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1 Introduction

A fundamental problem in mathematics is solving polynomial equations over
the rationals, dating back to Diophantus. An important special case in alge-
braic geometry is that of curves. The behavior of the rational points of curves
depends enormously on the genus g of the curve, a numerical invariant. For
g = 0, there are either no or infinitely many solutions, and their behavior is
well understood. For g = 1, we get either no point or an elliptic curve, whose
set of rational points forms a finitely generated abelian group.

In this thesis, we look only at the case of a curve C with genus g > 1.
It turns out that there are always only finitely many rational points. This
result was originally conjectured by Mordell in 1922 and finally proven by
Faltings in 1983 in [Fal83].

Before Faltings’s theorem was proven, one of the major partial results
was a theorem from Chabauty in 1941, phrased in terms of the rank r of
the group of rational points on the Jacobian J of the curve, also called the
Mordell-Weil rank; this rank is finite by the Mordell-Weil theorem. Chabauty
proved, using p-adic methods, that if r is strictly smaller than the genus g,
then C has only finitely many rational points. Loosely said, this proof and
all Chabauty-related theorems, rely on choosing a prime p for which C has
good reduction, and intersecting J(Q) with C(Qp) inside the bigger Lie group
J(Qp). By properties of Qp, the subgroup J(Q), up to torsion generated by
r elements, lies within a Lie subgroup of dimension at most r, and C(Qp) is
a 1-dimensional p-adic manifold, and hence this intersection can be proven
to be discrete and – as J(Qp) is compact – finite.

This was made into an effective argument by Coleman in 1985. This was
done by finding explicitly, as a power series, a differential form ω on JQp whose
Coleman integral vanishes on J(Q). Pulling ω back to CQp and looking at
the fibre of reduction to a single Fp-point P , one can in certain cases give
an upper bound for the number of points in C(Q) reducing to P based only
on finite-precision calculations of ω. Most well known is the generic upper
bound |C(Q)| ≤ |C(Fp)| + 2g − 2 under the conditions r < g, p > 2g, as
explained in the excellent introductory article [MP12].

This Coleman-Chabauty method has been greatly generalised by Kim to
so-called non-abelian Chabauty in [Kim05] and [Kim09]. He interprets work-
ing in the Jacobian as dealing with the abelianised fundamental group of
the curve C and works with larger, non-abelian quotients of the fundamental
group. Then quadratic Chabauty, the simplest case of non-abelian Chabauty,
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was developed by Kim, Balakrishnan, Besser, Dogra and Müller in the series
of articles [BB15],[BBM17],[BD18], and further extended by Balakrishnan,
Dogra, Müller, Tuitman and Vonk; in 2017 they famously calculated all ra-
tional points of the “cursed curve”, the modular curve X+

s (13) [BDM+19].
They use an endomorphism of the Jacobian and do p-adic analysis on p-adic
local heights to make quadratic Chabauty explicit. Their methods are strong
enough to prove finiteness of C(Q) under the condition of r < g + ρ − 1,
where ρ is the Néron-Severi rank of the Jacobian, even if finding C(Q) can
still be difficult in those cases.

Very recently, Edixhoven and Lido made available a preprint of their ar-
ticle “Geometric quadratic Chabauty” [EL19]. Their goal in this article is
to create a more geometric approach to effective quadratic Chabauty, by
working in a pullback T of the Poincaré torsor of the Jacobian spread out
over Z. They also abandon the Coleman method for Chabauty; instead, they
parametrise the map T (Z) → T (Zp) with power series and pull back equa-
tions for the curve inside T (Zp) along this map. Again, a necessary condition
is r < g + ρ− 1.

The purpose of this thesis is to make the work by Edixhoven and Lido
more accessible by applying geometric Chabauty to the linear case, i.e. when
working with J(Q) and J(Qp) and assuming r < g. In this thesis, we go into
more detail on what is happening throughout the process, including both the-
oretical and practical components. This new method of applying Chabauty
leads to, when working with single-digit p-adic precision, a conditional upper
bound |C(Q)| ≤ |C(Fp)|, as obtained in Proposition 4.4. This upper bound
compares favorably with classical Coleman-Chabauty, but unlike classical
Coleman-Chabauty, we cannot say in general when the conditions of these
propositions hold. We develop heuristics that suggest that generally, trying
multiple primes p of good reduction will yield good results; these heuristics
say that the conditional upper bound will hold for a set of primes of density 1,
and if r < g−1 the upper bound can even often (in a set of primes of density
at least e−1) be improved to prove there are at most |C(Q)| rational points,
i.e., finding C(Q) exactly. The methods used to obtain Proposition 4.4 are
also amenable to higher precision calculations; indeed, in the case r = g − 1
one expects to need either higher precision calculations or the Mordell-Weil
sieve to calculate |C(Q)| exactly.

We also give a hyperelliptic example with r = 1, g = 2, where the bound
from Proposition 4.4 indeed holds, and we are able to compute C(Q).
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1.1 Overview

We first present the context in which we will perform Chabauty. Let CQ/Q
be a curve (i.e., a proper, smooth, geometrically connected variety of dimen-
sion 1) of genus g ≥ 2 whose Q-points we will attempt to find. Let p > 2
be a prime, and assume we have a scheme C over Z(p), proper and smooth
with generic fibre CQ; then we immediately have CQ(Q) = C(Q) = C(Z(p))
by the valuative criterion of properness. Let J be the relative Jacobian of C
over Z(p), i.e. with fibres JacCQ and JacCFp . We assume from now on that
the Mordell-Weil rank of J is r < g. Assume we have a Q-point b in C, or
equivalently a Z(p)-point. We view C as a subscheme of J , using the map
Q 7→ Q− b on points. Let P ∈ C(Fp) be a point such that t := P − b ∈ J(Fp)
lies in the image of J(Z(p)).

Definition 1.1. Let S be a scheme, T → U a morphism of schemes and
x : T → S a T -point. We define S(U)x as the morphisms from U to S that,
after precomposing with T → U , give x.

Example 1.2. If we have a proper variety X over Z(p), then X(Z(p)) is
naturally in bijection with X(Q). The natural map X(Z(p))→ X(Fp) reduces
a point modulo p and for x ∈ X(Fp), the set X(Z(p))x consists of the residue
disc of Z(p)-points reducing to x.

Geometric Chabauty works by finding an upper bound for the cardinality
of C(Z(p))P . For this, we use the following diagram.

C(Z(p))P J(Z(p))t

C(Zp)P J(Zp)t

where the two vertical maps are inclusions, and the two horizontal maps are
subtraction of b. We will in fact compute upper bounds for the larger set
C(Zp)P ∩ J(Z(p))t, where J(Z(p))t is the closure of J(Z(p))t in J(Zp)t.

In Section 2, we treat the structure of C(Zp)P and J(Zp)t; we will show
that, after choosing parameters, they are in bijection with respectively Zp
and Zgp. We also discuss the resulting map Zp → Zgp.

In Section 3 we further look at the map J(Z(p))t → J(Zp)t. This is a
translation of the group morphism J(Z(p))0 → J(Zp)0 between kernels of
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reduction; it turns out that for our choice of p, the subgroup J(Z(p))0 is free
of rank r. We study the properties of the resulting map Zr → Zgp, using the
theory of formal groups to determine the group structure on Zgp induced by
the bijection J(Zp)0 → Zgp.

In Section 4, we put all of this information together, culminating in several

methods to possibly compute upper bounds on
∣∣∣C(Zp)P ∩ J(Z(p))t

∣∣∣ with finite

precision calculations. We also perform a heuristic analysis to show that a
simple calculation of linear algebra modulo p is very likely to result in an
upper bound of at most |C(Fp)| for |C(Z(p))|, and for r < g − 1 even in an
upper bound of |C(Q)|.

The methods developed in the first four sections are not always guaran-
teed to prove finiteness of C(Z(p))P . In Section 5 we treat several possible
complications and improvements, referring to other work on Chabauty for
further reading.

Next, in Section 6 we focus on how to perform the calculations happening
in the Jacobian. Here, we use Makdisi’s approach of representing a divisor
by a subspace of a large Riemann-Roch space. We partially follow the ar-
ticle [Mas20] by Mascot, and also give an original algorithm for explicitly
computing the map C(Zp)P → J(Zp)t in Makdisi’s representation.

We end our discussion of linear geometric Chabauty with an explicit ex-
ample in Section 7, a genus 2 curve whose Jacobian has Mordell-Weil rank 1.
We use both Magma and Pari/GP to do our calculations, and end up with
a complete list of all rational points of the curve.

Finally, we provide an introduction to geometric quadratic Chabauty in
Section 8. Here, we aim to introduce all the different objects relevant to geo-
metric quadratic Chabauty; we explain why we have to work over Z instead
of over Q in order for geometric quadratic Chabauty to make sense; and we
explain some of the problems and solutions that working over Z gives rise to.

1.2 Preliminaries

We expect the readers of this thesis to be familiar with algebraic geometry,
e.g. master students with a specialisation in algebraic geometry. The intro-
duction to geometric quadratic Chabauty in Section 8 contains some terms
typically not treated in a master programme; while knowing them will help
to put the material in context, this section is meant to be understandable for
those that are not familiar with the terminology as well.
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2 Points on a smooth scheme over Zp
Let X/Zp be a smooth scheme of relative dimension d, and let x ∈ X(Fp) be a
point. Then we will show in this section that X(Zp)x is, up to a single choice,
naturally in bijection with Zdp. This bijection is given by choosing parameters
at x; evaluating at X(Zp)x gives a bijection with (pZp)d, and then we divide
by p. For putting up a nice framework to work in, we start with blowing up
X at x.

Assume, by looking at a neighborhood of x, that X = SpecA is affine and
that p, t1, . . . , td generate the maximal ideal of OX,x with t1, . . . , td elements
of OX(X) = A, also called parameters at x. By shrinking X even more, we
may assume as X is smooth that t = (t1, . . . , td) : X → Ad

Zp
is étale and

the fibre of the origin over Fp consists of just x. Now consider the blowup

X̃x → X of X at x, and let X̃p
x be the open subscheme where p generates

the inverse image of the maximal ideal of OX,x. Equivalently, that is the part

where t1, . . . , td are multiples of p, so informally X̃p
x consists of the points

that reduce to x modulo p.
There is an explicit description of the map X̃p

x → X; as t is étale, the ideal
of X defining x is the pullback along t of the ideal of Ad

Zp
defining the origin a

over Fp. That means that the blowup X̃x → X is the pullback of the blowup

Ãd
Zp,a
→ Ad

Zp
. Then the open subscheme X̃p

x is the pullback of the correspond-

ing subscheme of Ãd
Zp,a

, i.e. SpecZp[x̃1, . . . , x̃d] = SpecZp[x1/p, . . . , xd/p] with
the morphism Zp[x1, . . . , xd] → Zp[x̃1, . . . , x̃d] given by xi 7→ px̃i. That im-

plies that X̃p
x is SpecA[t1/p, . . . , td/p], with the map X̃p

x → X given by the
inclusion A → SpecA[t1/p, . . . , td/p] (remember that the ti are elements of
OX(X) = A).

This now enables us to characterise explicitly the Zp-points above x, as
in the following two lemmas.

Lemma 2.1. There is a natural bijection

X(Zp)x → X̃p
x(Zp).

Proof. Note that by (I,2.4.4) of [GD71], a Zp-point of a scheme S is just an
Fp-point s together with a local morphism OS,s → Zp. In our case, we find
that X(Zp)x is naturally in bijection with Homlocal(Ax,Zp). As the maximal
ideal of Ax is generated by p, t1, . . . , td, the morphism being local just means
that the images of t1, . . . , td are divisible by p. That exactly gives those
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morphisms that extend to a morphism A[t1/p, . . . , td/p]→ Zp, i.e. a Zp-point

of X̃p
x. Hence we find the natural bijection.

Lemma 2.2. Evaluating t at X(Zp)x gives a bijection to (pZp)d.

Proof. As t is locally of finite type, by (IV,17.6.3) of [GD71] we have an

isomorphism between the p-adic completion O(X̃p
x)∧p and the completion

Zp〈x̃1, . . . , x̃d〉 of Zp[x̃1, . . . , x̃d], with the latter completion being the ring of
convergent power series, i.e.

Zp〈x̃1, . . . , x̃d〉 = {f ∈ Zp[[x̃1, . . . , x̃d]] | ∀n ≥ 0, f ∈ Z[x̃1, . . . , x̃d] + (pn)} .

By the universal property of completions, as t induces the isomorphism be-
tween completions, t also induces a bijection

Hom(O(X̃p
x),Zp)→ Hom(Zp〈x̃1, . . . , x̃d〉 ,Zp) = Zdp.

Following all the bijections, we indeed get the bijection we wanted.

Remark 2.3. Note that this construction is functorial, in the following sense:
let X, Y be two smooth schemes over Zp and x ∈ X(Fp), y ∈ Y (Fp) be two
Fp-points, and let f : Y → X be a map satisfying f(y) = x. Then the inverse
image along the map

Ỹ p
y → Y → X

of the ideal sheaf defining x is the ideal generated by p. Hence by the universal
property of blowups (II.7.14 of [Har77]), this factors through a unique mor-

phism Ỹ p
y → X̃x, landing in X̃p

x, i.e. we get that there is a unique morphism

f̃ : Ỹ p
y → X̃p

x making the diagram

Ỹ p
y X̃p

x

Y X

f̃

f

commute.

Remark 2.4. In actual calculations, we will be focusing on X(Z/p2Z)x. This
set is a natural torsor of the tangent space TxXFp of XFp at x, which we
will describe here. We write R for the local ring OXZ/p2Z,x

and m for its
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maximal ideal, and R and m for their reductions modulo p. Then an ele-
ment in X(Z/p2Z)x is a local morphism R → Z/p2Z. As R/m = Fp, giving
such a local morphism is equivalent to giving a map m → pZ/p2Z respect-
ing multiplication and sending p to p. Such a map factors uniquely through
m/m2 → pZ/p2Z. We see that the set X(Z/p2Z)x is canonically in bijec-
tion with Fp-linear maps m/m2 → pZ/p2Z sending p to p. Note that m/m2

is a (d + 1)-dimensional Fp-vector space, and m/m2 is a d-dimensional Fp-
vector space; the map m/m2 → m/m2 is dividing out by p. Denoting ∧ to be
Hom(·,Fp), the exact sequence

0→ pZ/p2Z→ m/m2 → m/m2 → 0

can be dualised to

0→ (m/m2)∧ → (m/m2)∧ → (pZ/p2Z)∧ → 0.

As X(Z/p2Z)x is exactly the subset of (m/m2)∧ that gets mapped to the
function p 7→ 1 ∈ (pZ/p2Z)∧, we see this is naturally a torsor under the
tangent space (m/m2)∧ = TxXFp .

Note that this set does not have any more canonical structure; for exam-
ple, with X = A1

Zp
and x the Fp-point 1, the set X(Z/p2Z)x is {1+pi|i ∈ Fp},

and we see we cannot upgrade the torsor structure. This is because even af-
ter choosing a parameter at x as a point of XFp , a lift of such a parameter
to XZ/p2Z is not canonical, and can in fact differ up to translation. This is
in contrast to the situation over Fp[ε]/(ε2), where the Fp-algebra structure
gives rise to an isomorphism of Fp-vector spaces between X(Fp[ε]/(ε2)) and
TxXFp ; indeed, this is an alternate definition of the tangent space.

Remark 2.5. We look at the specific case of X being of relative dimen-
sion 1 over Zp. Then the TxXFp-torsor structure on X(Z/p2Z)x translates
into something more concrete. We can parametrise X(Z/p2Z)x by t = t1
from X(Z/p2Z)x → pZ/p2Z; write Pλ for the point with t-value λp. Then as
a Cartier divisor, the point Pλ is defined by t− λp ∈ OXZ/p2Z,x

, so Pλ + Pµ is

defined by (t− λp)(t− µp) = t2 − (λ+ µ)tp, which defines the same Cartier
divisor as Pλ′ + Pµ′ if and only if λ + µ = λ′ + µ′. In that case, as a Cartier
divisor, Pλ + Pµ is in fact equal to Pλ′ + Pµ′ .
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2.1 From C(Zp) to J(Zp)

Let p, C and J be as defined in the overview. We know that C(Zp)P is in
bijection with Zp, again with the bijection given by evaluating a parame-
ter and dividing by p. The resulting function Zp → Zgp is linear modulo p,
i.e. by using that Z〈z1, . . . , zg〉 is p-adically complete there are power series
f1, . . . , fg−1 ∈ Zp〈z1, . . . , zg〉 such that the image of C(Zp)P is exactly given
by Z(f1, . . . , fg−1), and all fi are linear modulo p as a consequence of Remark
2.5. Another way to think of this, is as C(Z/p2Z)P being an affine line inside
J(Z/p2Z)t. That C(Z/p2Z)P is an affine line inside J(Z/p2Z)t can also be
seen more easily: this map can be identified with the tangent map, using the
structure of X(Z/p2Z)x as a torsor over the tangent space from Remark 2.5.

Remark 2.6. We can pick our parameters such that C(Zp)P → J(Zp)t is given
by Zp → Zgp, mapping Zp to the last coordinate. Then f1, . . . , fg−1 are just
the other parameters at t, so they are linear. This can be done by picking
generators f1, . . . , fg−1 for the ideal defining C̃p

P inside J̃pt .

3 From J(Z(p)) to J(Zp)
Let p, C, J be as in the overview. As p > 2, we know that the torsion of
J(Z(p)) injects into J(Fp), by Proposition 2.3 of [Par00]. Hence for 0 ∈ J(Fp),
we know J(Z(p))0 is as a group isomorphic to Zr with r the Mordell-Weil rank.
By assumption, we also know J(Z(p))t is in bijection with J(Z(p))0, with the
bijection giving by translating with a lift of t. By Section 2 we know J(Zp)t
is in bijection with Zgp, with the bijection given by evaluating parameters
and dividing by p. Let κ : Zr → Zgp be the map resulting from the inclusion
J(Z(p))t → J(Zp)t. In this section we will prove that κ turns out to have a
special property.

Theorem 3.1. There are uniquely determined κ1, . . . , κg ∈ Zp〈z1, . . . , zr〉
such that for all x ∈ Zr we have κ(x) = (κ1(x), . . . , κg(x)) and the image κi
of κi in Fp[z1, . . . , zr] has degree at most 1; furthermore, for m ∈ Z>0 with
m < p− 1, these κi are also of degree at most m modulo pm.

We will prove this using results about formal groups as defined in [Hon70].
To be able to use this theory, we first give some results about going from a
group scheme over Zp to a formal group. We introduce some notation that will
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be used in this section. Let R be a commutative ring, and let x = (x1, . . . , xn)
and y = (y1, . . . , ym) be vectors of variables. Then R[[x]] denotes as usual
the ring of formal power series in the xi, and R[[x]]0 denotes those power
series with constant term 0. With x = (x1, . . . , xn) and y = (y1, . . . , ym), let
f ∈ R[[x]]m0 . Then for g ∈ R[[y]]k for some k ∈ Z≥0, we can compose g and
f to get

g ◦ f := (g1(f(x)), . . . , gk(f(x))) ∈ R[[x]]k.

This definition makes sense because f i converges to 0 in the (x)-adic topology,
so the infinite sum gj(f(x)) converges.

3.1 From group schemes to formal groups

We first recall the definition of a formal group.

Definition 3.2. Let n be a non-negative integer. Let x,y, z be vectors of n
variables. An n-dimensional formal group is an element F = (F1, . . . , Fn) of
R[[x,y]]n0 with F ≡ x + y mod (x,y)2 and F (F (x,y), z) = F (x, F (y, z)). If
furthermore F (x,y) = F (y,x), this formal group is said to be commutative.

Example 3.3. For any n, we can take F (x,y) = x + y, also known as the
n-dimensional additive formal group.

Example 3.4. Take n = 1 and F (x, y) = x+y+xy = (1+x)(1+y)−1, also
known as the multiplicative formal group, as it is a translation of the natural
multiplication on 1 + xR[x]. This satisfies associativity by the formula

F (F (x, y), z) = (1 + x)(1 + y)(1 + z)− 1 = F (x, F (y, z)).

Note there is no mention of an inverse; the following lemma, a formal ver-
sion of the implicit function theorem, tells us that the existence and unique-
ness of the inverse follows automatically from the definitions.

Lemma 3.5. Let x,y be vectors of variables of length n. Let F ∈ R[[x,y]]n0
such that F ≡ Ax + By mod (x,y)2 with A ∈ Matn(R) and B ∈ GLn(R).
Then there is a unique ι ∈ R[[x]]n0 such that F (x, ι(x)) = 0.

Proof. Note that R[[x]] is complete with respect to the ideal m = (x), and
the derivative matrix of F (x, ι) with respect to ι is B, which is invertible, and
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ι = 0 gives a solution modulo m. If F is a polynomial, this means the existence
and uniqueness of ι follow directly from the multivariate version of Hensel’s
lemma (Corollaire 2 of [Bou98, III,4.5]). Now for general F ∈ R[[x,y]]n0 , let
Fj ∈ R[x,y]n0 consist of all terms in F of degree at most j, and let ιj be
the unique power series in R[[x]]n0 such that Fj(x, ιj) = 0. Note that both ιj
and ιj+1 are solutions to Fj(x, ι) ≡ 0 mod mj, so by the uniquess guaranteed
by Hensel’s lemma used over R[[x]]/mj, these must be equal. Hence they
converge to ι ∈ R[[x]]n0 , which is the unique solution of F (x, ι(x)) = 0.

This has the following corollary about the inverse of a power series.

Corollary 3.6. Let x have length n. Let a ∈ R[[x]]n0 with a ≡ Px mod (x)2

for some matrix P ∈ GLn(R). Then there is a unique b ∈ R[[x]]n0 such that
a ◦ b = b ◦ a = x.

Proof. Let F (x,y) = x − a(y). This satisfies the conditions of Lemma 3.5,
so we find a unique b such that a ◦ b = x. Applying Lemma 3.5 again gives a
unique c such that b ◦ c = x. But then a = a ◦ (b ◦ c) = (a ◦ b) ◦ c = c shows
a = c and hence we are done.

So a formal group F does have a right inverse ιF . Also, by F (0, 0) = 0 we
have that F (x, F (ιF , 0)) = 0 so F (ιF , 0) is in fact equal to ιF ; as ιF ≡ −x mod
(x)2, it has a formal inverse and hence F (x, 0) = x, so 0 is indeed a right
unit. A standard argument now shows that ιF is also a left inverse and 0 is
also a right unit, so F is indeed a group law in the following sense. We con-
sider the category of pairs of objects (A, I) where A is a topologicalR-algebra,
complete with respect to I with the I-adic topology. We give (R[[x]], (x)), to-
gether with the (x)-adic topology, the structure of a group object in this cat-
egory for two continuous morphisms f1, f2 from (R[[x]], (x)) to (A, I), given
by sending x to a1, a2 ∈ In respectively, we define (f1 ⊕ f2)(x) = F (a1, a2).
By our considerations, this makes Hom((R[[x]], (x)), (A, I)) into a group,
functorially in (A, I).

Given a smooth scheme G of relative dimension d over a ring R, together
with a R-point e, we can look at the completion ÔG,e along the section e. By
smoothness, after picking parameters, this is isomorphic as a topological R-
algebra to the ring of power series R[[x1, . . . , xd]]. This completion naturally

gives rise to a formal scheme denoted Spf ÔG,e; in a categorical view, this

is a functor on finite length R-algebras sending A to Homcont(ÔG,e, A), but
we can also think of it as a locally ringed space with SpecR as topological
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space, and sheaf of rings the inverse limits of the sheaf of rings associated
to the R-algebra OG,e/I

n, where I is the ideal of OG,e defining e. The global

sections of this sheaf are simply ÔG,e.
If furthermore G is a group scheme over R and e is the unit section, then

this formal scheme promotes to a formal group scheme, i.e. for every finite
R-algebra A the set Homcont(ÔG,e, A) gets a group structure, functorially in
A. By functoriality, this is the same as an continuous coproduct

µ : ÔG,e →
(
ÔG,e

)⊗̂2

.

After choosing an isomorphism between ÔG,e and R[[x1, . . . , xd]], let the
power series Fj ∈ R[[x,y]] denote µ(xj). Then it is clear that

FG = (F1, . . . , Fd)

is a d-dimensional formal group scheme, and is commutative if G is commu-
tative.

Example 3.4 (continued). Take G = Gm = SpecZp[u, u−1] over Zp. Then
the zero section e is the map sending u to 1, and we can identify the
completion ÔG,e with the power series ring Zp[[u − 1]] ∼= Zp[[x]], sending
u − 1 to x. The group structure on G then gives rise to the coproduct
Zp[[u − 1]] → Zp[[u − 1, v − 1]], u 7→ uv so the coproduct on Zp[[x]] sends
x to uv − 1 = (x + 1)(y + 1) − 1 = x + y + xy. Hence the formal group
FGm corresponding to this group scheme is exactly the multiplicative formal
group from Example 3.4.

Note that if R = Zp, the formal group FG tells us exactly how multi-
plication works on G(Z/peZ)0; if we let t = (t1, . . . , td) denote the formal

parameters giving the isomorphism ÔG,e → Zp[[x1, . . . , xd]], and we repre-
sent a point P in G(Z/peZ)0 by their parameter values t(P ) ∈ pZ/peZ, then
the resulting multiplication on pZ/peZ obtained from the group structure on
G(Z/peZ)0, i.e. the map pZ/peZ × pZ/peZ → pZ/peZ, is exactly evaluating
FG. By taking limits, FG also gives the multiplication on G(Zp)0.

Now we will look at some standard results on formal groups. For an n-
dimensional formal group F over a ring R, Proposition 1.1 of [Hon70] gives
us a canonical R-basis ω1, . . . , ωn of the right invariant differentials; these are
elements of

⊕n
j=1R[[x]] dxj. If the formal group is furthermore commutative,

14



then by Proposition 1.3 of [Hon70] these are closed, i.e. dωj = 0. A 1-form

ω =
∑n

i=1 fi dxi being closed means exactly that ∂fi
∂xj

=
∂fj
∂xi

for all i, j. From

now on, assume R has no torsion; then R embeds into Q ⊗ R and, we can
formally integrate ω, i.e. write it as df where f ∈ (Q⊗R)[[x]]. We make this
unique by demanding that f(0) = 0. Writing this f as

∑
I∈Nn aIx

I with I
denoting a multi-index and aI ∈ Q ⊗ R, we see that aI , although itself not
necessarily lying in R, is close: writing I = (I1, . . . , In) we see that for all j
we must have IjaI ∈ R as fj = ∂f

∂xj
∈ R[[x]].

In particular, we write logi for the unique element of (Q ⊗ R)[[x]]0 such
that d logi = ωi. Together, these logi give an element log ∈ (Q ⊗ R)[[x]]n0 ,
and by Theorem 1 of [Hon70], this logarithm satisfies log(x) = x mod (x)2,
and log(F (x,y)) = log(x) + log(y). By the first result, log has an inverse
which we will call exp, also given by power series in (Q⊗ R)[[x]]n0 , and also
satisfying exp(x) = x mod (x)2.

Example 3.4 (continued). Taking F again the multiplicative formal group
as in Example 3.4, Proposition 1.1 of [Hon70] gives us ω = 1

x+1
dx; as a power

series this is
∑

j≥0(−x)jdx. The formal anti-derivative of this is

log =
∑
j≥1

−(−x)j

j

(note this is a translate of the log from analysis), and Theorem 1 of [Hon70]
will tell us what we already know in the context of analysis, namely the
formula log(x+ y + xy) = log(x) + log(y) (this formula is also a translate of
the corresponding formula from analysis). Then analysis will also explicitly

tell us what exp looks like: exp(x) =
∑

j≥1
xj

j!
.

Now we will see how we can use this formal logarithm in our case of the
formal group FG stemming from a d-dimensional smooth group scheme G/Zp.
Recall from Section 2 that we have a bijection G(Zp)0 → pZdp → Zdp given by
evaluating at parameters t = (t1, . . . , td) and then dividing by p; furthermore,
recall that the group structure on G(Zp)0 is the same as the group structure
defined by FG on pZdp. Let log ∈ Zp[[x]]d denote the logarithm corresponding
to FG, and let logp denote the power series

log(px)/p = (log1(px)/p, . . . , logd(px)/p).

We then have the following little lemma to bridge the gap between power
series and maps.
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Lemma 3.7. With notation as above, we have the following statements about
logp, the first two of which also hold for p = 2:

1. logp lies in Zp〈x1, . . . , xd〉d, the ring of convergent power series, and
hence defines a map logp : Zdp → Zdp.

2. Letting ⊕ denote the group structure on Zdp coming from the bijection
G(Zp)0 → pZdp → Zdp, the map logp is a group morphism from (Zdp,⊕)
to (Zdp,+).

3. If p > 2, the map logp,i reduces to xi modulo p and hence logp has an

inverse expp, which is also an element of Zp〈x1, . . . , xd〉d0. Then this
expp is a two-sided inverse of logp, and hence logp : Zdp → Zdp is a
bijection.

4. Let m ∈ Z>0. For p > m + 1, the maps logp and expp are of degree at
most m modulo pm.

Proof. Write logi =
∑

I ai,Ix
I and logp,i =

∑
I ai,Ip

|I|−1xI where I ranges

over the multi indices, and |I| =
∑d

i=1 Ii. Recall that ai,0 = 0. Also, recall
that although a priori the coefficients aI lie in Qp, we have Ijai,I ∈ Zp for all
I and i, j. For purposes of easy estimation, this also means |I|ai,I ∈ Zp. As
we have, with no constraint on p, for all n ≥ 1 that cn := pn−1/n lies in Zp
and converges to 0, this means that

logp,i =
∑
I

ai,Ip
|I|−1xI =

∑
I

|I|ai,Ic|I|xI

is indeed an element of Zp〈x1, . . . , xd〉n, and hence defines a map Zdp → Zp.
Hence all the logp,i together give a map Zdp → Zdp. By the equality of power
series log(F (x,y)) = log(x) + log(y) from the definition of the logarithm,
and the fact that all these power series converge on pZdp, this logp,i is indeed
a group morphism from (Zdp,⊕) to (Zdp,+).

To study logp modulo p, we note that if n ≥ 3, then p actually divides
cn, and for p > 2 we even have p|c2. As logp,i = xi mod (x)2, this means that
for p > 2 we have

logp,i ≡
∑
|I|=1

|I|ai,Ic|I|xI ≡ xi mod p.
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Note that as logp ≡ x mod (x)2, by Lemma 3.6 it has an inverse expp that
a priori lies just in Zp[[x]]n0 . Modulo p, this expp must be x, which lies in
Zp〈x〉n0 ; as Zp〈x〉 is p-adically complete, using Hensel’s lemma this shows
expp is indeed in Zp〈x〉n0 .

Finally, let m ∈ Z>0 with p > m + 1. As cn has p-adic valuation n − 1
for n < p, and p-adic valuation at least p − 2 ≥ m for n ≥ p, indeed logp
has degree at most m modulo pm. That the same holds for expp, follows
immediately from the consideration that the set

S := {f ∈ Z/pnZ[x]d0 | f ≡ x mod p, ∀m deg(f mod pm) ≤ m}

forms a group under composition, as we will now see. As Zp〈x〉 is complete,
we know the superset of S

T := {f ∈ Z/pnZ[x]d0 | f ≡ x mod p}

is a group. As S is finite and non-empty, all that remains to show is that S is
closed under composition. We can also characterise S as consisting of images
f of polynomials f ∈ Zp[x]d0 such that there is a polynomial f̃ ∈ Zp[x]d0 with

pf(x) = f̃(px). If we then take two elements f, g ∈ S, reductions of f, g

respectively with f̃ , g̃ such that pf(x) = f̃(px), pg(x) = g̃(px), we see that

with h = f ◦ g, h̃ = f̃ ◦ g̃ that ph(x) = h̃(px) and h ≡ f ◦ g mod pm, so
indeed f ◦ g is also an element of S. Hence we see S is indeed a group, and
as logp modpm is an element of it, so is expp modpm.

This lemma makes the proof of Theorem 3.1 relatively easy.

Proof of Theorem 3.1. Write log for the logarithm corresponding to the for-
mal group of J and logp for log(px)/p and expp for its inverse. Note that the
map κ0 : Zd → Zgp given by the inclusion J(Z(p))0 to J(Zp)0 is a group mor-
phism with the group structure on Zd being addition and the group structure
on Zgp, denoted by ⊕, given by the bijection with J(Zp)0 induced by choosing
parameters at 0, and κ is κ0 ⊕ t. Then by Lemma 3.7 the map κ factors as
in the diagram of groups

(Zd,+) (Zgp,⊕)

(Zgp,+)

κ

logp ◦κ expp
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Then the arrow logp ◦κ is just a linear map, and expp is a convergent power
series that is of degree at most m modulo pm for m < p − 1, so their com-
posite κ is also a convergent power series of degree at most m modulo pm for
m < p− 1.

This immediately gives rise to the following corollary.

Corollary 3.8. The map κ : Zr → Zgp extends uniquely to a continu-
ous map κ : Zrp → Zgp, given by the same power series, and the closure

J(Z(p))t ⊂ J(Zp)t is given by the image of Zrp under κ.

4 Computing the intersection

Let p, C and J be as defined in the overview. Clearly, as per the diagram

C(Z(p))P J(Z(p))t

C(Zp)P J(Zp)t

we have, as subsets of J(Zp)t, the inclusion

C(Z(p))P ⊂ C(Zp)P ∩ J(Z(p))t.

The theory we have built so far enables the following method, which is in
sharp contrast with Coleman’s method; instead of pulling back equations for
J(Z(p))t to C(Zp)P , we pull back equations for C(Zp)P to J(Z(p))t to arrive
at the following theorem.

Theorem 4.1. Let C, J, p, P ∈ C(Fp), t ∈ J(Fp) be as in the overview, let
κ : Zrp → Zgp be as in Theorem 3.1 and let f1, · · · , fg−1 ∈ Zp〈x1, . . . , xg〉 be as
in Subsection 2.1. Define

λ1 = κ∗f1, . . . , λg−1 = κ∗fg−1

to be the pullbacks along κ of the fi. Then κ induces a surjection from
Z(λ1, . . . , λg−1) ⊂ Zrp to C(Zp)P ∩ J(Z(p))t.
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Hence if we find an upper bound for the cardinality of Z(λ1, . . . , λg−1),
this is also an upper bound for C(Z(p))P . There are several, sometimes ad hoc,
ways of proving finiteness. We start by looking simply at calculations modulo
p. We let I denote the ideal inside Zp〈x1, . . . , xr〉 generated by λ1, . . . , λg−1,
and A the quotient Zp〈x1, . . . , xr〉 /I. Noting that Z(λ1, . . . , λg−1) is then
exactly HomZp(A,Zp), we can use the following theorem, the statement and
proof of which come from Theorem 4.12 of [EL19].

Proposition 4.2. Let A = A/pA. Assume A is finite. Then A is the product∏
m∈MaxSpec(A)Am, and the sum of dimFp Am over those m ∈ MaxSpec(A)

with A/m = Fp is an upper bound for Hom(A,Zp).

Proof. We start by proving that A is p-adically complete. This follows from
the following more general fact: let R be a Noetherian ring, and I, J two
ideals of R such that R is J-adically complete. We will then prove that R/I
is also J-adically complete. By Theorem 10.17 of [AM16], any module over a

complete ring injects into its completion, i.e. the map R/I → R̂/I is injective.
Furthermore, as completion is exact, the surjection R → R/I gives rise to

a surjection R → R̂/I. The kernel contains I, so the map R/I → R̂/I is
surjective and hence an isomorphism. Then we observe that Zp〈x1, . . . , xr〉 is
itself the p-adic completion of Zp[x1, . . . , xr] and hence is complete, so A is
indeed p-adically complete.

Next, we use that A is a finite Zp-module, generated by the image of some
finite set S ⊂ A. Using the series of exact sequences

0→ A
·pn−1

−−−→ A/pnA→ A/pn−1A→ 0,

we see by induction that S indeed generates A/pnA as a Zp-module and by
completeness, S generates A as well. Hence A is a finite rank Zp-algebra.

Remember that a finite-dimensional algebra over a field is Artinian, and
Artin rings are products of Artin local rings (Theorem 8.7 of [AM16]). So, we
can write the Fp-algebra A as a product of Artin local rings. As idempotents
in A lift to A, we see this factorisation lifts, and we can decompose A as

A =
∏

m∈MaxSpec(A)

Am.

Then any morphism A → Zp factors through one of the Am. If we tensor
Am with Qp, we see that, after dividing out the nilradical, it is a product of
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fields. Hence Hom(Am,Zp) is of cardinality at most rankZp(Am), and can be
non-empty if and only if A/m is isomorphic to Fp. We conclude that the sum
of dimFp Am over those m ∈ MaxSpec(A) with A/m = Fp is an upper bound
for Hom(A,Zp)

To utilise this theorem, we only need to calculate the λi modulo p. In
our case, as all κi and fi being linear modulo p (as polynomials; they do not
necessarily give linear maps), so are the λi, and we get as a special case the
following corollary.

Corollary 4.3. If the (not necessarily homogeneous) linear system of equa-
tions ∀i : λi ≡ 0 mod p has respectively no or one solution, there is respec-
tively none or at most one point in C(Z(p))P .

This leads to a now trivial proposition.

Proposition 4.4. If for all points P ∈ C(Fp), the linear system of g − 1

equations modulo p defining C(Zp)P ⊂ J(Zp)t pulled back to J(Z(p))t has
nP ≤ 1 solutions, we get the inequality

|CQ(Q)| = |C(Z(p))| ≤
∑

P∈C(Fp)

nP ≤ |C(Fp)|.

Of note is that this upper bound for |C(Z(p))| behaves agreeably when
compared to the upper bound in Theorem 5.3 of [MP12], which tells us that
|C(Z(p))| ≤ |C(Fp)|+2g−2 under the much lighter condition of r < g, p > 2g
where p is still a prime of good reduction. To summarise: in Proposition 4.4
we sacrifice certainty for being able to prove much sharper bounds. However,
the loss of certainty is not too great; a simple heuristic analysis shows that
the conditions are quite likely to be satisfied, as we shall see in the following
lemma and proposition.

Lemma 4.5. Let Fq be any finite field, let A be a random (n+k)×n matrix
over Fq, and b randomly chosen from Fn+k

q . Then the probability that Ax = 0
has more than one solution is at most 1

(q−1)qk
and the probability that Ax = b

has more than one solution is at most 1
(q−1)q2k+1 .

Proof. Let Ai denote the columns of A, let the space Vi be the linear span of
A1, . . . , Ai with V0 = 0, and let Ei denote the event that Ai ∈ Vi−1. Note that
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Ax = 0 has more than one solution if and only if Vn is not n-dimensional,
i.e. if and only if E1 ∨ · · · ∨ En holds. As clearly for 1 ≤ i ≤ n we have
dimVi−1 ≤ i − 1, we see that P(Ei), the probability of Ei occurring, is at
most qi−1−n−k. We then see

P(E1 ∨ · · · ∨ En) ≤
n∑
i=1

P(Ei)

≤
n∑
i=1

qi−1−n−k

≤
n∑

i=−∞

qi−1−n−k

=
1

(q − 1)qk
.

This shows that the probability of Ax = 0 having more than one solution is
indeed at most 1

(q−1)qk
. Furthermore, if Ax = 0 has more than one solution,

then rankA < n so there are at most qn−1 possible values of b such that
Ax = b has multiple solutions, hence the total probability is at most 1

(q−1)q2k+1 .

Remark 4.6. Using similar methods, one can show that P(E1 ∨ · · · ∨ En) is
at least 1

qk+1 , hence this lemma is asymptotically as sharp as possible.

We now want to use this lemma to say something about the number
of solutions to the linear systems of Proposition 4.4. Note that for a point
P ∈ C(Fp) coming from a Z(p)-point, we always know there is at least one
solution to the linear system; and indeed, it turns out that with a translation,
one can assume the linear system is homogeneous. For all other points of
C(Fp), we might assume the linear system modulo p defining C(Zp)P pulled

back to J(Z(p)) is completely random. This motivates the assumptions of the
following heuristic.

Proposition 4.7. Assume that the map C(Z(p)) → C(Fp) is injective. As-
sume that for points P ∈ C(Fp) coming from C(Z(p)) the linear system mod-

ulo p defining C(Zp)P pulled back to J(Z(p))t is a random homogeneous linear
system, and for all other points, it is a random not-necessarily-homogeneous
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linear system. Assume furthermore that all these linear systems are indepen-
dently random. Then for p bigger than both 4g2 and |C(Z(p))| the conditions
of Proposition 4.4 are not satisfied with probability at most

(|C(Z(p))|+ 2p−(g−r−1))(p− 1)−1p−(g−r−1).

Hence for r = g − 1 we expect a subset of primes with density 1 to show
finiteness of CQ(Q) = C(Z(p)), and for r < g − 1 we expect all but a finite
number to work. These expectations are uniform in g and |C(Q)|.

Proof. First note that our linear systems consist of g − 1 equalities in r
variables, i.e. we can use Lemma 4.5 with k = g−1−r. Let a denote |C(Z(p))|,
and let b denote |C(Fp)| − a. Under all our assumptions, the probability of
none of the systems having more than one solutions is at least(

1− 1

(p− 1)pk

)a(
1− 1

(p− 1)p2k+1

)b
.

Using Bernoulli’s inequality and the fact that 1− a 1
(p−1)pk

and 1− b 1
(p−1)p2k+1

are positive, this is at least(
1− a 1

(p− 1)pk

)(
1− b 1

(p− 1)p2k+1

)
which is itself at least 1−a 1

(p−1)pk
− b 1

(p−1)p2k+1 . Using the Hasse-Weil bound,
we can make the estimate b ≤ 2p. Then we can lower bound this by

1− a 1

(p− 1)pk
− 2

1

(p− 1)p2k
≥ 1− (a+ 2p−k)

1

(p− 1)pk
.

For r = g− 1 we have k = 0, and the probability of one of the conditions
not being satisfied is at most (a + 2)/(p − 1), hence we indeed expect an
infinite but density 0 subset of primes to fail. For r < g − 1, we have k > 0;
as
∑

p prime 1/p2 converges, one may expect a finite number of primes to
fail.

Remark 4.8. The author believes that this proposition gives a strong reason
to expect the method of only computing modulo p to work in practice; and
if it does not, one can just take the next prime.
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Remark 4.9. Consider the case r = g − 1. As we expect a random n × n-
matrix to be invertible, we expect that if the conditions of Proposition 4.4
are satisfied, we generally find an upper bound for |C(Q)| slightly lower than
|C(Fp)|. However, a not-necessarily-homogeneous linear system of dimension
(n+ k)× n is solvable with probability at most p−k, as the dimension of the
column space is at most n. Hence for r = g − 2 we can expect to find an
upper bound for |C(Q)| of approximately |C(Q)| + 1, and with probability
approximately (1− 1

p
)|C(Fp)| ≈ (1− 1

p
)p ≈ e−1 even the optimal upper bound

of |C(Q)|. For r = g − 3, we even expect to find an upper bound of |C(Q)|
for a set of primes of density 1; and for r < g − 3, for all but a finite set of
primes.

Now we briefly discuss what can be done if for a specific prime p, the
conditions of Proposition 4.4 are not satisfied. In general, even if A is not
finite, we see Hom(A,Zp) factors through Zp〈x1, . . . , xr〉 /(I : p) where (I : p)
is the saturation

{x ∈ Zp〈x1, . . . , xr〉 | ∃k ∈ Z≥0 : pkx ∈ I}.

Then a higher precision calculation of the λi can still lead to a succesful
application of Proposition 4.2.

Another specific case is that of r = 1. In that case, we can use finite-
precision approximations of λ1 to deduce information about its Newton poly-
gon and use that to bound the number of zeroes in Zp. We can even adapt
this method if r is bigger than 1; sometimes it might be possible to use the
implicit function theorem for power series, Lemma 3.5, to write one of the
variables as a power series in the other variables, and then substitute it in
the other equations.

Example 4.10. If r = g − 1 = 2 and

λ1 ≡ px− py, λ2 ≡ x+ y + pxy mod p2,

neither Proposition 4.2 nor Newton polygons are instantly applicable. How-
ever, substituting y = −x + px2 mod p2 into the first equation gives the
equation 2p(x − x2) = 0 mod p2, or x − x2 = 0 mod p. Now both Proposi-
tion 4.2 and Newton polygons give an upper bound of 2 for C(Z(p))P .
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5 Complications and improvements

In this section, we quickly make some further remarks on how or when to
apply the theory we have built up in previous sections to real cases.

• Even if r ≥ g, it might still be possible that J(Z(p)) coincidentally has
dimension r′ smaller than r (for example, if r > g); then one can find
a rank r′ subgroup of J(Z(p)) with the same closure inside J(Zp), and
do computations in this subgroup; we can expect this to work if r′ < g.
We can even use this to improve our calculations if we already have
r < g, but r′ is even smaller. On the other hand, if J(Z(p)) is dense in
J(Zp), there is no way to apply Chabauty’s method to the curve.

• Note that in all of the discussion of the previous section, we are calcu-
lating upper bounds for the cardinality of C(Zp)P ∩J(Z(p))t. It can and
does however happen that this set is strictly bigger than C(Z(p))P , as
shown in [BBCF+19], where Coleman-Chabauty is used on a database
of 16997 curves of genus 3 with Mordell-Weil rank of the Jacobian equal
to 1. They treat several possible cases and examples where the set is
bigger. One of the main families they have found can be given in the
following way: let Q be a K-point where K is a quadratic number field
where p splits. Embedding K into Qp, assume Q− b lies in J(Zp)0 and
is torsion of order coprime to p in J(Zp)0/J(Z(p))0. Then, as J(Zp) is

isomorphic as continuous group to Zgp, the point Q− b lies in J(Z(p))0,
and clearly also in C(Zp).

• An important part of doing these calculations is working with the
Mordell-Weil group J(Z(p)) ∼= J(Q). Finding generators of J(Q) is
as of yet a computationally difficult problem, and one may need to
assume the Birch-Swinnerton-Dyer conjecture to even find the rank r.
However, when one knows the rank, one does not necessarily need to
find generators J(Q); if we can generate a subgroup of J(Q) of index
finite and coprime to p|J(Fp)|, it will have the same closure in J(Zp).
For this, we only need to generate sufficiently many independent points
of the Jacobian and saturate subgroups with respect to some primes.
Both of these tasks are easier than finding all of J(Q).

• Even if this method does not work for a certain prime p, and neither for
some other primes we tried, we can still use parts of the information
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we have gathered. For example, maybe the method tells us that we
have found all points of J(Z(p)) stemming from C(Z(p)) except those
in a certain fibre of the map J(Z(p)) → J(Fp). We can then aggregate
this information for different primes, choosing a smooth model of C
over for example Z[1/n] and lifting J as well, by looking at the maps
J(Z[1/n]) →

∏
p∈S J(Fp) for some set S of primes of good reduction

for CQ not dividing n. This method is called the Mordell-Weil sieve,
see for example [BS10] for an introduction.

6 Implementations of linear Chabauty

We now assume that our curve C is hyperelliptic, i.e. given by the degree
2g + 2 homogenisation of an equation of the form

y2 = f(x)

inside the weighted projective space P(1, g+ 1, 1) where f is a monic polyno-
mial of degree 2g + 1 or 2g + 2. An alternative way of defining such a curve,
and the one we will be using mainly, is as a glueing of two affine charts:
y2 = f(x), and w2 = f r(v), where f r(v) is the polynomial v2g+2f(1/v), and
a birational map between them is given by (x, y) 7→ ( 1

x
, y
xg+1 ). We also have

the coordinates X, Y, Z of P(1, g + 1, 1), with

x = X/Z, y = Y/Zg+1, v = Z/X,w = Y/Xg+1,

but beware; P(1, g + 1, 1) is not smooth and hence these coordinates do not
behave nicely on all of P(1, g + 1, 1). We mainly use the first chart; we call
any point that lies on it an affine point of C. Again for ease of exposition,
we will treat the case that f is monic of degree 2g + 2 (in general, one can
demand f has degree 2g + 2 by translating f until the constant coefficient
is non-zero, and then looking at f r). In that case, near the line at infinity C
looks like Y 2 = X2g+2, i.e. (Y −Xg+1)(Y +Xg+1) = 0, and we see there are
two points ∞+ = (1 : 1 : 0) and ∞− = (1 : −1 : 0). Finally, we note that
there is an involution on C given by σ(x, y) = (x,−y) and σ(v, w) = (v,−w).

6.1 Makdisi’s algorithms

We work in the Jacobian using Makdisi’s representations for divisors. As we
are using and adding on to an implementation by Mascot [Mas20], we briefly
introduce his notation. This is a summary of Section 2.1 in [Mas20].
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We first look at representing J(k) where k is a field. Given a divisor D
on C, denote

L(D) = {f ∈ k(C)× : div(f) +D ≥ 0} t {0}.

We pick an effective divisor D0 of degree d0 ≥ 2g+ 1; in the case of hyperel-
liptic curves, we will choose (g+ 1)(∞+ +∞−). We set Vn = L(nD0). We let
nZ be an integer ≥ 5d0 + 1, and assume, if necessary passing to an extension
of k, that we have a set Z of size nZ of distinct points in C(k) outside the
support of D0; in fact, this will consist of affine points in our case. We have
an evaluation map V5 → kZ , evaluating a rational function at Z. By our
choice of nZ , this is an injective map, i.e. we can represent rational functions
in V5 by their values in kZ . In this representation, we can add, subtract, or,
if the degree at infinity is not too large, even multiply rational functions, by
respectively adding, subtracting, or multiplying the corresponding vectors in
kZ . It is now also possible to represent subspaces of V5 by giving a basis in
kZ . (Instead of passing to an extension of k, one could also evaluate functions
on infinitesimal neighborhoods of k-points, i.e. compute Taylor expansions
near those points.)

We now explain the representation of J(k). Note that for any x ∈ J(k),
we have that x+ [D0] is a divisor class of degree at least 2g+ 1 and hence is
equivalent to an effective divisor E ≥ 0 of degree d0. Then we represent x by
L(2D0 − E) inside V2; by Riemann-Roch this is a dW -dimensional subspace
of V2 where dW = d0 + 1 − g, and in particular we can represent it as a
nz × dW matrix, itself representing a subspace of kZ . This representation is
nowhere near unique; there are many different effective divisors E equivalent
to x+D0, and many bases for a subspace of kZ .

As explained in Mascot’s article, using this representation one can do all
relevant computations in J(k); adding, subtracting, finding the zero element,
and very importantly: checking equality. Important from a computational
standpoint is the complexity, which we write down in big O notation. As
everything is simply linear algebra in spaces of dimensions O(g), the com-
plexity of all these operations, assuming calculations in the ground ring are
O(1), are all simply O(gω) where ω is the exponent of matrix multiplication.

6.1.1 Going from Fp to Z/peZ

We now know how to compute in J(k) for k a field such that C(k) is big
enough. In practice, if we want to calculate in J(Fp), this means passing to
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J(Fq) for some q = pa with a large enough; by the Hasse-Weil bound this will
work. However, for Chabauty we want to compute inside J(Z/peZ). Luckily,
Mascot’s code takes care of this too, by passing from vector spaces over Fp
to free R-submodules of Rn with R = Z/peZ; in fact, all submodules of Rn

we will be seeing are free. That means all these submodules will have good
reduction, i.e. they will remain free and of the same rank after tensoring
with Fp. If the maps between such modules also have good reduction, then
all kernels, images, et cetera will also have these properties, and can first
be calculated modulo p using linear algebra, and then Hensel lifted modulo
higher powers of p.

The final trick we need is extensions of Z/peZ. As said before, we need nZ
affine points that are distinct modulo p, so we passed from Fp to an extension
Fq. The corresponding notion of an extension of Z/peZ is given by taking an
irreducible polynomial T ∈ Fp[t] with Fq ∼= Fp[t]/T , arbitrarily lifting T to a
polynomial T ∈ Z/peZ[t], and looking at R = (Z/peZ[t])/T . Again, we will
only be looking at free submodules of Rn, so we can again do normal linear
algebra over R⊗ Fp = Fq, and using Hensel to lift.

6.2 Implementing the Abel-Jacobi map and Mumford
representations

Now that we can do computations with elements in the Jacobian over Z/p2Z,
it only remains to construct elements in the Jacobian. Explicitly, we want to
go from a degree zero divisor to an element in Mascot’s representation. Most
of the time these divisors are sums of points over the ring we are working
with, but sometimes they are given as a so-called Mumford representation.

Definition 6.1. Let C be any (hyper)elliptic curve given by y2 = f(x) with
f of degree 2g+ 2 where g is the genus of C. A Mumford representation is a
pair (a, b) with a, b polynomials in x, representing the degree 0 divisor D(a, b)
on C, given on the first affine chart by the equation a(x) = 0, y = b(x) and
on the line at infinity by (− deg a)∞+. Such a pair a, b is required to satisfy
that

1. the polynomial b is of degree at most deg a− 1;

2. the polynomial a is monic of degree at most g + 1;

3. the polynomial a divides b2 − f .
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Remark 6.2. If b does not satisfy the first condition, we can reduce b modulo
a. If a does not satisfy the second condition, we can use the formula that on
the first affine chart, we have

D(a, b) +D

(
f − b2

a
, b

)
= (y − b)

meaning that with additional calculations of the behaviour of (y − b) at

infinity we can express [D(a, b)] in the Jacobian in terms of D(f−b
2

a
, b), and

if deg a is strictly bigger than g + 1, the degree of f−b2
a

is at most deg a− 2.

We will treat how to explicitly compute both the Abel-Jacobi embedding
and divisors in Mumford representation in Makdisi’s representation for the
Jacobian. We start with the Abel-Jacobi embedding

j∞+ : C → J

P 7→ P −∞+.
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We will only need j∞+(P ) and j∞−(P ) for affine points P ; as the calculation
of j∞−(P ) is entirely similar to j∞+(P ), we only focus on j∞+(P ). For this,
we present the following algorithm:

Algorithm 1: The Abel-Jacobi embedding

Data: C, J , an affine point P ∈ C(R) where R = Z/peZ)
Result: A space of the form L(2D0 − E) where E −D0 = P −∞+

as divisors and E ≥ 0
1 Z ′ ← Z t {P};
2 B = (b1, . . . , bg+3)← a basis of L(D0);
3 if (f r)′(0) 6= 0 then
4 F ← xg+1 + y;
5 else
6 F ← xg+1 + xg + y;
7 end
8 bg+4 ← xF ;
9 W ← a (nZ + 1)× (g + 4) matrix with rows being the evaluations of

B t bg+4 on a point in Z ′.;
10 V ← ker(imW ⊂ RnZ+1 → R), the projection on the last

coordinate.;
11 U ← im(V → RnZ ), where the last map is the projection on the first

coordinates.;
12 Return U ;

Proposition 6.3. Algorithm 1 gives correct output.

Before proving this proposition, we start with a quick lemma.

Lemma 6.4. The poles of F , as defined in line 4 or 6, are g(∞++∞−)+∞+.

Proof. We start by recalling that at the other affine patch, the curve C is
given by w2 = f r(v) and by the assumption that f is monic of degree 2g+ 2
we have f r(0) = 1. The points ∞± correspond to (v, w) = (0,±1) in this
patch. Letting gr(v) be the polynomial (f r(v) − 1)/v, we can rewrite the
equation for C to (w−1)(w+1) = vgr(v). As the derivative of (w−1)(w+1)
to w does not vanish at both of ∞±, we see that v is a uniformiser at both
these points. That means that v∞±(x), the order of x at ∞±, is equal to −1.
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Now, if gr(0) is non-zero, then w − ±1 is also a uniformiser at ∞± and
non-zero at ∞∓, so

(w + 1)/vg+1 = y + xg+1

has poles exactly (g + 1)(∞+ +∞−) − ∞− as we wanted to show. And if
gr(0) is zero, then v∞±(w −±1) is at least 2 so w −±1 + v is a uniformiser
at ∞± and non-zero at ∞∓, so

(w + 1 + v)/vg+1 = y + xg+1 + xg

again has the right poles.

Remark 6.5. Clearly, the complexity of Algorithm 1 is O(gω). For a point in
the Jacobian that is represented as

∑
Pi−gb, this gives an O(gω+1) algorithm

for computing it in Makdisi’s representation.

Proof of Proposition 6.3. First note that by Riemann-Roch, the dimension
of L(D0) is g + 3, and we also have by the proof of the previous lemma that
1, x, . . . , xg+1, y all lie in L(D0) and hence form a basis, so we can indeed find
B as in line 2. Note that by Lemma 6.4 the element bg+4 lies in L(D0 +∞+)
but not in L(D0), so as adding a point to a divisor causes the the dimension
to increase by at most 1, we have that b1, . . . , bg+4 is a basis for L(D0 +∞+);
that it is in fact a basis is evident as this argument tells us it is a basis when
tensored with Fp.

Evaluating L(D0 +∞+) on P gives a linear map L(D0 +∞+)→ R, and
the kernel is exactly L(D0 +∞+ − P ); this is the resulting U in line 10.
Furthermore we have the equality of divisors P − ∞+ = E − D0 where
E = P + D0 −∞+ ≥ 0, so L(D0 +∞+ − P ) is as a subspace of V2 equal
to L(2D0 − E). This last term is in fact in Mascot’s representation, so this
represents P −∞+ in the Jacobian.

Now we move on to the Mumford representation. We present a way to
go from the Mumford representation of a divisor to a Makdisi representa-
tion for the corresponding point on the Jacobian. This is based on private
correspondence between Mascot and the author.

Algorithm/proof. Let (a, b) be the Mumford representation of a divisorD. Let
deg a = d ≤ g, and denote Daff for the affine part of D. Note that E−D0 = D
for E = D0 +Daff − d∞+, an effective divisor, so L(2D0 −E) = L(D0 −D)
is a Makdisi representation for [D].
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Of course, we can rewrite L(D0 −D) as

L((g + 1)∞− + (g + 1 + d)∞+ −Daff)

= L(2D0 −Daff) ∩ L((g + 1)∞− + (g + 1 + d)∞+).

We first calculate L(2D0 −Daff). Over Fp we have the equality

L(2D0 −Daff)

= a(x)L((2g + 2− d)(∞− +∞+)) + (y − b(x))L((g + 1)(∞− +∞+)).

Note all these Riemann-Roch spaces are of the form H0(CFp ,FFp) where F is
an invertible OCZ/pkZ

-module on CZ/pkZ of degree higher than 2g − 2. Hence

by Serre duality, h1(CFp ,FFp) = 0. That means the base change map

H1(CZ/pkZ,F)⊗ Fp → H1(CFp ,FFp) = 0

is surjective, and by Theorem III.12.11 of [Har77] an isomorphism. Because
H1(CZ/pkZ,F) is a Z/pkZ-module, this means it is 0. Hence we can use The-
orem III.12.11b of [Har77] to conclude that the base change map

H0(CZ/pkZ,F)⊗ Fp → H0(CFp ,FFp)

is also an isomorphism, and H0(CZ/pkZ,F) is a free Z/pkZ-module. That
means the equality

L(2D0 −Daff)

= a(x)L((2g + 2− d)(∞− +∞+)) + (y − b(x))L((g + 1)(∞− +∞+)).

also holds over Z/pkZ. Note that both the Riemann-Roch spaces on the right
hand side can be easily calculated, as they are generated by the monomials
in x, y of the right order at ∞±.

For L((g + 1)∞− + (g + 1 + d)∞+), we first inductively calculate the
spaces Wn := L(2D0 − n∞−). For W1 we have a basis

1, x, . . . , x2g+1, y, xy, . . . , xgy, xg+1y + x2g+2

, and for n ≥ 0 we have by a simple use of Lemma 2.2 of [KM04] that for
1 ≤ n ≤ g + 1 we have

Wn = {s ∈ L(2D0) | sL(2D0) ∈ W1 ·Wn−1}.
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This is a purely linear constraint, hence simple linear algebra allows us to
calculate all Wn for n ≤ g + 1. Finally, we have

L((g+1)∞−+(g+1+d)∞+) = {s ∈ L((g+1+d)(∞++∞−)) | sxg+1−d ∈ Wd).

Once again noting that we can write down an explicit basis for the space
L((g+1+d)(∞+ +∞−)), we can now calculate L((g+1)∞−+(g+1+d)∞+)
and finish the computation.

6.3 Parameters at J

Being able to calculate in the Jacobian, we can move on to the final ingredient
for explicit computations: parameters at points of J . For any proper, smooth
curve C over Z(p), with a Z(p)-point b, we have a birational map from C(g), the
g-fold symmetric product of C, to J , given on points by sending [(P1, . . . , Pg)]
to [
∑
Pi − gb]. This map is étale at [(P1, . . . , Pg)] if L(P1 + · · · + Pg) has

dimension 1 as the fibre of P1 + · · · + Pg − gb is exactly PL(P1 + · · · + Pg).
Also, if all Pi are distinct, then the map Cg → C(g) is étale at P1, . . . , Pg as
well. Then finding parameters t1, . . . , tg at Q := [

∑g
i=1 Pi − gb] just comes

down to finding parameters at each of the Pi. In our case of a hyperelliptic
curve, this is just an easy computation; for a point (a, b) on the first affine
chart, we can take x−a if b is non-zero and y if a is zero. We can also compute
the inverse of the map C(Z/pkZ)Pi

→ pZ/pkZ; this is just a simple exercise
in Hensel lifting.

This now means J(Zp)Q is parametrised as the product of C(Zp)Pi
. In

particular, we have a bijection

g∏
i=1

C(Z/pkZ)Pi
→ J(Z/pkZ)Q.

As we are able to explicitly compute this map using the Abel-Jacobi map,
and we are able to test equality in J(Z/pkZ), we can compute the map
(t1, . . . , tg) : J(Z/pkZ)Q → (pZ/pkZ)g by first computing its inverse and
storing all found values. This gives an algorithm for computing this map
that consists of O(p(k−1)g) operations in the Jacobian.

Remark 6.6. We can do this faster at the cost of consistency, by applying
another algorithm by Mascot, Algorithm 7 in [Mas20]. This algorithm com-
putes a rational map J → PV2, dependent on the choice of some specific
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degree effective divisors, with complexity O(gω). Of course, it is trivial to
compute parameters in PV2, but the downside is that the rational map may
not need to be defined where we want it to be. In that case, one can just
make another choice of effective divisors and construct a different rational
map; remember that we only need the map to be defined in our residue disc
of choice.

6.4 Interpolating polynomials

The λi from Theorem 4.1 are in general not computationally available, as
they are power series, but we can approximate them modulo powers of p.
For example, we know that the λi are linear modulo p. And in particular, if
f1, . . . , fg−1 are as in Remark 2.6, then λi = κi for i ≤ g− 1, so they are also
of degree at most m modulo pm for m < p−1. Knowing this, we can compute
λi modulo powers of p by interpolation, and the following formula, coming
from [Sal45]: if f is a polynomial over a ring R of degree m in n variables
and m! is a unit in R, then we have the equality of polynomials

f(x1, . . . , xn) =
∑

i1+···+in≤m

f(i1, . . . , in)

(
m− x1 − · · · − xn
m− i1 − · · · − in

) n∏
j=1

(
xj
ij

)
.

Note that this formula requires evaluation of f at
(
m+n
n

)
points; this is clearly

optimal, as there are
(
m+n
n

)
monomials of degree at most m. Also note that for

m = 1, the complexity of calculating this formula is simply O(n) applications
of f , and O(n) calculations in R.

Note that evaluating λi at a point in J(Z(p))t comes down to calculating
the value of a parameter at that point, and this is something we can do.
That means we can explicitly compute λi modulo pm for m < p − 1. Using
Proposition 4.2 or another way, we can hope to find an upper bound on the
number of common zeroes of the λi, and hence an upper bound on C(Z(p))P .

This formula for interpolation unfortunately does not work for m ≥ p;
then the values of λi on Fnp do not determine λi, and one needs to evaluate
on extensions on Fnq and look for more general interpolation formulas (e.g.,
Lagrange interpolation).

6.5 Complexity

We assume necessary data for the Mordell-Weil group of the Jacobian is
given; that is, we have a set of generators for either J(Z(p)), or just a full
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rank subgroup of index coprime to p|J(Fp)|. We also assume that all relevant
elements in J(Z(p)) and J(Fp) are in the subgroup generated by C(Z(p)) and
C(Fp). Finally, we assume that we can find rational maps J → PV2 as in
Remark 6.6.

Then by Remark 6.5 and Section 6.4, we compute λi mod p in O(rgω+1);
then solving the linear system of equations ∀iλi ≡ 0 mod p has complexity
lower than that, and hence checking if |C(Z(p))P | is at most 1 can be done
in O(rgω+1). Repeating this for all Fp-points, gives by the Hasse-Weil bound
a complexity of O

(
(p+ g

√
p)rgω+1

)
.

7 An explicit example

We treat the hyperelliptic curve CQ/Q with first affine chart given by

y2 = f(x) = x6 + 8x5 + 22x4 + 22x3 + 5x2 + 6x+ 1.

This curve has genus 2, and the Mordell-Weil group is isomorphic to Z. This
curve is also treated in Example 8.2 of [MP12].

We denote the standard involution on this curve by σ. It has six known
rational points ∞+,∞− = σ(∞+) and θ = (0, 1), σ(θ), η = (−3, 1), σ(η). We
take p = 5, and use the same equation for the model C over Z(5). It turns
out that C(F5) has seven points; the reductions of the rational points, and
(1, 0). Again taking the map C → J to be subtraction of ∞+ on points, all
seven points in C(F5) lie in the image of J(Z(p)).

We will first show there is at most one point in the same residue disc
as θ. As we already know there is at least one point, namely θ, we can
simplify the calculations by looking at the map jθ : C → J to be subtraction
of θ. Letting θµ for µ ∈ Fp denote the deformations of θ in C(Z/p2Z)θ,
with θµ 7→ µ being a parameter at θ, we see the image of C(Z/p2Z)θ in
J(Z/p2Z)0 is {θµ− θ | µ ∈ Fp}. Also, identifying J(Z(p))0 with Zr, the image
of J(Z(p))0 in J(Z/p2Z)0 can be given as a map Frp → J(Z/p2Z)0. Choosing
parameters by giving a local chart J → P(V2), we want to exactly show
that the two maps C(Z/p2Z)θ → J(Z/p2Z)0,Frp → J(Z/p2Z)0 together form
a map Fp ⊕ Frp → J(Z/p2Z)0 with kernel 0. Now that this is a statement
in linear algebra, it can be verified easily, and it turns out that indeed the
residue disc of C(Z(p)) containing θ contains only θ.
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Similarly, it follows that all points in C(F5) lift to at most one Z-point.
Noting that the group generated by σ acts on C(Z(p)) and has no fixed points,
this means |C(Z(p))| ≤ 6 so our list of rational points is complete.

Code for the calculations in this section can be found in [Spe20].

8 Quadratic Chabauty

In this section, we attempt to give an introduction to the article [EL19]
aimed to introduce all the players in quadratic Chabauty at a slightly slower
pace. We will omit all proofs. For further reading, see for example [HL], an
in-progress cartoon guide to the article by Edixhoven and Lido.

We start by explaining the idea over Q; we let CQ be a projective, smooth
curve over Q of genus at least 2, we let JQ be its Jacobian. We again assume
the existence of a rational point b ∈ CQ(Q) and use it to construct an embed-
ding jb : CQ → JQ. We wish to set up a similar situation to classic Chabauty,
and for that, we introduce the Poincaré line bundle and Poincaré torsor. For
this, we need J∧Q , the dual of JQ, which is in fact isomorphic to JQ, taking as
isomorphism for example the principal polarisation λ : JQ → J∧Q . This dual
parametrises line bundles that are algebraically equivalent to 0 on JQ, and
hence we get a universal such line bundle PQ on JQ×J∧Q , called the Poincaré
line bundle PQ, which also satisfies that both PQ|0×J∧Q and PQ|JQ×0 are trivial.

Example 8.1. If CQ is an elliptic curve then, identifying CQ, JQ and J∧Q , we
get PQ = O(∆− {0} × CQ − CQ × {0}), with the fibres PQ|,c×CQ

∼= O(c− 0)
being exactly the degree 0 line bundles on CQ up to isomorphism.

The object we will be working with is the Poincaré torsor, the Gm torsor
over JQ × J∧Q defined by

P×Q = IsomJQ×J∧Q (OJQ×J∧Q , PQ).

We can also describe this in terms of its functor of points; for any scheme S
over JQ×J∧Q , we have that P×Q (S) is the set of isomorphisms between OS and
(PQ)S, with a free, transitive action of OS(S)×, i.e. a pseudotorsor of OS(S)×

in the traditional group-theoretic sense (note that this set can be empty).
Furthermore, this Poincaré torsor has a nice structure of a biextension;

this means we can think of the fibres P×Q,(x,y) as being a Gm above the point
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x× y; this structure then gives multiplication maps

P×Q,(x1,y) × P
×
Q,(x2,y) → P×Q,(x1+x2,y)

and similarly
P×Q,(x,y1) × P

×
Q,(x,y2) → P×Q,(x,y1+y2).

This bilinear structure comes from interpreting J∧Q as Ext1(JQ,Gm); then P×Q
is the universal extension of JQ by Gm, indexed by J∧Q , and by duality vice
versa as well.

Instead of doing Chabauty in this Poincaré torsor, we will look at a pull-
back of this torsor to a Gm-torsor over JQ. Our first attempt is pulling back
along the map JQ to JQ×J∧Q given as (id, trc ◦f) where f : JQ → J∧Q is a mor-
phism of group schemes and trc : J∧Q → J∧Q is translation along c ∈ J∧Q(Q). We
denote the pullback of P×Q along this map by TQ, a Gm-torsor over JQ. This
TQ has dimension g + 1. The general idea of geometric quadratic Chabauty,
is to work with the following diagram

TQ P×Q

CQ JQ JQ × J∧Q

j̃b

jb (id,trc ◦f)

where j̃b is a lift of jb. This lift will only exist if j∗bT is a trivial Gm-torsor over
CQ; for that, it turns out that we want f to be an element of Hom+(JQ, J

∧
Q)0,

the group of self dual homomorphisms of trace 0 (where this trace comes
from identification with the Néron-Severi group); if we do that, it turns out
that j∗bT will correspond to a degree 0 line bundle on CQ, and we only need
to translate by a constant to make j∗bT trivial.

If f itself is already 0, then T is trivial and this will give no further
information, and most of the time that is the best we can do, as generically
the rank of Hom+(JQ, J

∧
Q), also called the Néron-Severi rank ρ, is 1. But in

many interesting cases, this rank is bigger than 1. Using the isomorphism λ,
this rank is also the rank of a certain subgroup of the endomorphism ring of
JQ, and it turns out a family of possible examples is given by modular curves;
for example, normalisers of non-split Cartan curves X+

ns(`) have Néron-Severi
rank equal to the genus, and, according to the BSD conjecture, Mordell-Weil
rank at least equal to the genus.
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In general, we can pick a basis f1, . . . , fρ−1 of the trace 0 subgroup of
Hom+(JQ, J

∧
Q) and elements c1, . . . , cρ−1 ∈ J∧Q with j∗b (id, trci ◦fi)∗P×Q trivial,

and take the product of all the resulting pullbacks over JQ, to get a Gρ−1
m -

torsor T over JQ that admits a morphism from CQ.
We then would like to intersect the rational points of TQ with the p-adic

points of CQ, mapped to TQ under j̃b, inside the p-adic points of TQ. As in
the case of classic Chabauty, one can conclude that the p-adic points of TQ
form a p-adic manifold of dimension g + ρ − 1, but there is a problem with
the rational points of TQ; these are in bijection with Gm(Q)ρ−1×JQ(Q). The
latter is a finitely generated group of rank r, the Mordell-Weil rank, but the
former is an infinitely generated group. One can upper bound the dimension
of TQ(Q) by r+ρ−1, but it is clear that this will not lead to an improvement
to classic Chabauty.

To combat this problem, the crucial insight is that while Q× is infinitely
generated, Z× is finite, so we set everything to work over Z instead of over
Q. Our curve is now a surface C, of relative dimension 1 over Z, proper, flat
and regular with generic fibre CQ. We cannot expect C to be smooth over Z,
we only ask that C is smooth over Z[1/n] for some squarefree n consisting
of bad primes. We let J be the Néron model over Z of the Jacobian of CQ,
and J∧ the Néron model of the dual of J . If we want to keep the essential
biextension structure of the Poincaré torsor intact, we can only extend to
P → J × J∧0 where J∧0 is the connected component of J∧ containing 0; the
component group J∧/J∧0 is only supported on Z/nZ, i.e. on the bad primes.
We let m ∈ Z>0 be the annihilator of J∧/J∧0. We can then make a similar
diagram as before

T P×

C J J × J∧0

j̃b

jb (id,·m◦trc ◦f)

where this time f is an element of Hom+(J, J∧) of trace 0 and c ∈ J∧ such
that j∗b (id, trci ◦fi)∗P×Q is trivial.

There is one problem: the lift of jb from C to T only exists if j∗bT is
trivial over C. We know this is true when base changed over Q, and over Q
the lift exists and is unique up to the action of Q×. For q prime for which
CFq has only one component, we can multiply a trivialising section over CQ
by a suitable power of q to make it a trivialising section over CZ(q)

. However,
we cannot always do this if CFq has multiple components.
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So instead we cover Csm with multiple opens Ui, obtained by removing
for each q dividing n all but one irreducible components. As C(Z) = Csm(Z),
it is enough to compute Ui(Z) for every Ui. Then the map jb,i : Ui → J does
lift as in the following diagram:

T P×

Ui J J × J∧0

j̃b,i

jb,i (id,·m◦trc ◦f)

and we can finalise the summary of quadratic Chabauty. Denote T now for
the product of all ρ−1 such pullbacks for f ranging over a basis of the trace 0
submodule of Hom+(J, J∧). Taking a specific such U with a lift j̃b : U → T ,
for every prime p, the set j̃b(U(Z)) is a subset of the intersection, inside
the p-adic manifold T (Zp), of j̃b(U(Zp)) and the closure T (Z) of T (Z). As
the relative dimension of T over Zp is g + ρ − 1 (it is a Gρ−1

m -torsor over
J), we can as in Section 2 see that T (Zp) has dimension g + ρ − 1; and as
T (Z) is a {±1}ρ−1-torsor over the group J(Z) of rank r, it will turn out
T (Z) has dimension at most r. As U(Zp) has dimension 1, we can hope that
this intersection is dimension 0, and hence finite as T (Zp) is compact, if
r < g + ρ− 1, hence we have an improvement over classical Chabauty.

This argument can be made explicit when looking at residue discs; in
short, just like we could parametrise J(Z)0 with Zr in Section 3 where the
inclusion Zr → J(Zp)0

∼= Zgp is given by convergent power series, it turns out
that for t ∈ T (Fp) that lift to T (Z), there is a map κ : Zr → T (Zp)t ∼= Zg+ρ−1

p

such that κ is given by convergent power series and extending the domain of
κ to Zrp we have κ(Zrp) = T (Z)t. This fact is a consequence of the biextension
structure of P∧; it allows us to quite explicitly move in the Poincaré torsor.

When the parameters at t are chosen nicely, the first g coming from J ,
it turns out that κ1, . . . , κg are linear modulo p, and κg+1, . . . , κg+ρ−1 are
quadratic modulo p. The fact that these are quadratic is in fact related to
this being called quadratic Chabauty; it has to do with the bilinear structure
on P×, that when restricted to the image of (id, ·m ◦ trc ◦f) is a quadratic
object, as both of id and m◦ trc ◦f are linear maps. This is analogous to how
a bilinear form gives a quadratic form when evaluated at the diagonal. One
can also again find equations g1, · · · , gr+ρ−2 for the the image of U(Zp) in
T (Zp)t, which will again be linear modulo p.

We end with a proposition we already know; Proposition 4.2 also holds
in our case, and this once again can lead to giving an explicit upper bound
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for the cardinality of residue discs of U(Z) using finite precision calculations;
repeating these calculations for the multiple opens U and their Fp-points,
finally gives an upper bound for C(Z).

An important part of making the calculations work is forming the map
j̃b : U → T . For this, we need to be able to explicitly describe the trivialisation
of the Gm-torsor j∗bT restricted to U . Remember that j∗bT is also the pullback
of P× along the map C → J×J∧0, and this map factors through the diagonal
map C → C × C. As described in Section 7 of the paper, it turns out that
giving such a map f : J → J∧ and c ∈ J∧(Z) with j∗bT trivial over all opens U
is equivalent to giving a line bundle L on C×C satisfying the following three
properties: L is rigidified on {b}×CQ, the fibres of pr2 : (C ×C)Q → CQ are
degree 0, and the pullback diag∗L is trivial on CQ. This turns the problem of
describing a map J → J∧ in the sometimes more concrete problem of giving
a line bundle on C × C satisfying some simple conditions.

These line bundles are crucial in doing actual computations. In the ex-
ample in the Edixhoven-Lido paper, they use an involution of the curve to
construct a correct line bundle. Right now, the focus is on doing a modu-
lar example, X0(73)+, a genus 2 curve with endomorphism ring of rank 2.
Here, the extra information comes from the Hecke algebra working on the
curve, and the problem at the time of writing lies in describing Hecke oper-
ators explicitly as correspondences on C × C, and computations with these
correspondences over Z.
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