζm) = σ(em(S, T )) = em(σ(S), σ(T )).
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Now σ(S), σ(T ) ∈ E[m] and S, T form a basis ofE[m] as a freeZ/mZmodule: hence
there exist unique a, b, c, d ∈ Z/mZ such that

σ(S) = aS + bT σ(T ) = cS + dT.

Using the linearity of the Weil pairing we get

σ(ζm) = em(aS + bT, cS + dT ) = em(S, S)acem(S, T )adem(T, S)bcem(T, T )bd

= em(S, T )ad−bc = ζdet(σ)m

and this proves the proposition.

1.4 Lang-Trotter conjecture and cyclic reduction problem

The immediate elliptic curve analogue of Artin’s primitive root problem is the Lang-
Trotter Conjecture. Let E be an elliptic curve defined over the rational numbers Q
and let P be a rational point of infinite order. The problem is to determine, if it
exists, the density of the set of primes p for which E has good reduction and Ẽ(Fp)
is cyclic, generated by the reduction of P modulo p (cfr. section 1.2.2 in this thesis).
Such a point P is called primitive for these primes.

Conjecture 1.4.1 (Lang-Trotter). The density of primes p for which P is a primitive
point always exists.

The way Lang and Trotter tried to deal with this problem is to study the split-
ting of primes in the field extensions Q(E[l], [l]−1P ) with l a prime number: these
are analogous to the Kummer extensions that appeared in the multiplicative Artin
conjecture and are actually called elliptic Kummer extensions. However the degree
of the elliptic Kummer extensions is bigger than the degree of the corresponding
multiplicative Kummer extensions and so is their Galois group. This causes the
technique used by Hooley to fail in the study of this problem, even under the as-
sumption of GRH (see [7] for more details).

The aim of this thesis is to study a simpler problem, first studied by Serre (see
[17]): namely we want to find the density of the set of primes in a number field
K for which a given elliptic curve E/K has a cyclic (good) reduction (hence we
will not consider the generators of this cyclic group). As we did in the case of the
multiplicative Artin problem, we first want to give some numerical examples of
cyclic reduction of elliptic curves defined overQ. To do the computations we used
SAGE: we took several elliptic curves defined over the rationals and we reduced
them modulo primes of good reduction up to 106. We will call d(E) the quotient
between the number of primes up to 106 for which the given elliptic curve has cyclic
reduction and the total number of primes up to 106. The data have been collected
in the following table.
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Equation forE Primes up to 106 of cyclic reduction forE d(E)

y2 = x3 − x 0 0
y2 = x3 − 3x+ 1 49024 0.6510
y2 = x3 + 2x+ 3 38383 0.4889

y2 = x3 − 12096x− 544752 32652 0.4159
y2 = x3 + x+ 3 63910 0.8141
y2 = x3 − 1 39265 0.5002

TABLE 1.4: How often E has cyclic reduction modulo p for p < 106

for some elliptic curves E.

Apparently the figures appearing in the table are very different form each other:
the elliptic curvesE3 : y2 = x3 + 2x+ 3 andE6 : y2 = x3 − 1 seem to have cyclic re-
duction for approximately half of the primes while the elliptic curveE1 : y2 = x3−x
seems to not have any cyclic reduction. At the end of the thesis we will interpret
these figures explaining why such different numbers appear. Essentially, as in the
case of Artin’s primitive root conjecture, the values appearing in the table are re-
lated to the splitting of rational primes in an infinite family of finite extensions of
Q. What we want to do in the following is to underline the similarities between the
cyclic reduction problem for elliptic curves and Artin’s primitive root problem. We
need some basic lemmas:

Lemma 1.4.2. Let G be a finite abelian group. Then G is cyclic if and only if it does
not contain a subgroup isomorphic to Cl × Cl for every prime l ∈ N (here Cl denotes
a cyclic group of order l).

Proof. Immediate from the structure theorem of finite abelian groups.

Corollary 1.4.3. Let m ∈ N and let E be an elliptic curve defined over Fpm , p prime.
Then E(Fpm) is cyclic if and only if it does not contain a subgroup isomorphic to
Cl × Cl for every prime l 6= p. Equivalentely E(Fpm) is cyclic if and only if it does not
contain the full l-torsion for every prime l 6= p.

Lemma 1.4.4. Let E be an elliptic curve defined over a number field K, let l ∈ Z be
a prime number and p be a prime of K such that p does not lie over l and E has a
good reduction at p. Then p splits completely in Kl if and only if Ẽ(kp) contains a
subgroup isomorphic to Cl × Cl.

Proof. The result is clear: since p is unramified in Kl by our assumptions, p splits
completely in Kl if and only if its residue degree is 1. Since for any prime q lying
over p the reduction modulo q gives an isomorphism between E[l](K) and the l-
torsion points on the reduced curve Ẽ[l](kq) = Ẽ[l](kp), this happens if and only if
the field kp already contains the l-torsion points of E. Since E has good reduction
at p and p does not lie over l, this happens if and only if Ẽ(kp) contains a subgroup
isomorphic to Cl × Cl (namely the l- torsion points of E).

Corollary 1.4.5. Let E be an elliptic curve defined over a number field K and let p
be a prime of K such that

1. p is of good reduction for E/K.

2. p - disc(K/Q).



16 Chapter 1. Primitive root problems

Then Ẽ(kp) is cyclic if and only if p does not split completely in any division field Kl

for every l prime.

Proof. Let p be the unique prime number lying below p. Condition 1 implies that
p 6= 2 (the integer 2 is never a prime of good reduction for our chosen model). The
elliptic curve Ẽ(kp) is cyclic if and only if it does not contain the full l-torsion for
every l 6= p by lemma 1.4.3. For all these l this happens if and only if p does not split
completely in Kl. If l = p, i.e. if p | l, we show that the field extension Kp/K has
degree strictly greater than 1; by proposition 1.3.15 there is an inclusion of fields
K(ζp) ⊆ Kp so Kp = K woud imply that ζp ∈ K. Since p > 2, p would ramify in K
so that p | disc(K/Q). But this contradicts hypothesis 2.

Hence Kp/K has degree strictly greater than 1 and then p ramifies in Kp be-
cause K ( K(ζp) and p is unramified in K. So p does not split completely even in
Kp and this proves the corollary.

The corollary above says that checking if an elliptic curve over K has cyclic re-
duction at a prime ideal p is, excluding a finite number of prime ideals, "the same"
as checking if the prime p does not split completely in any division field of prime
index overK. Since the natural density of a set of primes does not change if we add
finitely many primes to the set, we get that

δ({p ⊆ OK prime : p does not split completely in any Kl, l prime}) =

δ({p ⊆ OK prime : Ẽ(kp) is cyclic})

where δ(·) denotes the natural density. The similarity with Artin’s primitive root
conjecture is clear: also there the problem was tackled by studying the splitting of
primes in an infinite family of number fields, namely the multiplicative Kummer
extensions of the rationalsQ(ζl, l

√
a) for l prime and a an integer. In the next chap-

ter we are going to prove, under GRH, that the density above always exists and we
will deduce an explicit formula for it.



Chapter 2

Cyclic reduction of Elliptic Curves

The main goal of this chapter is to prove the following

Theorem 2.0.1. Let E be an elliptic curve defined over a number field K and let

S = {p ⊆ OK prime : the reduction Ẽ(kp) is cyclic}.

Then, subject to GRH, the density of S is given by

∞∑
m=1

µ(m)

[Km : K]

where µ is the usual Möbius µ function on the integers and for every natural m the
field Km is the m-division field over K.

Notice that the infinite sum appearing in the statement of the theorem always
converges by what we discussed in section 1.3.4.

As we pointed out at the end of the previous chapter, the proof relies on the
study of the splitting behaviour of the prime ideals of OK in the infinite family of
division fields {Km = K(E[m])(K) : m ∈ N}. Hence we begin by studying some
properties of this family.

2.1 The family of division fields over a number field

In all this section let K be a number field and E/K an elliptic curve. Denote by
Km the m-division field over K (see definition 1.3.10). If p is a prime ideal in OK

we denote by kp := OK/p its residue field and by NK/Q(p) := #kp its norm. The
symbol�will replace the standard big-O notation.

Lemma 2.1.1. Let n,m ∈ N and Kn, Km respectively the n and the m-division fields
over K. Then the compositum of Kn and Km is Klcm(m,n).

Proof. Suppose first that m,n are coprime integers. Since E[m], E[n] ⊆ E[mn] we
have Km ·Kn ⊆ Kmn. We want to prove the other inclusion. It is a general fact that
if (A,+) is an abelian group and A[r] denotes the group of r-torsion points of A for
every r ∈ N, then the map

A[m]×A[n]→ A[mn]

sending (x, y) 7→ x+ y is an isomorphism whenever m and n are coprime integers.
Applying this to the torsion points of the elliptic curve E we deduce that

E[mn](K) = {P +Q : P ∈ E[n](K), Q ∈ E[m](K)}.
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Since the points P + Q have coordinates which are K-rational functions of the
coordinates of P,Qwe get thatKmn ⊆ Km ·Kn and this shows thatKmn = Km ·Kn.

If m,n are not coprime, let l := lcm(m,n). The fact that Km ·Km = Kl follows

from the previous case noticing that l = mn
gcd(m,n) and E

[
m

gcd(m,n)

]
⊆ E[m] with

gcd
(

m
gcd(m,n) , n

)
= 1.

The lemma says that the family of division fields over K is closed under the
operation of taking the compositum. In particular for every m ∈ N squarefree the
field Km is the compositum of all Kp with p ∈ N prime dividing m.

We now prove a technical lemma about the splitting of primes in the family of
the division fields over K.

Lemma 2.1.2. Every prime ideal p ⊆ OK splits completely in a finite number of Kl,
with l ∈ N prime.

Proof. By lemma 1.3.15 we know that the fields Km contain the cyclotomic fields
K(ζm) for every m ∈ N. If p splits completely in Kl for some prime l then it must
split completely in K(ζl). Either l lies below p or the residue field kp contains a
primitive l-th root of unity and this implies that NK/Q(p) ≡ 1 mod l. This gives a
bound on l and proves the lemma.

Corollary 2.1.3. Every prime ideal p ⊆ OK splits completely in a finite number of
Km, with m ∈ N squarefree.

The lemma above gives us a finitness condition which will be useful in a mo-
ment.

Let F be the family of division fields Km with m squarefree integer. For every
x ∈ R≥0 define the function

f(x,K) = #{p ⊆ OK prime of good reduction for E : NK/Q(p) ≤ x,
p does not split completely in any Kn ∈ F ,Kn 6= K}.

For Km ∈ F and x ∈ R≥0 define moreover

π1(x,Km) = #{p ⊆ OK prime of good reduction for E :NK/Q(p) ≤ x,
p splits completely in Km}.

These two functions are related by the following useful formula.

Lemma 2.1.4. For every fixed x ∈ Rwe have

f(x,K) =
∞∑
m=1

µ(m)π1(x,Km). (2.1)

where µ is the usual Möbius function on the integers.

Proof. Recall that a prime ideal splits completely in the compositum of two fields
if and only if it splits completely in each of the two given fields. This means that in
order to compute f(x,K) it suffices to consider the primes of norm less or equal to
x that do not split completely in any of the fieldsKl, l prime number. The counting
technique for these primes relies on the so-called inclusion-exclusion principle.
First we consider the total number of prime ideals whose norm is less or equal to
x: this is by definition π1(x,K1) = π1(x,K). Then we have to subtract the number
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of prime ideals of good reduction for E and of norm less or equal to x which split
completely in either K2 or K3:

π1(x,K1)− π1(x,K2)− π1(x,K3).

In doing this however we have considered twice the primes which split completely
in both K2 and K3. These are precisely the prime ideals of norm less or equal to x
that split completely in their compositum which is K6. We get then

π1(x,K1)− π1(x,K2)− π1(x,K3) + π1(x,K6).

We then repeat the argument considering nowK5,K7, etc. This process terminates
since, by corollary 2.1.3, π1(x,Km) = 0 ifm squarefree is sufficientely large. Then in
the resulting sum there will be just a finite number of terms of the form±π1(x,Km)
withm squarefree integer and the sign depending on whethermhas an even or odd
number of prime factors. Since µ(m) = 0 if m is not squarefree we obtain formula
2.1.

Our goal is to find the asymptotical behaviour of f(x,K) as x → ∞; formula
2.1 suggests that in order to do so we can estimate the quantity π1(x,Km) for m
large. The idea is that, in order to prove theorem 2.0.1, one wants to bound the
right-hand side of formula 2.1. This motivates our next proposition.

Proposition 2.1.5. We have∑
l> x1/2

log2 x
, l prime

π1 (x,Kl) = o

(
x

log x

)
.

as x→∞.

Proof. From now on l will denote a prime number. First we want to find a number
k such that π1(x,Kl) = 0 for l > k. We know that such a k exists because of lemma
2.1.3.

Let p ⊆ OK be a prime of good reduction for E such that NK/Q(p) ≤ x, p splits
completely in Kl and p does not lie over l. Then lemma 1.4.4 implies that Ẽ(kp)
contains a subgoup isomorphic to Cl × Cl. Using the Hasse-Weil bound we get

l2 ≤ #Ẽ(kp) ≤ (
√
NK/Q(p) + 1)2 ≤ (

√
x+ 1)2 ≤ 4x

and it follows that l ≤ 2
√
x. On the other hand if p lies over l then in order for p to

split completely in Kl it is necessary that l | disc(K/Q) by proposition 1.3.15. This
implies that the number of primes p as above is bounded by a constant which does
not depend on x and so it does not change the asymptotic behaviour of the sum.
Hence we need to estimate ∑

x1/2

log2 x
<l<2

√
x

π1 (x,Kl) .

By proposition 1.3.15 we know that for every prime l there is the inclusionKl ⊇ K(ζl)
with ζl a primitive l-th root of unity. In particular we have

π1 (x,Kl) ≤ π1 (x,K(ζl))



20 Chapter 2. Cyclic reduction of Elliptic Curves

where π1 (x,K(ζl)) is by definition the number of prime ideals with norm less or
equal to x which split completely in K(ζl). Hence we want to estimate the number
of primes in K which split completely in K(ζl) for every l prime.

Let p be a prime ideal in K that does not divide l: then, as in lemma 2.1.2, p
splits completely in K(ζl) if and only if NK/Q(p) ≡ 1 mod l. Since there are at most
[K : Q] primes lying over l, we deduce that

π1 (x,K(ζl)) ≤ [K : Q] + #{p ⊆ OK prime : NK/Q(p) ≤ x,NK/Q(p) ≡ 1 mod l}
= [K : Q] +A+B

where

A = #{p ⊆ OK prime : NK/Q(p) = pf ≤ x, p prime, f > 1, pf ≡ 1 mod l}
B = #{p ⊆ OK prime : NK/Q(p) = p ≤ x, p prime, p ≡ 1 mod l}.

By proposition 1.3.3 we know that A = o
(

x
log x

)
as x → ∞. To estimate B instead

we will use the following theorem.

Theorem 2.1.6 (Brun-Titchmarsh). For integers m, a, let π(x, a,m) denote the num-
ber of primes not exceeding x which are congruent to a mod m. Then

π(x, a,m) ≤ 2x

ϕ(m) log( xm)

where ϕ denotes the Euler ϕ function.

By theorem 2.1.6 we get

#{p ∈ Z prime : p ≤ x, p ≡ 1 mod l} ≤ 2x

(l − 1) log
(
x
l

)
and this implies that

B ≤ [K : Q] ·#{p ∈ Z prime : p ≤ x, pf ≡ 1 mod l for some f ≤ [K : Q]}

≤ [K : Q]
2x

(l − 1) log
(
x
l

) .
Hence we have

π1 (x,K(ζl)) ≤ [K : Q] +A+ [K : Q]
2x

(l − 1) log
(
x
l

) � x

l log
(
x
l

) .
We then get ∑

x1/2

log2 x
<l<2

√
x

π1 (x,Kl)�
∑

x1/2

log2 x
<l<2

√
x

x

l log
(
x
l

)
� x

log x

∑
x1/2

log2 x
<l<2

√
x

1

l
.
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Using the well-known fact that∑
p≤x, p prime

1

p
= log log x+B +O

(
1

log x

)

for some positive constant B, we can write∑
x1/2

log2 x
<l<2

√
x

1

l
=
∑
l<2
√
x

1

l
−

∑
l< x1/2

log2 x

1

l

= log log 2
√
x+B +O

(
1

log 2
√
x

)
− log log

( √
x

log2 x

)
−B −O

 1

log
( √

x

log2 x

)


= log

(
log 2 + 1

2 log x
1
2 log x− 2 log log x

)
+O

(
1

log x

)

= log

(
1 +

log 2 + log log x
1
2 log x− 2 log log x

)
+O

(
1

log x

)
= O

(
log log x

log x

)
.

So we get ∑
x1/2

log2 x
<l<2

√
x

π1 (x,Kl)�
x log log x

log2 x
= o

(
x

log x

)
.

We conclude this section with an estimate on the growth of discriminant of the
division fields Km compared to their degree. For every m ∈ N denote by n(m) :=
[Km : K] and by dm the discriminant of Km overQ.

Proposition 2.1.7. For every m ∈ N

1

n(m)
log |dm| = O(logm).

To prove the proposition we need the following theorem

Theorem 2.1.8. Let L/K be a finite Galois extension of number fields and let δL/K
be the relative discriminant of the extension. Denote by P (L/K) the set of rational
primes p for which there is a prime p of F such that p | p and p is ramified inL. Then:

logNK/Q(δL/K) ≤ ([L : Q]− [K : Q])
∑

p∈P (L/K)

log p+ [L : Q] log([L : K]).

Proof. Let p be a prime ideal inK and let p1, ..., pgp be the primes inL lying above p.
Denote moreover by ep the ramification index of p in L and by fp its residue degree.
For every i = 1, ..., gp we want to estimate ordpi(DL/K) where DL/K is the different
of the extension L/K. Let Lpi and Kp be the completions of L and K at the primes
pi and p respectively. Then we have:

ordpi(DL/K) = ordpi(DLpi/Kp
) ≤ ep − 1 + ordpi(ep)

where in the last inequality we used Proposition 13 pag. 58 in [15].
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So for every prime ideal p in K we have:

ordp(δL/K) = ordp(NL/K(DL/K)) ≤ fp

( gp∑
i=1

ep − 1 + ordpi(ep)

)
= [L : K]− fpgp + gpfp ordpi(ep) ≤ [L : K]− fpgp + [L : K] ordp([L : K])

where we used the fact that epfpgp = [L : K]. Now clearly we have

δL/K =
∏

p|δL/K

pordp(δL/K)

∣∣∣∣∣∣
∏

p|δL/K

p[L:K]−fpgp+[L:K] ordp([L:K])

and the latter divides nn
∏

p|δL/K
p[L:K]−fpgp . Taking norms we get

NK/Q(δL/K) ≤ [L : K][L:Q]
∏

p|δL/K

NK/Q(p)[L:K]−fpgp

= [L : K][L:Q]
∏

p∈P (L/K), p|δL/K

pf(p/p)([L:K]−fpgp)

where we f(p/p) is the residue degree of p over the rational prime p. Taking loga-
rithms on both sides we obtain

logNK/Q(δL/K) ≤

 ∑
p∈P (L/K), p|δL/K

f(p/p)([L : K]− fpgp) log p

+ [L : Q] log([L : K])

≤ ([L : K]− 1)

 ∑
p∈P (L/K), p|δL/K

f(p/p) log p

+ [L : Q] log([L : K])

≤ ([L : Q]− [K : Q])
∑

p∈P (L/K)

log p+ [L : Q] log([L : K])

which gives the result.

Proof of proposition 2.1.7. Applying the theorem to the extension Km/K, which is
Galois, we get

logNK/Q(δKm/K) ≤ ([Km : Q]− [K : Q])
∑

p∈P (Km/K)

log p+ [Km : Q] log n(m). (2.2)

Using the well-known formula for relative discriminants in tower of fields

dm = NK/Q(δKm/K)d
n(m)
K/Q

where dK/Q is the absolute discriminant of the field K, we get

logNK/Q(δKm/K) = log |dm| − n(m) log |dK/Q|.
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Hence , dividing both sides of the inequality 2.2 by n(m) we get:

1

n(m)
log |dm| − log |dK/Q| ≤

[Km : Q]− [K : Q]

n(m)

∑
p∈P (Km/K)

log p+
[Km : Q]

n(m)
log n(m)

≤ [K : Q]

 ∑
p∈P (Km/K)

log p+ log n(m)


�

∑
p∈P (Km/K)

log p+ log n(m)

Now by proposition 1.3.13 if p ⊆ OK ramifies in Km then either p divides m or p is
a prime of bad reduction forE. We know that there are just finitely many primes of
bad reduction: call

C :=
∑ ′

log p

where
∑ ′

is performed over primes lying under the primes in OK of bad reduction
for E. Notice that C does not depend on m. Hence we have∑

p∈P (Km/K)

log p ≤ C +
∑
p|m

log p ≤ C + logm

and from this we get

1

n(m)
log |dm| � log |dK/Q|+ C + logm+ log n(m).

As we have n(m) = O(m4) (see section 1.3.4) and log |dK/Q| + C is a fixed number
depending on the elliptic curve and on the base field K, we obtain

1

n(m)
log |dm| = O(logm)

as desired.

2.2 The proof of the main theorem

In this section we are going to give a proof of theorem 2.0.1. We begin with some
preliminary remarks. The notations are as in the previous section.
As we have shown in section 1.4 we have

δ({p ⊆ OK prime : p does not split completely in any Kl, l prime}) =

δ({p ⊆ OK prime : Ẽ(kp) is cyclic})

Hence we are done if we compute the first density. By what we showed in section
1.3.1, this amounts to computing the limit

lim
x→∞

f(x,K)

x/ log x
.
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For this computation we will use the Generalized Riemann Hypothesis in the form
given by Lagarias-Odlyzko in [6]: we have

π1(x,Km) =
lix

n(m)
+O

(
x1/2

n(m)
log(|dm|xn(m))

)

for every m ≥ 1 squarefree. Here lix is defined as

lix =

∫ x

0

1

log t
dt ∀x > 0, x 6= 1.

Proof of theorem 2.0.1. In this proof lwill always denote a prime number. We know
by 2.1 that

f(x,K) =

∞∑
m=1

µ(m)π1(x,Km).

Before going on with the proof we need to define some new quantities.
For every x, y ∈ R>0 define

N(x, y) := #{p ⊆ OK prime : NK/Q(p) ≤ x,
p does not split completely in any Kl, l ≤ y}.

By the inclusion-exclusion principle we have that

N(x, y) =
∑ ′

µ(m)π1(u,Km) (2.3)

where
∑ ′

is performed over all the m ∈ N with all prime divisors less or equal to y
(notice that all the sums we are dealing with are finite by corollary 2.1.3).

Take now x ∈ R and y = y(x) ∈ R to be fixed later. Clearly we have f(x,K) ≤
N(x, y). For every ξ1, ξ2 ∈ R let M(x, ξ1, ξ2) be the number of prime ideals p in
K with NK/Q(p) ≤ x and p splits completely in some Kl with ξ1 ≤ l ≤ ξ2. Let
g(x) denote the largest index m squarefree such that some prime p ⊆ OK with
NK/Q(p) ≤ x splits completely in Km. Such g(x) exists because of lemma 2.1.3.
Clearly we have

N(x, y) ≥ f(x,K) ≥ N(x, y)−M(x, y, g(x)). (2.4)

We want to estimate M(x, y, g(x)). We have:

M(x, y, g(x)) ≤
∑

y<l< x1/2

log2 x

π1(x,Kl) +
∑

x1/2

log2 x
<l<g(x)

π1(x,Kl).

By proposition 2.1.5 ∑
x1/2

log2 x
<l<g(x)

π1(x,Kl) = o

(
x

log x

)
.

We use proposition 2.1.7 and GRH to bound the first sum:∑
y<l< x1/2

log2 x

π1(x,Kl) =
∑

y<l< x1/2

log2 x

lix

n(l)
+

∑
y<l< x1/2

log2 x

H(x, l)
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where

H(x, l) :=

∣∣∣∣ lix

n(l)
− π1(x,Kl)

∣∣∣∣ = O

(
x1/2

n(l)
log(|dl|xn(l))

)
.

We get (all the sums are over y < l < x1/2

log2 x
)

∑
H(x, l)�

∑
x1/2

(
log x+

log |dl|
n(l)

)
�
∑

x1/2 (log x+ log l)

where in the second inequality we used proposition 2.1.7. To estimate the latter
sum we have to recall the following result due to Chebyshev:

Theorem 2.2.1. There exist two positive constants A,B such that for every x ∈ R>0

Ax

log x
≤ π(x) ≤ Bx

log x

where π(x) is the number of rational primes less or equal to x.

Using the above theorem we obtain:

∑
y<l< x1/2

log2 x

x1/2 (log x+ log l) ≤
∑

y<l< x1/2

log2 x

x1/2

(
log x+ log

(
x1/2

log2 x

))

�
∑

y<l< x1/2

log2 x

x1/2 log x ≤ x1/2 log xπ

(
x1/2

log2 x

)

≤ x1/2 · log x · x
1/2

log2 x
· 1

log
(
x1/2

log2 x

)
=

x

log x
· 1
1
2 log x− 2 log log x

� 2

log2 x
= o

(
x

log x

)
.

We deduce that ∑
y<l< x1/2

log2 x

H(x, l) = o

(
x

log x

)
.

Now we also know that ∑
l prime

1

n(l)
≤
∞∑
m=1

1

n(m)
<∞

by what we remarked in chapter 1, so also∑
y<l< x1/2

log2 x

lix

n(l)
= o

(
x

log x

)

providing that y = y(x) → ∞ as x → ∞ (indeed recall that lix = O(x/ log x) as
x→∞). Combining what we have obtained so far with the inequalities 2.4 we get

f(x,K) = N(x, y) + o

(
x

log x

)
. (2.5)
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Now we want to study N(x, y). Using equation 2.3 and GRH we get

N(x, y) =
∑ ′

µ(m)

(
lix

n(m)
+O

(
x1/2

n(m)
log(|dm|xn(m))

))

=
∑ ′

µ(m)

(
lix

n(m)
+O

(
x1/2

[
log |dm|
n(m)

+ log x

]))
=
∑ ′

µ(m)

(
lix

n(m)
+O

(
x1/2 logmx

))
=
∑ ′

µ(m)
lix

n(m)
+O

(∑ ′
µ(m)x1/2 logmx

)
where

∑ ′
is performed over all the m ∈ Nwhose prime divisors are≤ y.

We know that µ(m) = 0 when m is not square-free. The square-free numbers
whose prime divisors are all≤ y are less or equal to

1 +

(
byc
1

)
+ · · ·+

(
byc
byc

)
= 2byc ≤ 2y.

Then we have∑ ′
µ(m)x1/2 logmx =

∑ ′
µ(m)x1/2 logm+

∑ ′
µ(m)x1/2 log x

≤
∑ ′

µ(m)x1/2 logm+ 2yx1/2 log x.

Now, if m is square-free and all its prime factors p1, ..., pn are≤ y, we have

logm = log(p1 · · · pn) ≤ π(y) log y ≤ Ay

log y
· log y = Ay = O(y)

where in the last inequality we used theorem 2.2.1. To sum up we obtain

N(x, y) =

(∑ ′ µ(m)

n(m)

)
lix+O(x1/22y(y + log x)).

Choose now y = y(x) such that 2y(x) � x1/2

log3 x
and y(x) → ∞ as x → ∞. Then

necessarily

y(x)� 1

log 2

(
1

2
log x− 3 log log x

)
� log x

and we deduce that

x1/22yy � x1/2 · x
1/2

log3 x
· log x =

x

log2 x
= o

(
x

log x

)
.

Hence O((x1/22y(y + log x)) = o
(

x
log x

)
and using the fact that lix ∼ x

log x we get

lim
x→∞

N(x, y)

x/ log x
=

∞∑
m=1

µ(m)

n(m)
.
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Equation 2.5 now implies

lim
x→∞

f(x,K)

x/ log x
=

∞∑
m=1

µ(m)

n(m)
=

∞∑
m=1

µ(m)

[Km : K]
.

This proves the theorem.
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Chapter 3

The factorization of the density in
the non-CM case

In the previous chapter we were able, under GRH, to prove an explicit formula for
the density of the set of prime ideals in a number field K for which a given elliptic
curve E defined over K has cyclic reduction. The formula for the density was

δ(E) =

∞∑
m=1

µ(m)

[Km : K]
.

In general the density of a set of primes, if exists, is a real number between 0 and 1.
When the density is strictly positive it is clear that the given set is infinite. If the
density is 0 the set could be either finite or infinite. Therefore it is an interesting
problem to understand when the density that we computed in chapter 2 vanishes.
However, looking at the formula above, it is by no means clear when the density
becomes 0. The aim of this chapter is to factor the density into the product of
a finite sum and an infinite product that never vanishes. Hence the vanishing of
the density will become equivalent to the vanishing of a finite sum, which will be
relatively easy to deal with. We will be able to do so in the case E does not have
complex multiplication.

3.1 The general strategy

We want to reduce the problem of factoring the density found in chapter 2 to a
problem concerning Galois groups. LetK be a number field andE an elliptic curve
defined over K. As usual for every m ∈ N, let Km denote the m-division field over
K. For every n ∈ N squarefree define

δn(E) :=
∑
d|n

µ(d)

[Kd : K]
.

Clearly δn(E) is a partial sum of the infinite sum giving the density in theorem 2.0.1
in the sense that δ(E) is the limit, as n tends to infinity by divisibility, of δn(E). We
are going to interpret these sums in terms of certain subsets of the Galois groups of
the division fields over K. For n squarefree define

Hn := {σ ∈ Gal(Kn/K) : σ|Kl
6= idKl

for every prime l | n}.

Notice that when n is squarefree the field Kn is the compositum of all the division
fields Kl with l prime dividing n.
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Lemma 3.1.1. For every n squarefree

δn(E) =
#Hn

[Kn : K]

Proof. For every positive integer d dividing n define

Dd = {σ ∈ Gal(Kn/K) : σ|Kl
= idKl

for every prime l | d}.

Since n is squarefree, also d is so and then Kd is the compositum of all the division
fields Kl with l prime dividing d. Hence Dd := Gal(Kn/Kd) so #Dd = [Kn : Kd]. By
inclusion-exclusion we have

#Hn =
∑
d|n

µ(d)#Dd =
∑
d|n

µ(d)[Kn : Kd].

We deduce that
#Hn

[Kn : K]
=
∑
d|n

µ(d)

[Kd : K]
= δn(E)

and this gives the result.

The lemma 3.1.1 suggests that in order to study the behaviour of the density
δ(E) (and therefore of the partial sums δn(E)) we should study the subsets Hn for
n squarefree. When n is squarefree we have an injective morphism

Gal(Kn/K) ↪→
∏

l|n, l prime

Gal(Kl/K).

Suppose for a moment that the fields Kl are linearly disjoint over K. This by defi-
nition means that the map above is an isomorphism (if this is not the case we say
that the fields are entangled). Since the number of non-trivial automorphism in
each Galois group Gal(Kl/K) is [Kl : K]− 1 we have that

#Hn =
∏

l|n,l prime

([Kl : K]− 1)

so

δn(E) =
∏

l|n,l prime

(
1− 1

[Kl : K]

)
.

This suggests that in order to factor our density δ(E) we should find a finite set of
primes such that for every prime outside this set the corresponding division fields
over K are linearly disjoint. This is what we are going to do in what follows.

3.2 Group-theoretical preliminaries

In this section we want to recall some definitions and results from group theory.
We will apply them to the study of the Galois groups of division field extensions
of K.
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3.2.1 Composition series

Let G be a fnite group. A subnormal sequence is a chain of subgroups

{1} = G0 CG1 C · · ·CGn = G

such that for every i = 1, ..., n, the subgroup Gi−1 is normal in Gi. A subnormal
sequence is called a composition series if for every i = 1, ..., n the factor groups
Gi/Gi−1 are simple. In this case the quotients Gi/Gi−1 are called composition fac-
tors of G. It is easy to see that every finite group G admits a composition series. All
the composition series of a finite groupG are "essentially the same" in the sense of
the following theorem.

Theorem 3.2.1 (Jordan-Hölder). Let G be a finite group and let

{1} = H0 CH1 C · · ·CHr = G {1} = K0 CK1 C · · ·CKt = G

be two composition series ofG. Then r = t and there exists σ ∈ Sr such that for every
n = 1, ..., r

Hn/Hn−1 = Kσ(n)/Kσ(n)−1.

We now study how composition series behave under taking subgroups, quo-
tients and direct products.

LetG be a finite group, {1} = G0CG1C · · ·CGn = G a composition series forG.
If H 6 G then

{1} = H ∩G0 CH ∩G1 C · · ·CH ∩Gn = H

is a subnormal sequence in H whose factors are isomorphic to subgroups of the
composition factors of G: in particular we have for every i = 1, ..., n

(H ∩Gi)/(H ∩Gi−1) ↪→ Gi/Gi−1.

In general the subnormal sequence above is not a composition series for H , but it
can always be refined to a such a series.

Let now N be a normal subgroup of G. Then

{1} = G0 CG1 C · · ·CGn = G/N

with Gi := GiN/N for i = 0, ...n is a subnormal series of G/N . The quotients
Gi/Gi−1 are isomorphic to quotients of the factors Gi/Gi−1. Since by hypothe-
sis the quotients Gi/Gi−1 are composition factors, they cannot have non-trivial
quotients. This implies that the quotients Gi/Gi−1 are either {1} or isomorphic
to Gi/Gi−1.

Finally letG1, G2 finite groups: then the composition factors of the direct prod-
uctG1×G2 are precisely the union of the composition factors ofG1 andG2 because
the "concatenation" of two composition series ofG1 andG2 will give a composition
series of the product G1 ×G2.
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3.2.2 The special linear group over a finite field

Let N be an integer and let GL2(Z/NZ) be the group of 2 × 2 invertible matrices
with entries in Z/NZ. This is called the general linear group over Z/NZ. If N = 0
we have GL2(Z), i.e. the group of invertible 2×2 matrices with integer coefficients.

Definition 3.2.2. The special linear group SL2(Z/NZ) is the subgroup of GL2(Z/NZ)
consisting of all the matrices with determinant 1.

Lemma 3.2.3. For every N ∈ N>0 the reduction modulo N induces a surjection

SL2(Z)� SL2(Z/NZ).

Proof. We just give a sketch of the proof. First we claim that if c, d,N are integers
such that gcd(c, d,N) = 1 then there exist two integers t, s such that gcd(c+ tN, d+
sN) = 1. Let c = c1c2 with c2 = gcd(c,N) so that gcd(c1, N) = 1. Hence there exist
two integers u, v such that

c1u+Nv = 1.

Putting m := v(1− d), we have that

d+mN ≡ 1 mod c1

and it is immediate to verify that c and d+mN are coprime. This proves the claim.
Let now N > 0 be an integer and(

a b

c d

)
∈ SL2(Z/NZ)

with a, b, c, d ∈ Z. We want to lift this matrix to an element of SL2(Z). The condition
on the determinant implies that there exists m ∈ Z such that

ad− bc+mN = 1

so in particular gcd(d, c,N) = 1. By the claim above there exists two integers c′ and
d′ such that

c′ ≡ c mod N, d′ ≡ d mod N, gcd(c′, d′) = 1.

We want to find j, k ∈ Z such that

det

(
a+ jN b+ kN
c′ d′

)
= 1

By hypothesis there exist h ∈ Z such that ad′− bc′ = 1+hN so the problem reduces
to find j, k ∈ Z such that

h = kc′ − jd′

This is possible using the Extended Euclidean Algorithm .

If p is a prime number we use the usual notation Fp := Z/pZ to denote the finite
field with p elements.

Lemma 3.2.4. The group SL2(Fp) is normal in GL2(Fp) and has order p(p2 − 1).

Proof. We have a surjective morphism of groups

det : GL2(Fp)→ F×p
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whose kernel is precisely SL2(Fp). This shows that SL2(Fp) is normal in GL2(Fp).
It is immediate to see that the order of GL2(Fp) is (p2 − 1)(p2 − p). So the first
isomorphism theorem gives

|SL2(Fp)| =
(p2 − 1)(p2 − p)

p− 1
= p(p2 − 1).

Inside SL2(Fp) there is the normal subgroup {±I}. The quotient group

PSL2(Fp) := SL2(Fp)/{±I}

is called the projective special linear group over Fp. It is well known (see for in-
stance [5]) that if p ≥ 5 then PSL2(Fp) is a simple group. Hence in SL2(Fp) there is
the following composition series:

{1}C {±I}C SL2(Fp). (3.1)

We now want to prove that SL2(Fp) does not have subgroups of index 2 for p
sufficently large. We need a lemma.

Lemma 3.2.5. Let p ≥ 5 be a prime number. Then SL2(Fp)ab is trivial.

Proof. In this proof ifG is a group thenG′ denotes the derived subgroup and Gab := G/G′

denotes the abelianized group.
Fix p ≥ 5 a prime. It is well known that the group PSL2(Z) := SL2(Z)/{±I} has

the following presentation (see for example [4] appendix A):

PSL2(Z) = 〈A,B : A2 = 1, B3 = 1〉.

Hence the abelianized can be presented as

PSL2(Z)ab = 〈A,B : A2 = 1, B3 = 1, AB = BA〉 ∼= Z/6Z.

We deduce that |PSL2(Z)ab| = 6 (in the notations above it contains the six elements
1, A,B,AB,B2, AB2). Using the definitions it is easy to see that

PSL2(Z)ab ∼=
SL2(Z)

{±I} SL2(Z)′

and using the multiplicativity of the indeces we have

| SL2(Z)ab| = |SL2(Z) : SL2(Z)′| = | SL2(Z) : {±I} SL2(Z)′||{±I} SL2(Z)′ : SL2(Z)′|
= 6 · |{±I} SL2(Z)′ : SL2(Z)′|.

Since the latter index is clearly either 1 or 2 we deduce that the order of SL2(Z)ab is
either 6 or 12.

Now by 3.2.3 for everym ∈ N the reduction modulom gives a surjection SL2(Z)�
SL2(Z/mZ) which induces a surjection

SL2(Z)ab � SL2(Z/mZ)ab.

It can be directly checked that | SL2(Z/3Z)ab| = 3 and | SL2(Z/4Z)ab| = 4. This,
along with the surjection above, in particular implies that |SL2(Z)ab| = 12. Let
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n := 12p: since p 6= 2, 3 by assumption, the Chinese Reminder Theorem gives

SL2(Z)ab � SL2(Z/nZ)ab ∼= SL2(Z/3Z)ab × SL2(Z/4Z)ab × SL2(Z/pZ)ab

and, by counting the orders, this gives SL2(Z/pZ)ab = {1} as wanted.

Corollary 3.2.6. For p ≥ 5 prime the group SL2(Fp) does not have a subgroup of
index two.

Proof. Any index 2 subgroup of SL2(Fp) would be normal with cyclic quotient of
order 2. This in particular implies that the given subgroup contains the derived
subgroup, which contradicts the previous lemma.

3.3 The factorization of the density

Let K be a number field and E an elliptic curve defined over K without complex
multiplication. In this section we will prove that the density δ(E) found in chapter
2 can be factorized into a finite sum and an infinite product that never vanishes. In
order to do this, we first need to prove a fundamental theorem; as usual for every
n ∈ N, Kn denotes the n-division field over K.

Theorem 3.3.1. Let K be a number field and E an elliptic curve defined over K
without complex multiplication. Let S be the set of all prime numbers p such that:

• p | 6 disc(K/Q).

• p lies under one of the prime ideals in OK dividing the discriminant ∆E of E.

• Gal(Kp/K) 6∼= GL2(Fp).

For every x > maxS, let
Nx :=

∏
p≤x

p.

Then Kl ∩KNx = K for every prime l > x.

Remark 3.3.2. Notice that S is a finite set because of theorem 1.3.12.

Proof. We divide the proof in several steps. Let l be a prime number greater than
Nx. Recall that by proposition 1.3.14 if ζl denotes a primitive l-th root of unity, then
K(ζl) ⊆ Kl.

Step 1. We have [K(ζl) : K] = l − 1 and Gal(K(ζl)/K) ∼= F∗l .

Proof. Notice that Q(ζl) ∩K = Q since K is unramified at l by the way we chose l
whereas the cyclotomic field Q(ζl) is totally ramified at l. Since both K(ζl)/K and
Q(ζl)/Q are normal extensions, from Galois theory we have:

Gal(K(ζl)/K) ∼= Gal(Q(ζl)/Q(ζl) ∩K) ∼= Gal(Q(ζl)/Q) ∼= F∗l

and this gives the result.
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Step 2. We have K(ζl) ∩KNx = K.

Proof. Suppose by contradiction that K(ζl) ∩ KNx 6= K. Consider a prime ideal
p ⊆ OK which lies above l. By the way we have chosen l we know that l is totally
ramified in Q(ζl) while l does not ramify in K. This together with Step 1 implies
that p is totally ramified in K(ζl) and consequently p ramifies in K(ζl) ∩KNx . But
then p ramifies inKNx which, by proposition 1.3.13, implies that either p dividesNx

or p divides ∆E . None of these two cases is possible by the way we chose l. Hence
K(ζl) ∩KNx = K.

Step 3. We have Gal(Kl/K(ζl)) ∼= SL2(Fl).

Proof. There is a restriction map

Gal(Kl/K)→ Gal(K(ζl)/K)

and the kernel is clearly Gal(Kl/K(ζl)). Moreover GL2(Fl) ∼= Gal(Kl/K) by the way
we chose l. On the other hand, by proposition 1.3.15, the restriction is given by

σ 7−→ (ζl 7→ ζ
det(σ)
l )

and the kernel of this map is SL2(Fl). This gives the isomorphism above.

Step 4. If Kl ∩KNx(ζl) = K(ζl) then Kl ∩KNx = K.

Proof. This is immediate from the identity

Kl ∩KNx = Kl ∩KNx(ζl) ∩KNx = K(ζl) ∩KNx = K

where in the last passage we used Step 2.

So we are reduced to prove thatKl∩KNx(ζl) = K(ζl). Suppose by contradiction
that this is not true and call F the intersection. Hence K(ζl) & F . Notice that both
Kl/K(ζl) and KNx/K(ζl) are Galois extensions: the first because of proposition
1.3.11, the second because KNx is the compositum of all Kp for p | Nx (since Nx

is squarefree) which are Galois extensions of K. Hence also F/K(ζl) is a Galois
extension. We are going to study its Galois groupG := Gal(F/K(ζl)) and to deduce
a contradiction.

KN (ζl)Kl

F

K(ζl)

SL2(Fl) C2,PSL2(Fl) or SL2(Fl)

FIGURE 3.1: Possiblities for the Galois group of F over K(ζl).

By Step 3 we know that Gal(Kl/K(ζl)) ∼= SL2(Fl). A composition series of
SL2(Fl) is given by

{1}C {±I}C SL2(Fl)
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with composition factorsC2 (a cyclic group of order 2) and PSL2(Fl) (which is sim-
ple as we recalled in the previous paragraph). Since the Galois group G is isomor-
phic to a quotient of Gal(Kl/K(ζl)), the possible composition factors of G (which
by theorem 3.2.1 are independent from the particular composition series) are

1. C2.

2. PSL2(Fl).

3. C2, PSL2(Fl).

We can immediately exclude the first case: if G ∼= C2 then SL2(Fl) would have
a subgroup of index two, which is impossible by corollary 3.2.6, since l ≥ 5 by
assumption.

To exclude the other two cases we are going to analyze Gal(KNx(ζl)/K(ζl)). We
know thatKNx(ζl) is the compositum ofK(ζl) with all the division fieldsKp, p | Nx.
Hence we have the following inclusions:

Gal(KNx(ζl)/K(ζl)) 6 Gal(KNx(ζl)/K) ↪→ F∗l ×
∏
p|Nx

Gal(Kp/K) 6 F∗l ×
∏
p|Nx

GL2(Fp).

We deduce that a composition series for Gal(KNx(ζl)/K(ζl)) can be obtained by re-
fining the intersection of a composition series of the group on the right hand side
with Gal(KNx(ζl)/K(ζl)). The composition factors will be quotients of subgroups
of the original composition factors. We know that the composition factors of a di-
rect product of groups are just the union of the composition factors of the groups
appearing in the product.
Suppose now that we are in case 2 or 3 above. Then PSL2(Fl) should appear as
quotient of subgroups of the composition factors of either F∗l or GL2(Fp) for some
prime p dividingNx. We can immediately exclude F∗l because it is an abelian group
and this property is preserved when taking subgroups and quotients. As far as
GL2(Fp) is concerned we have the following subnormal sequence:

{1}C {±I}C SL2(Fp)CGL2(Fp)

which can always be refined to a composition series. However GL2(Fp)/SL2(Fp) ∼=
F∗p and {±I} ∼= C2 are abelian groups, so all the composition factors coming from
here will be abelian too. The group PSL2(Fl) cannot appear as quotient of sub-
groups of them. The group SL2(Fp)/{±I} ∼= PSL2(Fp) is already simple, so it is a
composition factor of GL2(Fp). Since l > p by the way we chose l, PSL2(Fl) cannot
appear as quotient of subgroups of PSL2(Fp).

The analysis allows us to exclude also cases 2 and 3. We deduce that F = K(ζl)
and by Step 4 this proves the theorem.

Using the theorem above we can finally prove the main theorem of this section
about the factorization of the density.

Theorem 3.3.3. Let K be a number field and E an elliptic curve defined over K
without complex multiplication. Then, under GRH, the density of the set of primes
of K for which E has a cyclic reduction is

δ(E) =

∑
d|N

µ(d)

[Kd : K]

 ∏
l-N, l prime

(
1− 1

[Kl : K]

)
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where
N :=

∏
p≤maxS

p

with S as in theorem 3.3.1. Moreover the infinite product never vanishes.

Proof. As in section 1 for n ∈ N squarefree define

δn(E) :=
∑
d|n

µ(d)

[Kd : K]

and
Hn := {σ ∈ Gal(Kn/K) : σ|Kl

6= idKl
for every prime l | n}.

Let l be the smallest prime which does not divideN ; an element ofHNl is obtained
by extending an automorphism inHN to an automorphism ofKNl which is not the
identity onKl. This can be done in [KNl : KN ]− 1 ways. By theorem 3.3.1 we know
that [KNl : KN ] = [Kl : K]: we deduce that

#HNl = ([Kl : K]− 1)#HN .

Again by theorem 3.3.1 and by Galois theory we have [KNl : K] = [KN : K][Kl : K].
Hence we get

δNl(E) =
#HNl

[KNl : K]
=

[Kl : K]− 1

[Kl : K]
· #HN

[KN : K]
= δN (E)

(
1− 1

[Kl : K]

)
.

For any increasing squarefree multipleN ′ ofN , it follows by induction on the num-
ber of prime numbers dividing N ′/N and 3.3.1 that

δN ′(E) = δN (E)
∏

l|N ′/N, l prime

(
1− 1

[Kl : K]

)

so taking the limit we get

δ(E) = δN (E)
∏

l-N, l prime

(
1− 1

[Kl : K]

)
.

The product on the right is clearly never vanishing since for l - N the Galois group
of Kl/K is the full GL2(Fl) so in particular [Kl : K] = (l2 − 1)(l2 − l).

Corollary 3.3.4. Let K be a number field and E an elliptic curve defined over K
without complex multiplication. Then, under GRH, the density of the set of primes of
K for whichE has a cyclic reduction is always a rational multiple of the full product

A(E) =
∏

l prime

(
1− 1

[Kl : K]

)

The productA(E) appearing in corollary 3.3.4 is called "naive density" because
it represents the density of the primes for which an elliptic curve E has cyclic re-
duction under the hypothesis that all the division fields Kl for l prime are linearly
disjoint over K. Clearly this is not always the case, and the corollary says that the
real density is always the product of the naive density with a rational correction
factor. Notice that when the mod l Galois representations associated toE have full
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image GL2(Fl) for every l prime, then [Kl : K] = (l2 − 1)(l2 − l) for every prime l
and the naive density has the value

A∞ =
∏

l prime

(
1− 1

(l2 − 1)(l2 − l)

)
≈ 0.813751906106816.

The constant A∞ is called the universal Artin constant for elliptic curves without
CM. Since for a generic elliptic curve E without complex multiplication the mod l
Galois representation is surjective for almost all the primes l, we deduce that the
density δ(E) is always a rational multiple of the universal Artin constant.

We conclude by saying that in case the elliptic curve E has complex multipica-
tion the theory becomes more complicated and in general one cannot factor the
density as we did in this chapter for non-CM curves. Indeed in the CM case the
division fields Kl can be entangled for every prime l and this causes the strategy
we used to factor the density for non-CM elliptic curves fail in this case: we will see
an example of this phenomenon in the final chapter of this thesis.
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Chapter 4

Non-trivial examples for the
vanishing of the density

For an elliptic curveE defined over a number fieldK we denote by δK(E) the den-
sity of the set of prime ideals in K for which the reduction of E is good and cyclic.
In this chapter we are concerned about finding examples of elliptic curves E and
number fields K such that E is defined over K and δK(E) = 0.

4.1 What "non-trivial" means

GivenK a number field andE an elliptic curve defined overK, we know by chapter
1 that the density δK(E) is equal to the density of the set of primes inK that do not
split completely in any division field Kl with l prime. The fact that a prime ideal p
splits completely in a division field Kl is equivalent to the residue field kp := OK/p
containing the full l-torsion of the reduced elliptic curve Ẽ(kp). This implies that if
the field K already contains the full l-torsion of E then every non-ramifying prime
must split completely in Kl. This gives the following.

Lemma 4.1.1. LetE be an elliptic curve defined over a number fieldK. IfK contains
the full l-torsion of E for some prime l then δK(E) = 0.

Definition 4.1.2. Let E be an elliptic curve defined over a number field K. The pair
(E,K) is called an example for the vanishing of the density if δK(E) = 0. An example
for the vanishing of the density (E,K) will be called trivial if K contains the full l-
torsion of E for some rational prime l.

It is easy to construct trivial examples: take E/K any elliptic curve. Then the
pair (E,Kl) will always be a trivial example for the vanishing of the density for any
prime l. The point here is that we can always enlarge the number field of definition
of any elliptic curve E: if K ⊆ L is a field extension and E is defined over K, then
clearly E is also defined over L.

Fix nowK = Q: we want to characterize the trivial examples of the form (E,Q).

Lemma 4.1.3. Let E be an elliptic curve defined over Q. The pair (E,Q) is a trivial
example for the vanishing of δQ(E) if and only ifQ contains the full 2-torsion of E.

Proof. If Q contains the full 2-torsion of E then the pair (E,Q) is a trivial example
by definition. On the other hand the field of rational numbers cannot contain the
full l-torsion of E for any l > 2: indeed by proposition 1.3.15 the field Q(E[l](Q))
always contains the cyclotomic extension Q(ζl) which strictly contains Q if l > 2.
This proves the lemma.
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On the other hand R. Murty and R. Gupta proved in [13] (theorem 1) that the
only examples (E,Q) for the vanishing of the density are the trivial ones. Hence
over the rational numbers it is impossible to find non-trivial examples.

The aim of this chapter is to find non-trivial examples (E,K) with K a number
field different fromQ. In order to do so we will make use of the following lemma.

Lemma 4.1.4. Let L/K be a Galois extension of number fields with Gal(L/K) ∼=
V4 the Klein group and let K ⊆ K1,K2,K3 ⊆ L be the three intermediate fields
of the extension. Then every prime ideal p in K which does not ramify in L splits
completely in at least one between K1,K2,K3.

L

K1 K3K2

K

Proof. Let p ⊆ OK be a prime ideal that does not ramify inL. The extensionL/K is
abelian, so there exists a unique Frobenius element Frobp ∈ Gal(L/K) ∼= V4 associ-
ated to p. Since every automorphism of Gal(L/K) must be the identity on someKi

for i = 1, 2, 3, by restrcting the Frobenius element associated to p we deduce that p
must split completely in at least one between K1,K2,K3.

Since there is just a finite number of prime ideals which ramify in L, the lemma
above implies that the set of primes in K that do not split completely in any of the
fields K1,K2,K3 has zero density.

4.2 Non-trivial examples

Theorem 4.2.1. Let E be an elliptic curve defined over a number field K without
complex multiplication. Then there are infinitely many finite extensionsF ofK such
that the pairs (E,F ) are non-trivial examples for the vanishing of the density δF (E).

Proof. Let S be the set of rational primes as in theorem 3.3.1 and choose three
consecutive rational primes p1, p2, p3 > maxS. By theorem 3.3.1 we know that the
three division fields Kp1 ,Kp2 ,Kp3 over K are all linearly disjoint over K and for
i = 1, 2, 3 we have Gal(Kpi/K) ∼= GL2(Fpi). This implies in particular that

Gal(Kp1p2p3/K) ∼=
3∏
i=1

Gal(Kpi/K) ∼= GL2(Fp1)×GL2(Fp2)×GL2(Fp3)

where Kp1p2p3 = Compositum(Kp1 ,Kp2 ,Kp3). Let Ij ∈ GL2(Fpj ) be the identity
automorphism in the corresponding Galois group of Kpj over K. Using the iso-
morphism above we have

H := {±I1} × {±I2} × {±I3} 6 Gal(Kp1p2p3/K).

The group H is of order 8 since pi > maxS > 2 for every i = 1, 2, 3. Define then the
following subgroup of H :

G := {(A,B,C) ∈ H : sgn(A) sgn(B) sgn(C) = 1} 6 Gal(Kp1p2p3/K)
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The subgroupG is of order 4 and exponent 2, henceG ∼= V4 the Klein group. Define
F := KG

p1p2p3 (i.e. F is the subfield fixed by G in Kp1p2p3) and let

G1 := 〈(I1,−I2,−I3)〉 G2 := 〈(−I1, I2,−I3)〉 G3 := 〈(−I1,−I2, I3)〉

be the three non-trivial subgroups of G. Put Fi := Compositum(F,Kpi) for i =
1, 2, 3: it is clear that for all such i’s, Fi is the pi-division field over F .

We claim that KGi
p1p2p3 = Fi for every i = 1, 2, 3. Clearly Fi ⊆ KGi

p1p2p3 because
the group Gi fixes F (by definition of F ) and Kpi (by definition of the group Gi). If
Fi 6= KGi

p1p2p3 then Fi ⊆ F since [KGi
p1p2p3 : F ] = 2 so in particular we would have

Kpi ⊆ F . But this is impossible since Kpi is not fixed by every automorphism of G.
Hence KGi

p1p2p3 = Fi for every i = 1, 2, 3 and this proves the claim.
We have managed to construct the following diagram of fields:

Kp1p2p3

F1 F3F2

F

where Gal(Kp1p2p3/F ) ∼= V4 and Fi is the pi-th division field over F . By corollary
1.4.5 and lemma 4.1.4 we deduce that the pair (E,F ) is an example for the van-
ishing of δF (E). Clearly for different choices of consecutive pi’s we obtain different
fields F since they all have different degrees over K.

What is left to prove is that the examples (E,F ) are non-trivial i.e. that F does
not contain the full l-torsion of E for any prime l. We will just sketch the proof of
this since it is very similar to the proof of theorem 3.3.1. Clearly F cannot contain
the full pi-torsion for i = 1, 2, 3 by construction. Moreover the field Kp1p2p3 is lin-
early disjoint from all the fields Kl for l > maxi=1,2,3{pi} by theorem 3.3.1. This
implies that the field F cannot contain the full l-torsion for any l > maxi=1,2,3{pi}.
It remains to prove that F does not contain the full l-torsion for every prime l <
mini=1,2,3{pi}. This can be done by showing that the fieldKp1p2p3 is linearly disjoint
over K with the field

KN := Compositum(Kl : l < min
i=1,2,3

{pi}).

We already know that Kp1 ∩ KN = K by theorem 3.3.1. Imitating the same proof
first with the field Kp1p2 and then with the field Kp1p2p3 gives the result.

Remark 4.2.2. We notice that the proof of the above theorem can be weakened in
two ways:

1. We do not really need the condition Gal(Kpi/K) ∼= GL2(Fpi): it just suffices to
have an element σi ∈ Gal(Kpi/K) of order 2.

2. We do not really need the fact that Gal(Kp1p2p3/K) ∼=
∏3
i=1 Gal(Kpi/K); we

always have an injection Gal(Kp1p2p3/K) ↪→
∏3
i=1 Gal(Kpi/K) and we just

need that the image of this map contains the subgroup 〈σ1〉 × 〈σ2〉 × 〈σ3〉.

The theorem above tells that for an elliptic curve without complex multiplica-
tion defined over a number fieldK we can find infinitely many extensions F/K for
which the density δF (E) non-trivially vanishes. In principle one could compute
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these extensions F/K but in practice their degree is too big to do so. This leaves
out an open question: can we find an elliptic curve and a field F of "small degree"
such that the pair (E,F ) is a non trivial example for the vanishing of the density?
One way to tackle this problem may be to find an elliptic curve defined over the
rationals for which is possible to repeat the same construction seen in the proof of
the theorem using the 2, 3 and 5-division fields overQ.
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Chapter 5

Conclusions: some numerical
examples over the field of rationals

We want to conclude this thesis by discussing the numerical examples that we pro-
vided in table 1.4 since we have now all the necessary tools to understand the den-
sities appearing. The notations used in the examples are as in chapter 1: if E is an
elliptic curve defined over Q we will call d(E) the quotient between the number of
primes up to 106 for which E has cyclic reduction and the total number of primes
up to 106. To get information about the Galois representations of the elliptic curves
we used the online database LMFDB, http://www.lmfdb.org. As usual for every l
prime Kl will denote the l-division field overQ.
As we explained at the end of chapter 3, the density of the the set of primes of cyclic
reduction for a given elliptic curve E is a rational multiple of the naive density

A(E) =
∏

l prime

(
1− 1

[Kl : Q]

)
.

The correction factors forA(E) are usually very close to 1 so the real density δ(E) is
mostly determined by the splitting behaviour of primes in the 2-division field and
in the 3-division field, since the degree of the division fields rapidly grows. Recall
also that whenE does not have complex multiplication then the density is actually
a rational multiple of the universal Artin constant

A∞ ≈ 0.813751906106816

while in caseE has CM the density is a rational multiple of an Artin constantA∞,D
depending on the ring of endomorphisms OD of E.

Example 1. Let E be the elliptic curve defined by

E : y2 = x3 − x.

Then the computations show that for no prime of good reduction up to 106 the
elliptic curve E has a cyclic reduction. In other words d(E) = 0. This is not a
surprise: indeed the polynomial x3−x splits completely overQ, so all the 2-torsion
points of E are defined over the rationals. As we explained in chapter 4 the pair
(E,Q) is a trivial example for the vanishing of the density.
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Example 2. Let E be the elliptic curve defined by

E : y2 = x3 − 3x+ 1.

The elliptic curveE does not have complex multiplication and computations show
that d(E) ≈ 0.6510. The polynomial x3 − 3x + 1 is irreducible in this case but its
discriminant is D = 1296 = 24 · 34 which is a square in Q. This means that the
Galois group of K2/Q is isomorphic to A3 and so [K2 : Q] = 3. If l 6= 2, the mod l
Galois representation associated to E has maximal image GL2(Fl) for all primes
l. In this case the density of the set of primes of cyclic reduction for E should be
approximated by

6

5
· 2

3
·A∞ ≈ 0.6510015

which agrees with our figure.

Example 3. Let E be the elliptic curve defined by:

E : y2 = x3 + 2x+ 3.

The elliptic curve E does not have complex multiplication and computations here
show that d(E) ≈ 0.4889. Notice that E has precisely one rational 2-torsion point:
indeed we can factor

x3 + 2x+ 3 = (x+ 1)(x2 − x+ 3)

where all the factors are irreducible over Q. This means that the 2-division field of
E has degree 2 over Q and it is generated by the square root of the discriminant of
the elliptic curve (hence by the square root of the discriminant of the polynomial
x3 + 2x+ 3). Since we have that the discriminant ∆E = −1 · 24 · 52 · 11, we deduce
thatK2 = Q(

√
−11). Since for everym ∈ N them-division field overQ contains the

m-th cyclotomic extension of the rationals, we have the inclusions

K2 = Q(
√
−11) ⊆ Q(ζ11) ⊆ K11.

Hence if a prime does not split completely inK2 then automatically it does not split
completely in K11. This means that in the computation of the density we do not
have to consider the factor 1− 1/[K11 : Q]. Since E has surjective Galois represen-
tation for every prime l 6= 2, we need to multiply the naive density by the correction
factor

[K11 : Q]

[K11 : Q]− 1
=

13200

13199
.

Notice that this correction factor is very close to 1.
Hence we see that the expected density in this case is

13200

13199
· 6

5
· 1

2
·A∞ ≈ 0.4882881

which is consistent with our numerical computation.
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Example 4. Let E be the elliptic curve defined by:

E : y2 = x3 − 12096x− 544752.

The elliptic curve does not have complex multiplication and numerical computa-
tions show that d(E) ≈ 0.4159. For every prime l 6= 3, the mod l Galois represen-
tation associated to E has maximal image GL2(Fl). The 3-division field instead is
minimal i.e. K3 = Q(ζ3) and so it has degree 2 overQ. Notice that the discriminant
∆E = −1 · 212 · 312 · 193 so the 2-division field K2 contains the quadratic subfield
Q(
√

∆E) = Q(
√
−19). Since Q(ζ19) ⊆ K19 we see that the intersection K2 ∩K19 is

non-trivial. Since Gal(K19/Q) ∼= GL2(F19) it is not difficult to see that we have the
equality K2 ∩K19 = Q(

√
−19).

K19K2

Q(
√
−19)

Q

FIGURE 5.1: Entanglement between K2 and K19.

We want to compute the correction factor that arise from this entanglement be-
tween the division fields. Since K2 = SplitQ(x3 − 12096x − 544752) and the latter
polynomial is irreducible with a non-square discriminant, we have that Gal(K2/Q) ∼=
S3. By Chebotarev Density Theorem we know that:

1. For 1/6 of the rational primes p the Frobenius element Frobp ∈ Gal(K2/Q) is
the identity.

2. For 1/2 of the rational primes p the Frobenius element Frobp ∈ Gal(K2/Q)
has order 2.

3. For 1/3 of the rational primes p the Frobenius element Frobp ∈ Gal(K2/Q)
has order 3.

Notice that the non-ramifying primes in (1) and (2) are precisely the primes p for

which the Legendre symbol
(
−19
p

)
= 1 while the non-ramifying primes in (3) are

those such that
(
−19
p

)
= −1. We know that 1/6 of the rational primes p splits com-

pletely inK2 and we have to disregard these in order to compute the density of the
primes for which E has cyclic reduction. We want to compute the fraction of the
remaining primes that split completely in K19: among these primes, 3/5 are such

that
(
−19
p

)
= −1 and 2/5 are such that

(
−19
p

)
= 1. Primes of the first type clearly

cannot split completely in K19. So we have to compute the fraction of primes of
the second type that split compltely inK19. Since the probability that a prime ideal
p ofQ(

√
−19) splits completely inK19 is 2/n19 by Chebotarev Density theorem, this

fraction must be equal to
2

n19
· 2

5
=

4

5n19
.
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This means that in the product corresponding to the naive density we have to sub-
stitute the factor 1− 1

n19
with the factor 1− 4

5n19
. The correction factor is then

1− 4
5n19

1− 1
n19

=
5n19 − 4

5n19
=

615596

615595

which is very close to 1. The expected density is then
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47
· 1

2
· 615596

615595
·A∞ ≈ 0.4155335

which is consistent with our figure.

We want to remark here that there is a more general technique that one could
use to compute correction factors caused by the dependences between the 2-division
field and the other dvision fields: it is called "character sum method" and it is due
to Lenstra, Moree and Stevenhagen (see [9]). Using this technique one can prove
that, for a given elliptic curve E with discriminant ∆E , if D := disc(Q(

√
∆E)/Q) is

congruent to 1 modulo 4 then the correction factor for the naive density is

cE = 1 +
∏

l|2D, l prime

−1

[Kl : Q]− 1
.

For instance in example 3 we have D = −11 and the entanglement correction fac-
tor given by the character sum formula is in this case

c = 1 +
1

([K2 : Q]− 1)([K11 : Q]− 1)
=

[K11 : Q]

[K11 : Q]− 1

This is the same number that we computed in example 3. Similarly in example 4
the character sum method gives

c = 1 +
1

([K2 : Q]− 1)([K19 : Q]− 1)
=

5[K19 : Q]− 4

5([K19 : Q]− 1)

which is the same correction that we heuristically computed.

Example 5. Let E be the elliptic curve defined by

E : y2 = x3 + x+ 3.

The elliptic curve does not have complex multiplication and computations show
that d(E) ≈ 0.8141. The polynomial x3 + x + 3 is irreducible but its discriminant
d = −247 is not a square inQ. This means that the Galois group ofK2/Q is isomor-
phic to S3 so [K2 : Q] = 6. Moreover the mod l Galois representation associated to
E has maximal image GL2(Fl) for all primes l. Hence in this case the naive density
A∞ above should approximate well the numerical results, and actually it does. No-
tice however that disc(Q(

√
∆E)/Q) = disc(Q(

√
−247)/Q) = −247 is congruent to

1 modulo 4. This means that we have an entanglement correction factor given by
the character sum formula:

cE = 1 +
∏

l|2·247, l prime

−1

[Kl : Q]− 1
= 1− 1

([K2 : Q]− 1)([K13 : Q]− 1)([K19 : Q]− 1)

This factor is really close to 1 so it cannot be seen numerically.
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In this thesis we mostly dealt with elliptic curves without complex multiplica-
tion, and we just mentioned few times CM elliptic curves. However in this last
example we want to study an elliptic curve with complex multiplication: the first
reason is that we want to underline the differences from non-CM case. The second
reason is that this example will carry along some questions that can in principle be
the starting point for a new topic.

Example 6. Let E be the elliptic curve defined by

E : y2 = x3 − 1.

The elliptic curve E has complex multiplication by (x, y) 7→ (ζ3x, y) where ζ3 de-
notes a primitive third root of unity. In this case the endomorphism ring of E is
isomorphic to Z[ζ3] and the CM-field is the third cyclotomic field Q(ζ3). In this
case numerical computations show that d(E) ≈ 0.5002. Notice that we can factor
x3 − 1 = (x− 1)(x2 + x+ 1) so we have

K2 = Q(
√
−3) = Q(ζ3).

Hence in this case the 2-division field is precisely the CM-field of the elliptic curve.
We want to show that this fact implies that K2 is contained in Kl for every l prime.
Since in this thesis we have not explained in detail the theory of Galois represen-
tations attached to CM elliptic curves we will show this using, without proof, some
facts coming from that theory.
If l = 2 we already know that K2 = Q(ζ3). For l = 3 we know by proposition 1.3.15
that Q(ζ3) is contained in K3. Let then l > 3 be a prime number and let F = Q(ζ3)
and Fl = F (E[l](Q)). We have the following diagram of fields:

Fl

F Kl

Q2

≤ 2

Suppose by contradiction that [Fl : Kl] = 2. Then there exists an automorphism
σ ∈ G := Gal(Fl/Q) of order 2 such that F σl = Kl. Since the extension Kl/Q is
Galois, the subgroup generated by σ is normal in G and this implies that σ ∈ Z(G).
Moreover σ 6∈ Gal(Fl/F ) because it is a non trivial automorphism. We know from
the first chapter that Gal(Fl/F ) ∼= (O/lO)∗ where O = Z[ζ3], and representation
theory implies that we have

G ∼= (O/lO)∗ o 〈σ〉

where the action of σ depends on the splitting of l in F .

1. If l splits completely in F , i.e. if l ≡ 1 mod 3, then (O/lO)∗ ∼= F∗l × F∗l and σ
acts by swapping the entries.

2. If l is inert in F , i.e. if l ≡ 2 mod 3, then (O/lO)∗ ∼= F∗l2 and σ acts as the
Frobenius element Frobl : x 7→ xl.

It is not difficult to show, using the fact that σ has order 2 and is in the center og
G, that none of the two cases are possible, and this leads to a contradiction. Hence
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Kl = Fl and this proves that Kl contains F = K2 for every l > 3.
We remark that this situation is really different from the non-CM case; indeed in
chapter 3 we proved that if the prime l is sufficiently large, then the division fields
Kl of a non-CM elliptic curves are all linearly disjoint from each other. The situ-
ation above is completely different: all the division fields of prime index contain
the 2-division field and so these fields are never linearly disjoint. This in particular
implies that if a prime does not split completely in K2 = Q(ζ3), then automatically
it does not split completely in anyKl for l prime. Hence the primes of cyclic reduc-
tion are precisely the primes which are inert in Q(ζ3), i.e. the primes congruent to
1 modulo 3 (notice that 2 and 3 are primes of bad reduction for E). By the Cheb-
otarev density theorem, the density of these primes is 1/2, and this agrees with the
numerical figure obtained.

The example above shows, en passant, that there is no hope to get a factoriza-
tion theorem similar to theorem 3.3.3 in the CM-case, because the division fields
in this case can all be entangled together. This means in particular that, even if
we could in principle define an Artin constant associated to an elliptic curve with
complex multiplication, the density of cyclic reduction is not necessarily a ratio-
nal multiple of this constant (as in the previous example). For the elliptic curve
y2 = x3 − 1 the problems arise from the fact that the 2-division field is also the
CM-field. However this is not always the case: the elliptic curve of example 1 has
clearly complex multiplication by the order Z[i], but its 2-division field is trivial.
This discussion leads to a number of interesting questions that we will not answer
here: when is the CM-field of an elliptic curve defined over the rationals and with
complex multiplication contained in the 2-division field? Is it true that this hap-
pens if and only if the 2-division field is non-trivial? Is it true that the CM-field is
contained in the l-division field for every l ≥ 3? The answers to this questions can
certainly shed some light on the entanglement of the division fields associated to
an elliptic curve with complex multiplication.
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