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0 Introduction

The theory of derived categories was first exposed by Grothendieck in the
early sixties. He needed it to prove the theorem of Grothendieck duality,
which can be seen as an extension of Serre duality. Derived categories are
in many ways the natural environment in which to consider cohomology and
derived functors in general. To illustrate this, one may recall the Grothendieck
spectral sequence. If F : A1 → A2 and G : A2 → A3 are left-exact functors
between abelian categories with enough injectives such that F takes injective
objects to G-acyclic objects, one has a spectral sequence

Ep,q2 := RpG(RqF (A))⇒ Rp+q(GF )(A)

computing the images of the higher derived functors of the composition. On
derived categories, the same assumptions give an isomorphism of functors
RG ◦RF ∼= R(GF ).

But derived categories are not just of interest to homological-algebraists.
Recently, interest has grown for the geometric side of the derived category
Db

coh(X) of bounded complexes of coherent sheaves on a locally-Noetherian
scheme X. Bondal and Orlov proved in 1997 that if X and Y are smooth
projective varieties, such that the canonical sheaf of X is ample or anti-ample
and such that Db

coh(X) ∼= Db
coh(Y ) as triangulated categories, then X ∼= Y . In

[1], Ballard succeeds in relaxing the condition on smoothness and proves the
following extension of this reconstruction theorem.

Theorem 0.1. Let X be a projective Gorenstein variety over a field k with
ample or anti-ample canonical bundle. Suppose furthermore that Y is a quasi-
projective k-variety and that there is an equivalence Db

coh(X) ∼= Db
coh(Y ) of

triangulated categories. Then X is isomorphic to Y .

We prove this theorem for Y projective in Theorem 5.1. If the canonical
sheaf is not ample or antiample, then one can construct a counterexample to
the reconstruction theorem. Mukai did this for smooth projective varieties
in [13] and we do this for projective Gorenstein varieties in Proposition 7.11.
Where Mukai defines Fourier-Mukai transforms to find an exact equivalence
Db

coh(A) ∼= Db
coh(Â) for an abelian variety A and its dual Â, which are generally

non-isomorphic, we extend the theory of Fourier-Mukai transforms developed
in [1] and [9] to arrive at the following statement, which is the main result of
this work.

Proposition 0.2. Suppose k is a field. Let A be an abelian k-variety and X a
projective Gorenstein k-variety with singular locus consisting of a single point.
If A is not isomorphic to its dual Â, then A×X and Â×X are non-isomorphic,
non-smooth projective Gorenstein varieties and Db

coh(A×X) ∼= Db
coh(Â×X).

This is Proposition 7.11. In particular, we prove the following, where a boun-
ded complex of locally-free coherent sheaves is called perfect.
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Theorem 0.3. Let X1, X2, Y1, Y2 be projective Gorenstein varieties and let
E1 ∈ Db

coh(X1 × Y1) and E2 ∈ Db
coh(X2 × Y2) be kernels for Fourier-Mukai

transforms ΦEi : Db
coh(Xi) → Db

coh(Yi) which send perfect complexes to per-
fect complexes. Write E1 � E2 for the tensor product of the pullbacks of these
complexes to X1×Y1×X2×Y2. If both ΦEi are fully-faithful, resp. equivalen-
ces, then ΦE1�E2 : Db

coh(X1 × X2) → Db
coh(Y1 × Y2) is fully-faithful, resp. an

equivalence as well.

The corresponding statement for smooth projective varieties was proven by
Orlov in [18] in 1997. The proof uses uniqueness of Fourier-Mukai kernels for
fully faithful Fourier-Mukai transforms between derived categories of smooth
projective varieties, which is an incredibly strong fact. Our proof, which is
found in Proposition 7.9 and Theorem 7.10, makes no use of such a uniqueness
statement.

0.1 Preliminaries

For an abelian category A, one has the derived category D(A) of unbounded
complexes. In it are the two derived categories D+(A), D−(A) of bounded
below complexes and bounded above complexes and their intersection Db(A).
On a scheme X, there is the category QCoh(X) of quasi-coherent sheaves,
which forms an abelian category. If X is locally-Noetherian, there is also the
abelian category Coh(X) of coherent sheaves and we get all the associated
derived categories. Instead of D(QCoh(X)) we write D(X) and instead of
D(Coh(X)) we write Dcoh(X) and similarly for their decorations. By [14], the
derived functors of f∗, f∗,⊗ and Hom are well-defined on all of D(X) when X
is quasi-compact and has a separating open cover of affines. That is, a cover
U of affines such that every intersection U1 ∩ U2 for U1, U2 ∈ U is affine. If
E• is a complex of quasi-coherent sheaves which are acyclic for a functor F ,
then the image of E• under the derived functor of F is computed by directly
applying F to the complex E•. This is made rigorous in [20, Section 10.5] and
can be used directly to show any exact functor F : QCoh(X)→ QCoh(Y ) for
any two schemes X,Y has a derived functor D(X) → D(Y ), which we also
denote by F .

Suppose now that X is quasi-projective over a field. Then X is quasi-compact
and has a separating open cover of affines. In particular, we get all the derived
functors mentioned above. If one restricts to bounded derived categories, there
is another approach to defining these derived functors. The category Coh(X)
has enough locally-frees and the ambient category QCoh(X) has enough in-
jectives, meaning every complex in D−coh(X) is quasi-isomorphic to a bounded
above complex of locally-free coherent sheaves and every complex in D+

coh(X)
is quasi-isomorphic to a bounded below complex of injectives in D(X). These
are acyclic resolutions for the functors above, hence all the derived functors
can be defined on the appropriate bounded derived categories through these
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resolutions. A word of caution is warranted here. A bounded complex of,
say, coherent sheaves is an object of both D−coh(X) and D+

coh(X), so we can
consider its image under left- and right-derived functors alike. However, the
necessary acyclic resolutions may not exist in the bounded derived category.
Often we will replace a complex by a resolution with a certain property and
accept that we may lose boundedness in one direction. Technically, this means
that we work with all the flavors of derived categories as full subcategories of
D(X) and Dcoh(X).

Left-derived functors are written as LF and right-derived functors are written
as RF . The following are a few statements about these derived functors,
mimicking the non-derived versions. The proofs of these can be found in [14],
see Propositions 9 and 65 there. In the reference, a quasi-compact quasi-
separated scheme is called concentrated. Let f : X → Y be a morphism of
quasi-compact schemes with separating open affine covers. Fix complexes of
quasi-coherent sheaves G•,H• ∈ D(Y ) and F• ∈ D(X).

(i) Pullbacks commute with tensor product, that is, the natural morphism

Lf∗G•
L
⊗ Lf∗H• −→ Lf∗(G•

L
⊗ H•)

is an isomorphism.

(ii) (The projection formula) The natural morphism

Rf∗F•
L
⊗ G• −→ Rf∗(F•

L
⊗ Lf∗G•)

is an isomorphism.

(iii) There is an adjunction Lf∗ a Rf∗.

(iv) (Flat base change) If g : Y ′ → Y is a flat morphism from a quasi-compact
scheme Y ′ with a separating open cover of affines and

X ′ X

Y ′ Y

g′

f ′ f

g

is a cartesian diagram, then for any bounded complex F• on X, the base
change map g∗Rf∗F• → Rf ′∗g

′∗F• is a quasi-isomorphism.

(v) If X is a quasi-projective scheme over a field, there is an adjunction

F•
L
⊗ − a RHom(F•,−).

(vi) If X is quasi-projective over a field and P• is a bounded complex of
locally-free sheaves of finite rank, then the functor RHom(P•,−) is left-

adjoint to P•
L
⊗ − and isomorphic to the functor RHom(P•,OX)

L
⊗ −.
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1 Triangulated Categories

Triangulated categories are powerful objects, encoding much of what we want
from (co)homology and homological algebra. They come with a collection of
exact triangles, providing the analogue of exact sequences in abelian categories.
While we lose the power of kernels and cokernels, we can still fit morphisms
into exact triangles, analogous to fitting morphisms into exact sequence in
abelian categories.

Using homological functors like Hom(A,−) for some object A of our category,
we can still use our knowledge of homological algebra to analyse the objects
we work with. In particular, the Hom-functors have the added merit of the
Yoneda lemma. Before we begin, let us get some definitions straight.

When we say triangulated category, we shall mean one in which the octahedral
axiom holds. Let C be a triangulated category with shift functor T . We will
write A[n] for the n-fold shift of an object A of C and triangles in C will be
written as

A −→ B −→ C −→ A[1].

A homological functor on C is an additive functor C → A to an abelian category
sending exact triangles to long exact sequences. The derived category of an
abelian category A comes with a natural homological functor H0 : D(A)→ A,
which is just taking cohomology in degree 0. For each n ∈ Z, we define a
functor Hn by Hn := H0 ◦ Tn called n-th cohomology. A functor F : C → D
between triangulated categories is called triangulated or exact if it commutes
with the shift functor and takes exact triangles to exact triangles. For the
full definition of triangulated categories and a very nice introduction to their
theory, we refer to [9, Chapter 1]. We shall summarize the results we will need
here.

1.1 Adjoints

Exact functors between nice triangulated categories often turn out to have left-
and/or right-adjoints. These adjoints are again exact, see [9, Proposition 1.41]
for a proof, so in studying them we can make heavy use of homological algebra.
More specifically, to study the images of objects and morphisms under these
functors, we will find it useful to look instead at the functors they represent.
The results that follow, together with their proofs, are taken from [9, Chapter
1].

Definition 1.1. Let C be a triangulated category. A set Ω of objects in C is
called a spanning class if for all B ∈ C the following two conditions hold:

(i) if Hom(A,B[i]) = 0 for all A ∈ Ω and all i ∈ Z, then B ∼= 0,

(ii) if Hom(B[i], A) = 0 for all A ∈ Ω and all i ∈ Z, then B ∼= 0.

4



Proposition 1.2. Let F : C → D be a triangulated functor of triangulated
categories with a left- and a right-adjoint. Suppose Ω is a spanning class of
C. Then F is fully-faithful if and only if for all A,B ∈ Ω and all i ∈ Z the
homomorphisms

Hom(A,B[i]) −→ Hom(F (A), F (B)[i])

given by applying F are bijective.

Proof. See [9, Proposition 1.49].

We can even use this result to show a given functor is an equivalence, provided
it has the necessary adjoints. For this, we will need the following well-known
facts about adjunctions in general.

Lemma 1.3. Suppose F : C → D is a functor with a left-adjoint G. Then F
is an equivalence if and only if F and G are both fully faithful.

Proof. If F is an equivalence, then G is necessarily its inverse. Indeed, we
have isomorphisms

Hom(G(A), B) ∼= Hom(A,FB) ∼= Hom(F−1A,B)

natural in both A and B, so the Yoneda lemma gives F−1 ∼= G. The rest of
the proof follows easily from the following lemma, which can be found in many
a reference on category theory.

Lemma 1.4. Let F : C → D be a functor with a left-adjoint G. Then:

(i) F is fully faithful if and only if the counit ε : FG⇒ Id is an isomorphism,

(ii) G is fully faithful if and only if the unit η : Id⇒ GF is an isomorphism.

Proof. We will only show the first statement. The second follows by dual
arguments. Consider the unit η : Id⇒ FG of the adjunction G a F . For any
two objects A,B ∈ D there is a commutative diagram

Hom(A,B) Hom(A,FG(B))

Hom(G(A), G(B)),

∼

where the top map is postcomposition by ηB.

If G is fully-faithful, it follows that ηA induces an isomorphism of functors

Hom(−, B)⇒ Hom(−, FG(B)),

hence it is an isomorphism by the Yoneda lemma in Dop and thus η is an
isomorphism.
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1.2 Compact objects and compact generation

Definition 1.5. Let C be an additive category. Then an object A ∈ C is
called compact if Hom(A,−) commutes with coproducts in C, that is, for each
coproduct

∐
i∈I Bi in C, the natural morphism⊕

i∈I
Hom(A,Bi) −→ Hom(A,

∐
i∈I

Bi)

is an isomorphism. We denote by Cc the full subcategory of C of compact
objects.

Example 1.6. In the unbounded derived category of quasi-coherent sheaves
D(X) of a quasi-compact and quasi-separated scheme X, the locally-free she-
aves of finite rank are compact objects. The structure sheaf OX is compact
because Hom(OX ,−) coincides with Γ(X,−), which commutes with copro-
ducts because X is quasi-compact and quasi-separated. This extends to finite
rank locally-free sheaves E because we have natural isomorphisms

⊕
i∈I

Hom(E,Ai) ∼=
⊕
i∈I

Hom(OX , E∨ ⊗Ai) ∼= Hom

(
OX ,

∐
i∈I

E∨ ⊗Ai

)

∼= Hom

(
OX , E∨ ⊗

∐
i∈I

Ai

)
∼= Hom

(
E,
∐
i∈I

Ai

)
.

Just in this subsection, we will write [−,−] for the functor Hom(−,−), simply
to save on space. It should be clear in which category we are taking the
morphisms. We will also suppress the subscripts on coproducts and direct
sums for the same reason.

Lemma 1.7 ([1, Lemmas 2.2.3 and 2.2.4]). Let C be a triangulated category.
Then Cc is a thick triangulated subcategory of C.

Proof. Suppose A ∈ C is a compact object and
∐
Bi a small coproduct in C.

Then there are natural isomorphisms[
A[1],

∐
Bi

]
∼=
[
A,
∐

(Bi[−1])
]
∼=
⊕

[A,Bi[−1]] ∼=
⊕

[A[1], Bi],

hence A[1] is compact as well. The functors [−, B] for any object B ∈ C are
cohomological, meaning that an exact triangle yields a long exact sequence.
Applying the cohomological functor [−,

∐
Bi] to an exact triangle with vertices

A,B and C, where A and B are compact, yields a commutative diagram with
exact columns
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⊕
[B [−1] , Bi] [B [−1] ,

∐
Bi]

⊕
[A [−1] , Bi] [A [−1] ,

∐
Bi]

⊕
[C,Bi] [C,

∐
Bi]

⊕
[B,Bi] [B,

∐
Bi]

⊕
[A,Bi] [A,

∐
Bi]

where the top and bottom two rightward maps are isomorphisms, so the middle
is as well by the five lemma. Hence Cc is a triangulated subcategory of C.

Next up is showing Cc is thick. Suppose A⊕ C is compact for A,B ∈ C. The
natural map

⊕
[A⊕ C,Bi]→ [A⊕ C,

∐
Bi] is the product of the maps⊕

[A,Bi]→ [A,
∐

Bi] and
⊕

[C,Bi]→ [C,
∐

Bi],

implying both of these are isomorphisms, hence A and C are both compact.
So Cc is a thick triangulated subcategory of C.

Given a subcategory D ⊂ C of an additive category, we define

D⊥ := {A ∈ C | [B,A] = 0 for all B ∈ D}.

This is often called the right-orthogonal to D. We also write Ω⊥ for a set of
objects Ω ⊂ C for the right-orthogonal of the full subcategory of C with set of
objects Ω.

Definition 1.8. An additive category C is called compactly-generated if C
possesses all small coproducts and the right-orthogonal (Cc)⊥ is trivial. If
Ω⊥ = 0 for some subset Ω ⊂ C which is closed under shifts and consists of
compact objects, then we say Ω is a set of compact generators.

Example 1.9. For a quasi-projective scheme X over a field, the derived ca-
tegory D(X) is compactly generated. Indeed, let OX(1) denote a choice of
an ample invertible sheaf on X. We saw before that this is a compact object
in D(X) and we will show here that the set {OX(r)[i] | r, i ∈ Z} is a set of
compact generators. If F• ∈ D(X) is non-zero, then it has some non-trivial
cohomology H := Hi(F•). We have a surjection ker(F i → F i+1) −→ H. Let
C be a coherent submodule of this kernel with non-zero image in H. There
exists an r ∈ Z≥0 such that C ⊗OX(r) is generated by global sections, ensu-
ring the existence of a global section σ ∈ C ⊗ OX(r) which does not map to
zero in H. This defines a morphism OX(−r) → C for which the composition
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with C → H is non-trivial. We see that the composition OX(−r)→ C → F i
defines a non-zero map in Hom(OX(−r),F•[i]), because the i-th cohomology
of this composition is the map OX(−r)→ C → H.

The following lemma highlights an argument used multiple times in [1].

Lemma 1.10. Suppose C is a compactly generated triangulated category with
a set of compact generators Ω. Let f : A→ B be a morphism in C. Then f is
an isomorphism if and only if for each D ∈ Ω the induced map [D,A]→ [D,B]
is an isomorphism.

Proof. If f is an isomorphism, then obviously each [D,A]→ [D,B] is as well.
So conversely, suppose each [D,A]→ [D,B] is an isomorphism. Let C be the
cone over f , that is, take an exact triangle

A
f−→ B −→ C −→ A[1].

Applying [D,−] for some compact object D gives an exact sequence

[D,A] −→ [D,B] −→ [D,C] −→ [D,A[1]] −→ [D,B[1]].

The map [D,A[1]]→ [D,B[1]] is an isomorphism because D[−1] is compact as
well and Ω is closed under shifts, hence the map [D,C]→ [D,A[1]] has trivial
image and trivial kernel, showing [D,C] = 0. Because Ω⊥ = 0, it follows that
C = 0, hence f is an isomorphism.

This can also be extended to isomorphisms of functors, as alluded to in the
proof of [1, Lemma 4.2.5].

Lemma 1.11. Suppose C is a compactly generated triangulated category and
F1, F2 : C → S are triangulated functors with right-adjoints G1 and G2. Sup-
pose furthermore that η : F1 ⇒ F2 is a natural transformation. If ηA : F1A→
F2A is an isomorphism for every A in a set of compact generators Ω, then η
is an isomorphism of functors.

Proof. The natural transformation η induces a natural transformation ε : G2 ⇒
G1 of the right-adjoints. For any A ∈ Ω and B ∈ S we have

Hom(A,G2B) ∼= Hom(F2A,B) ∼= Hom(F1A,B) ∼= Hom(A,G1B)

via the isomorphism ηA and the adjunctions. The resulting isomorphism
Hom(A,G2B) ∼= Hom(A,G1B) is induced by εB, so through the previous
lemma, we find εB is an isomorphism. This shows ε is an isomorphism, and
therefore η is as well.

The following theorem by Thomason and Neeman [15, Lemma 2.2] is going to
allow us to focus on a set of compact generators when we need to, instead of
having to consider every compact object.
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Theorem 1.12. Let C be a compactly-generated triangulated category. If Ω is
a set of compact generators, then Cc is the smallest thick triangulated subca-
tegory of C containing Ω.

2 Derived Categories of Coherent Sheaves

2.1 Pullbacks and supports

For OX -modules of finite type on a scheme X in general we have the intuitive
fact that x ∈ supp(F) if and only if i∗xF 6= 0, implied by Nakayama’s lemma.
If X is a quasi-projective scheme over a field, it turns out that this can be
extended to complexes in Db

coh(X) by defining

supp(F•) =
⋃
m∈Z

supp(Hm(F•))

and taking the left-derived functor Li∗x instead of i∗x.

Lemma 2.1 ([9, Exercise 3.30]). Let ix : {x} ↪→ X be the inclusion of a closed
point into a scheme X quasi-projective over a field. Then for any complex
F• ∈ Db

coh(X) we have Li∗xF• 6= 0 if and only if x ∈ supp(F•).

Proof. Our proof is adapted from [9, Lemma 3.29]. Suppose x ∈ supp(F•).
Choose m ∈ Z maximal such that x ∈ supp(Hm(F•)) and writeH := Hm(F•).
Let us consider the spectral sequence

Ep,q2 = Hp(Li∗xHq(F•))⇒ Hp+q(Li∗xF•).

Note H0(Li∗xHm(F•)) = i∗xHm(F•) 6= 0 by assumption. Because i∗x is right-
exact and Hm(F•) is just a coherent sheaf, the sheaves Hp(Li∗xHq(F•)) are
trivial for all p > 0 and all q ∈ Z. The stalk of Hq(F•) at x is zero for all
q > m, so

Li∗xHq(F•) = Hq(F•)x
L
⊗ k(x) = 0

for q > m as well. Hence, the sheaf H0(Li∗xHm(F•)) = i∗xH survives at ∞,
showing Hm(Li∗xF•) = i∗xH 6= 0, so Li∗xF• is non-zero.

Conversely, if the complex Li∗xF• is non-zero, it has some top cohomology
Hm(Li∗xF•) 6= 0. Here we use that Li∗x sends bounded above complexes to
bounded above complexes. Consider the entry at (p, q) = (0,m) of the second
page of the spectral sequence mentioned. Turning to the next page of the
spectral sequence, this entry is replaced by some subquotient. Hence the entry
at ∞ is a subquotient as well, so we see Hm(Li∗xF•) is a non-zero subquotient
of

H0(Li∗xHm(F•)) = i∗xHm(F•),

showing the latter is non-zero and thus x ∈ supp(F•).
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Suppose now that X is a locally Noetherian scheme. Skyscraper sheaves on
closed points of X are simple to describe. For one, their support is a single
closed point, so the natural morphism from their global sections to their stalk
is an isomorphism. Indeed, one constructs an inverse as follows. Say F is
supported only on x. Let sx ∈ Fx be the stalk of a section s on a neighborhood
U of x. The stalks of s away from y are all 0, so s coincides with the zero
section on U ∩X \ {x}, hence these glue to a unique global section of F .

Suppose now that we have two coherent sheaves F and G with supp(F) ∩
supp(G) ⊂ {x} for a closed point x ∈ X. Taking the stalk of the i-th Ext-
sheaf Exti(F ,G) at any point y ∈ X, we get by [8, Proposition III.6.8]

Exti(F ,G)y ∼= Exti(Fy,Gy),

which is trivial if y 6= x, so supp(Exti(F ,G)) ⊂ {x}. Hence this Ext-sheaf is a
skyscraper sheaf. This implies

Exti(F ,G) = Γ(X, Exti(F ,G)) ∼= Exti(F ,G)x ∼= Exti(Fx,Gx).

Combined with the fact that there are natural isomorphisms Exti(A,B) ∼=
HomD(A)(A,B[i]) for A,B in an abelian category A with enough injectives,
this shows that the functor of taking stalks at x induces isomorphisms

Hom(F ,G[i]) −→ Hom(Fx,Gx[i])

for all i ≥ 0. In particular, there are no non-trivial morphisms between shifts
of coherent sheaves with disjoint supports.

The following lemma says we can extend this isomorphism to bounded com-
plexes of coherent sheaves.

Lemma 2.2. Let X be a locally Noetherian scheme. Suppose F• and G• are
objects of Db

coh(X) with supports either being disjoint, or intersecting in a
single point y ∈ X. Then the natural morphism

Hom(F•,G•) ∼−→ Hom(F•x ,G•x)

is an isomorphism for any x ∈ X in the first case and for the single point
x = y in the second case.

Proof. First off, note that x is automatically a closed point, because supp(F•)
and supp(G•) are closed. Consider for any fixed j the spectral sequences

Ep,q2 = Hom(Hj(F•),Hq(G•[p]))⇒ Hom(Hj(F•),G•[p+ q])

and
′Ep,q2 = Hom(Hj(F•x),Hq(G•x[p]))⇒ Hom(Hj(F•x),G•x[p+ q]).

Taking stalks is exact, so the latter spectral sequence is isomorphic to

Hom(Hj(F•)x,Hq(G•[p])x)⇒ Hom(Hj(F•)x,G•x[p+ q]).
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Hence there are natural morphisms Ep,q2 → ′Ep,q2 and Ep,q∞ → ′Ep,q∞ , given by
taking stalks and these are compatible. The former morphism is an isomor-
phism, so [20, Theorem 5.2.12] implies that the morphism Ep,q∞ → ′Ep,q∞ is an
isomorphism as well. In particular, for each pair p, q, the natural map

Hom(H−q(F•),G•[p]) −→ Hom(H−q(F•)x,G•x[p])

is an isomorphism. With this insight, we can repeat the argument using the
other Hom spectral sequence to get

Hom(F•,G•[p+ q])
∼−→ Hom(F•x ,G•x[p+ q]),

which we evaluate at p+ q = 0 to finish the proof.

Lemma 2.3 ([9, Lemma 3.9]). Let X be a locally Noetherian scheme. Suppose
F• ∈ Db

coh(X) is such that supp(F•) = Z1tZ2 is a disjoint union of two closed
subsets of X. Then F• ∼= F•1 ⊕F•2 with supp(F•i ) contained in Zi for i = 1, 2.

Proof. We follow the proof in the reference. We prove the statement by in-
duction of the length of F•. If this length is 1, then we are simply dealing with
a coherent sheaf F . Consider the open cover X = U1 ∪U2, where U1 = X \Z2

and U2 = X \ Z1. Let ji denote the inclusion of Ui into X. Then j∗i F is a
coherent sheaf on Ui, supported on the closed set Zi ⊂ X. For i = 1, 2, the
pushforward Fi := ji,∗j

∗
i F is coherent, because its restrictions to U1 and U2

are either 0 or the matching restriction of F . Taking the product F → F1⊕F2

of the unit morphisms F → ji,∗j
∗
i F and looking at stalks, we conclude this is

an isomorphism.

Now suppose F• has length > 1. Let m be minimal such that H := Hm(F•) 6=
0. This is a coherent sheaf with support contained in Z1 t Z2, so its support
is also a disjoint union of closed subsets and we may write H ∼= H1 ⊕ H2,
where supp(Hi) ⊂ Zi. By the axioms of triangulated categories, we may fit
the natural morphism H[−m]→ F• in an exact triangle

H[−m] −→ F• −→ G• −→ H[1−m].

Considering the long exact sequence of cohomology, we see Hq(H[−m]) =
Hq+1(H[−m]) = 0 for all q < m − 1 and all q > m. This shows Hq(F•) ∼=
Hq(G•) for these q. Around q = m, the long exact sequence reads

0 −→ Hm−1(G•) −→ H −→ H −→ Hm(G•) −→ 0,

where the arrow H → H is an isomorphism, because it is induced by the
natural morphism H[−m]→ F•. This shows Hm−1(G•) and Hm(G•) are both
trivial. Hence G• is shorter than F• and, like forH, we may write G• ∼= G•1⊕G•2 .

Consider now the spectral sequence

Ep,q2 = Hom(H−q(G•1),H2[p])⇒ Hom(G•1 ,H2[p+ q]).

11



Every term of this is trivial, because H−q(G•1) and H2 have disjoint supports.
This is a consequence of the spectral sequence for the composition Γ ◦ Ext =
Ext. This shows that Hom(G•1 ,H2[1 −m]) = 0 in particular. Similarly, one
gets Hom(G•2 ,H1[1 −m]) = 0. Complete the morphisms G•i → Hi[1 −m] to
exact triangles

F•i −→ G•i −→ Hi[1−m] −→ F•i [1].

Taking stalks is exact, so thatHq(F•i )x = 0 for all q if x 6∈ Zi, hence supp(Fi) ⊂
Zi. The direct sum of these triangles is again exact and because the two hom
sets are trivial, the isomorphisms G•1 ⊕ G•2 → G and (H1 ⊕ H2)[1 − m] →
H[1 − m] can be completed to an isomorphism of exact triangles, showing
F•1 ⊕F•2 ∼= F•.

2.2 External tensor product

For two schemes X and Y over a common base S we have an external tensor
product

p∗(−)⊗ q∗(−) : ModOX
×ModOY

−→ ModOX×Y
,

where p and q denote the projections from X × Y to X and Y respectively.
We will denote this by −�−. When X,Y and S = Spec(R) are all affine, this
is just the bifunctor − ⊗OR

−. Working over a field R = k, this is an exact
bifunctor.

If now X and Y are arbitrary k-schemes, we can work locally to find the
functor −�− is exact as well. We can extend this to a bifunctor K(ModOX

)×
K(ModOY

) → K(ModOX×Y
), where K(ModOX

) is the homotopy category of
complexes of OX -modules, in the same way as we do for the usual tensor
product. Restricting to quasi-coherent sheaves, we can thus easily form its
derived functor −�−, defined on all of D(X)×D(Y ).

Because the morphisms p and q are flat, their pullbacks p∗ and q∗ are exact,
so we get derived functors for them given by directly applying p∗ and q∗ and
we denote these by p∗ and q∗ as well. By the usual theorems on compositions
of derived functors, we get an isomorphism

−�− ∼= p∗(−)
L
⊗ q∗(−)

of bifunctors D(X)×D(Y )→ D(X × Y ).

Lemma 2.4 (The Künneth formula). Let X and Y quasi-compact separated
k-schemes. Then, given F ∈ Db(X) and G ∈ Db(Y ), we have an isomorphism

RΓ(X × Y,F � G) ∼= RΓ(X,F)
L
⊗k RΓ(Y,G)

in D(Spec(k(x))).
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Proof. The main idea of this proof is from [9], located right after Remark
3.33, and is to combine flat base change and the projection formula, both
statements holding in the present setting. Applying flat base change to the
cartesian square

X × Y X

Y Spec(k)

p

q fX

fY

we get

q∗p
∗F• ∼= f∗Y fX,∗F• ∼= RΓ(X,F•)

L
⊗ OY .

Now, by the projection formula,

RΓ(X × Y, p∗F•
L
⊗OX×Y

q∗G•) ∼= RΓ(Y, q∗(p
∗F•

L
⊗OX×Y

q∗G•))

∼= RΓ(Y, q∗p
∗F•

L
⊗OY

G•)

∼= RΓ(Y, (RΓ(X,F•)⊗OY )
L
⊗OY

G•).

As RΓ(X,F•) is a complex of vector spaces, the pullback RΓ(X,F•)
L
⊗ OY

is a complex of free OY -modules. This means that if we choose an injective

resolution G• ∼→ I•, every sheaf in the complex (RΓ(X,F•) ⊗ OY )
L
⊗OY

I•
is still injective, because a direct sum of injective modules is injective. We
can indeed choose such an injective resolution, because the quasi-compact
quasi-separated hypothesis implies QCoh(X) has enough injectives. Injective
modules are acyclic for left-exact functors, so the derived functor RΓ(Y,−)
acts degreewise as Γ(Y,−) on a complex of injective modules. Hence, we find
for the degree n part

RΓ(Y, (RΓ(X,F•)⊗OY )
L
⊗OY

I•)n ∼=
⊕
i+j=n

Γ(Y, (RΓ(X,F•)j ⊗OY )⊗OY
Ii)

∼=
⊕
i+j=n

RΓ(X,F•)j ⊗k Γ(Y, Ii)

∼= (RΓ(X,F•)⊗k RΓ(Y, I•))n,

showing

RΓ(Y, (RΓ(X,F•)⊗OY )
L
⊗OY

I•) ∼= RΓ(X,F•)⊗k RΓ(Y, I•)

and thus completing the proof.
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In the following lemma and its proof, the decorations L and R for the derived
pushforward, pullback and tensor product are suppressed. This should not
lead to any confusion.

Lemma 2.5. Let k be any field and suppose f : X → X ′ and g : Y → Y ′ are
morphisms of quasi-compact, separated k-schemes. Then for any F• ∈ Db(X)
and any G• ∈ Db(Y ) the natural morphism f∗F•�g∗G• → (f×g)∗(F•�G•) is
an isomorphism in Db(X ′×Y ′). In other words, the bifunctors (f∗−)� (g∗−)
and (f × g)∗(−�−) are isomorphic.

Proof. Let us suppress the bullets from our notation for brevity. First, let us
find the mentioned natural morphism. We have the following natural bijecti-
ons:

Hom(f∗F � g∗G, (f × g)∗(F � G)) ∼= Hom((f × g)∗(f∗F � g∗G),F � G)
∼= Hom(p∗f∗f∗F ⊗ q∗g∗g∗G,F � G)
∼= Hom(f∗f∗F � g∗g∗G,F � G),

where p and q denote the projections from X × Y to X and Y respectively.
Taking the tensor product of the pullbacks of the counit morphisms f∗f∗F →
F and g∗g∗G → G, we get a natural morphism in last set of morphisms.
Tracing back the bijections above produces a natural morphism f∗F � g∗G →
(f × g)∗(F � G).

We will show this is a quasi-isomorphism. This is a local question on X ′ and
Y ′, so assume these are affine, say given by Spec(A′) and Spec(B′). Then the
pushforwards f∗, g∗ and (f × g)∗ are nothing but the global sections functors
and we have to show that

RΓ(X,F)⊗k RΓ(Y,G) −→ RΓ(X × Y,F � G)

is an isomorphism. This is just the Künneth formula, so we are done.

3 Locally-finite Duality

From this section onward, we only decorate left- and right derived functors if
we wish to emphasize that they are in fact derived.

3.1 The perfect derived category

Definition 3.1. Let X be a locally-Noetherian scheme. The smallest trian-
gulated subcategory of D(X) containing the finite rank locally-free sheaves
is called the perfect derived category of X and is denoted by Dperf(X). The
complexes in Dperf(X) are called perfect.
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In the case of X quasi-projective over a field, this subcategory will turn out
to be exactly the full subcategory of compact objects D(X)c. We will prove
this momentarily.

Now, this definition is difficult to work with in general, so we would first like
to have a more concrete description of the objects of Dperf(X). Let us write
Perf(X) ⊂ D(X) for the full subcategory of complexes quasi-isomorphic to
bounded complexes of finite rank locally-free sheaves. We will show that for
schemes X which are quasi-projective over a field, the subcategories Perf(X)
and Dperf(X) coincide.

Lemma 3.2. Let X be a quasi-projective scheme over a Noetherian ring R.
Then Perf(X) ⊂ D(X) is a thick triangulated subcategory.

Proof. We start by showing Perf(X) is a triangulated subcategory. It is obvi-
ously closed under shifts, so it is enough to prove that for any exact triangle

P• −→ Q• −→ R• −→ P•[1]

with P•,R• ∈ Perf(X), we have Q• ∈ Perf(X) as well.

Because Db
coh(X) is triangulated, it follows immediately that Q• ∈ Db

coh(X).
Because X is quasi-projective over a Noetherian ring, there exists a finite rank
locally-free resolution E• ∼→ Q• and we replace Q• by this resolution. Taking
the tensor product −⊗F for any OX -module F yields a long exact sequence,
which shows exactness of the sequences

Hi(P• ⊗F) −→ Hi(Q• ⊗F) −→ Hi(R• ⊗F)

for all i ∈ Z, where we use the fact that locally-free sheaves are acyclic for
the tensor product. Because P• and R• are bounded complexes of locally-free
sheaves, there exist a, b ∈ Z such that for every i ∈ Z with i < a or i > b
both the first and the last sheaf in the sequence for i are zero for any F . It
follows that Hi(Q• ⊗ F) = 0 for such i as well. We show that the canonical
truncation τ≥aQ• given by

· · · −→ 0 −→ coker(da−1) −→ Qa+1 −→ Qa+2 −→ · · · ,

where d• is the differential of Q•, consists of locally-free sheaves and is quasi-
isomorphic to Q•.

Taking F = OX , we find Q• has cohomology bounded below by a, hence the
canonical map Q• → τ≥aQ• is a quasi-isomorphism. Furthermore, we obtain
a locally-free resolution

· · · −→ Qa−2 −→ Qa−1 −→ Qa −→ coker(da−1) −→ 0.

This resolution computes Tor1(coker(da−1),F) for any sheaf of OX -modules
F , giving

Tor1(coker(da−1),F) ∼=
ker(Qa−1 ⊗F → Qa ⊗F)

im(Qa−2 ⊗F → Qa−1 ⊗F)
= Ha−1(Q• ⊗F) = 0,
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so that coker(da−1) is flat. Note coker(da−1) is a flat coherent OX -module,
hence it is locally-free of finite rank, which means τ≥aQ• is a bounded complex
of locally-free sheaves of finite rank and thereforeQ• ∈ Perf(X). Thus Perf(X)
is a triangulated subcategory of D(X).

Now suppose Q• ⊕ R• ∈ D(X) is in Perf(X), so that it is quasi-isomorphic
to a bounded complex P• of finite rank locally-free sheaves. Because the
subcategory Db

coh(X) ⊂ D(X) is thick, we see immediately that Q• and R•
are quasi-isomorphic to bounded complexes of coherent sheaves. Like before,
we replace both complexes by bounded above complexes of locally-free sheaves
of finite rank. Because the tensor product is additive, we get for any sheaf of
OX -modules F that

Hi((Q•⊕R•)⊗F) ∼= Hi((Q•⊗F)⊕ (R•⊗F)) ∼= Hi(Q•⊗F)⊕Hi(R•⊗F).

Again like before, there exist a, b ∈ Z such that Hi(P•⊗F) = 0 for i < a and
i > b and any F . By the previous string of quasi-isomorphisms, these same a
and b bound the cohomology sheaves of any of the tensor products Q•⊗F and
R• ⊗ F . By the same arguments as before, the canonical maps Q• → τ≥aQ•
and R• → τ≥aR• are quasi-isomorphisms and the two truncated complexes
are bounded complexes of finite rank locally-free sheaves, so we are done.

Remark 3.3. Let Q• ∈ D(X) be any complex of quasi-coherent sheaves. If
there exist a, b ∈ Z such thatQ•⊗F has non-trivial i-th cohomology only when
a ≤ i ≤ b, then we sayQ• has Tor amplitude in [a, b]. Without specifying these
a and b, we say Q• has finite Tor amplitude. Thus, for a complex Q• quasi-
isomorphic to a bounded above complex of finite rank locally-free sheaves on
a locally-Noetherian scheme X, we saw in the above proof that Q• is perfect
if and only if it has finite Tor amplitude. We will use this fact again in the
next subsection.

The following lemma is inspired by [1, Lemma 2.2.10 and Corollary 2.2.13].
Additionally, it asserts that the complexes in Dperf(X) are easy to describe.

Lemma 3.4. Let X be a quasi-projective scheme over a Noetherian ring R.
Then the subcategories Perf(X), Dperf(X) and D(X)c are all equal.

Proof. The inclusion Perf(X) ⊂ Dperf(X) is quickly shown. Let P• ∈ Perf(X)
be a bounded complex of finite rank locally-free sheaves. We prove P• ∈
Dperf(X) by induction on its length, that is, the number

1 + max{i− j | i, j ∈ Z : P i,Pj 6= 0}.

If P• has length 1, then it is a shift of a locally-free sheaf of finite rank, so
we see immediately that P• ∈ Dperf(X). Suppose that P• has length n > 1
and that every brutal truncation of P• of length less than n is in Dperf(X) as
well. Let m ∈ Z be maximal so that Pm 6= 0. Then the truncations σ≤m−1P•

16



and σ≥mP• are shorter than P•, so they are contained in Dperf(X). There is
a canonical exact triangle

σ≥mP• −→ P• −→ σ≤m−1P• −→ σ≥mP•[1]

with two of its three vertices in Dperf(X), so P• ∈ Dperf(X) as well.

Any shift of a locally-free sheaf of finite rank is compact by Example 1.6
and by Example 1.9, the set of shifts of the ample invertible sheaves OX(r)
forms a set of compact generators, hence the set of shifts of the finite rank
locally-free sheaves does so as well. Now Theorem 1.12 implies D(X)c is the
smallest thick triangulated subcategory of D(X) containing the shifts of the
finite rank locally-free sheaves. This implies that Dperf(X) ⊂ D(X)c. Because
Perf(X) contains the locally-free sheaves of finite rank, the previous lemma
shows D(X)c ⊂ Perf(X). Hence we have a chain of inclusions

Dperf(X) ⊂ D(X)c ⊂ Perf(X) ⊂ Dperf(X),

yielding equality throughout.

3.2 Locally-finite (co)homological functors

It turns out that for quasi-projective k-schemes, there is a duality between
Db

coh,c(X) and Dperf(X) in which either acts as functors on the other, sa-

tisfying some finiteness property. Here the derived category Db
coh,c(X) is the

derived category of coherent sheaves with proper support. This duality is the
key to understanding functors between the bounded derived categories of co-
herent sheaves on quasi-projective varieties. While Ballard works in the more
general setting of quasi-projective k-schemes in [1], we choose here to restrict
to projective schemes. Many of the results that follow generalize directly,
provided one replaces Db

coh(X) by the bounded derived category of coherent
sheaves with proper support where necessary. We will not prove every result
we need, but we will try to provide some intuition along the way.

Let k be a field. In the following, we write Veck and veck for the categories of
all k-vector spaces and finite-dimensional k-vector spaces respectively.

Definition 3.5. Let C be a k-linear triangulated category. A functorH : Cop →
Veck is called cohomological if for each exact triangle

A −→ B −→ C −→ A[1]

the sequence

· · · ←− H(C[i− 1])←− H(A[i])←− H(B[i])←− H(C[i])←− · · ·

is exact. Dually, a functor H : C → Veck is called homological if for each exact
triangle

A −→ B −→ C −→ A[1]
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the sequence

· · · −→ H(A[i]) −→ H(B[i]) −→ H(C[i]) −→ H(A[i+ 1]) −→ · · ·

is exact.

Example 3.6. Like we have already used before, for any object A ∈ C, the
functors Hom(−, A) and Hom(A,−) are cohomological and homological re-
spectively.

Example 3.7. Perhaps the prototypical example is of course just taking coho-
mology in D(X) for a k-scheme X, or any k-linear derived category in general.
Slightly confusingly, this is a homological functor in the above parlance.

Definition 3.8. Let C be a triangulated category and ϕ : C → Veck a functor.
Then ϕ is called locally-finite if

dimk

⊕
j∈Z

ϕ(A[j])

 <∞

for all A ∈ C.

For a k-linear triangulated category C, we denote by ∨C and C∨ the catego-
ries of locally-finite homological and cohomological functors respectively, with
morphisms given by k-linear natural transformations.

Let X be a projective scheme over a Noetherian ring R. Then we have a
theorem by Serre saying all cohomology modules of any coherent sheaf are
finitely-generated R-modules. We can extend this result to Ext-modules using
spectral sequences. For F•,G• ∈ Db

coh(X) and j ∈ Z, consider the spectral
sequences

Ep,q2 = Extp(H−j(F•),Hq(G•))⇒ Extp+q(H−j(F•),G•) (3.1)

and
Ep,q2 = Extp(H−q(F•),G•)⇒ Extp+q(F•,G•) (3.2)

from [9, Remark 3.7.i]. The limit at (p, q) of a spectral sequence is a subquo-
tient of the term at (p, q) on any page, so the first spectral sequence tells us
Extp(H−q(F•),G•) is finitely generated and the second tells us Extp(F•,G•)
is as well, where we take some liberties with the roles of p and q along the
way.

Now let P• ∈ Dperf(X) and F• ∈ Db
coh(X) and consider the local version of

the first spectral sequence

Ep,q2 = Extp(P•,Hq(F•))⇒ Extp+q(P•,F•).

The term at (p, q) on the left-hand side is equal to the p-th homology module
of the complex H• with terms Hom(P i,Hq(F•)) and differentials given by

18



post-composition with the differentials of P•. This holds because locally-free
sheaves are acyclic for Hom(−,G) for any sheaf of OX -modules G. Now,
because P i and Hq(F•) are trivial for i and q outside a bounded set, we see
that Ep,q2 is bounded in p and q. As an immediate consequence, we find that
Exti(P•,F•) is bounded in i. Finally, consider the spectral sequence for the
derived functor of the composition Γ ◦ Hom = Hom:

Ep,q2 = Hp(X, Extq(P•,F•))⇒ Extp+q(P•,F•).

This has trivial terms at (p, q) for p > dim(X) by the Grothendieck Vanishing
Theorem, for p < 0 by left-exactness of Γ and for q outside a bounded set by
the previous, hence Exti(P•,F•) is bounded in i.

Taking R = k, this implies Hom(−,G•) furnishes a locally-finite cohomological
functor on Db

coh(X) and the Yoneda lemma says the natural transformations
between functors of this form come from morphisms between their representing
objects. Because Dperf(X) ⊂ Db

coh(X) is a full subcategory, we can restrict
the functor Hom(−,G•) to Dperf(X) and keep the statement on natural trans-
formations. Hence, we get a functor Db

coh(X)→ Dperf(X)∨.

A converse to the previous discussion is given by the following lemma.

Lemma 3.9 ([1, Lemma 2.3.4]). Let C be a compactly generated triangulated
category. Then any cohomological functor F : (Cc)op → veck is representable
by an object of C and any natural transformation between such functors is
induced by a morphism of their representing objects.

Note that a locally-finite functor has to land in veck, so that this theorem
applies to functors in Dperf(X)∨. At this point, Ballard proves the following
result, which is the first half of the duality between Dperf(X) and Db

coh(X).

Theorem 3.10 ([1, Theorem 2.3.3]). Let X be a projective scheme over a
field k. Then the functor y : Db

coh(X)→ Dperf(X)∨ is an equivalence.

To be able to state the other half of the duality, we need a few more definitions.
Let C be a triangulated category and I,J ⊂ C two subcategories. Write I ∗J
for the full subcategory of objects B ∈ C which fit in an exact triangle

A −→ B −→ C −→ A[1]

with A ∈ I and B ∈ J . Let 〈I〉 denote the smallest subcategory of C contai-
ning I, which is closed under shifts, finite direct sums and direct summands.
We will also write 〈C〉 for objects C ∈ C when we mean 〈I〉 for the full subcate-
gory I ⊂ C with one object C. Finally, set 〈I〉0 = 0 and 〈I〉n = 〈〈I〉n−1 ∗〈I〉〉.

Definition 3.11. A triangulated category is called strongly finitely generated
if there exist an object C ∈ C and a positive integer d such that C = 〈C〉d.
The object C is then called a strong generator. The minimal d for which there
exists such an object C is called the dimension of C. If C is non strongly
finitely generated, we say C has dimension ∞.
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Exactly the same arguments as before show that the functor Hom(P•,−) for
a perfect complex P• is a locally-finite cohomological functor on Db

coh(X),
so we get a functor Dperf(X) → ∨Db

coh(X). The statement corresponding to
Lemma 3.9 is the following corollary to [19, Theorem 4.16].

Theorem 3.12. If C is a strongly finitely generated k-linear triangulated ca-
tegory, which is closed under direct summands, then any locally-finite coho-
mological functor C → Vectk is representable.

The following theorem is another result by Rouquier with an incredibly techni-
cal proof, which we will not be able to treat here.

Theorem 3.13 ([19, Theorem 7.39]). Let X be a quasi-projective scheme over
a perfect field k. Then Db

coh(X) is strongly finitely generated.

Corollary 3.14 ([1, Corollary 2.4.4]). If X is a projective scheme over a
perfect field k, then any locally-finite cohomological functor on Db

coh(X) is
representable by a complex in Db

coh(X).

Before we prove the second duality statement, we need a somewhat technical
lemma. The point of this is that given a bounded complex of finitely generated
modules over a Noetherian local ring R, we can not only find a free resolution
F •, but we can find one that is minimal, as it is called, meaning diF i ⊂ mF i+1

for all i ∈ Z. This resolution is useful because the differentials of the complex

Hom∗(F •, κ) : · · · ← Hom(F i−1, κ)← Hom(F i, κ)← Hom(F i+1, κ)← · · ·

are trivial, where κ is the residue field, resulting in an isomorphism

HomDb(R−mod)(F
•, κ[i]) ∼= Hi Hom∗(F •, κ) ∼= Hom(F i, κ).

The proof of the following is just an exercise in homological algebra and pro-
vides little geometric intuition. The arguments laid out will not be used in
the later sections, so the reader is free to skip the proof.

Lemma 3.15. Let (R,m, κ) be a Noetherian local ring and let M• be a bounded
complex of finitely-generated R-modules. Then there exists a minimal complex
F • of free modules of finite rank and a quasi-isomorphism F •

∼→M•.

Proof. The proof we present is essentially dual to the proof in [3, Proposition
7.6], with slight adaptations made to yield a minimal resolution instead of just
any resolution. We construct the complex F • inductively and check minimality
afterwards. To be precise, take n ∈ Z and suppose that we have constructed
F i with differentials diF : F i → F i+1 and maps f i : F i → M i for all i > n so
that the maps and differentials commute, the induced morphism H i+1(F •)→
H i+1(M•) is an isomorphism and the induced morphism ker(diF )→ H i(M) is
a surjection. Note that there exists some such n, because M is bounded.

The differential di−1
M : M i−1 →M i induces a map coker(di−2

M )→ ker(diM ) and
the morphism F i → M i induces a map ker(diF ) → ker(diM ). Let P i−1 denote
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the fibre product

P i−1 := coker(di−2
M )×ker(diM ) ker(diF ).

A basis for P i−1/mP i−1 yields a minimal set of generators for P i−1 by Naka-
yama’s lemma, so we get a surjection F i−1 → P i−1 with F i−1 free of minimal
rank. Free modules are projective, so the map F i−1 → P i−1 → coker(di−2

M )
extends along the surjection M i−1 → coker(di−2

M ) to a morphism f i−1 : F i−1 →
M i−1. So we have a commutative diagram

F i−1 P i−1 ker(diF ) F i

M i−1 coker(di−2
M ) ker(diM ) M i

f i−1

di−1
F

f i

and we wish to show the induced maps H i(F •) → H i(M•) and ker(di−1
F ) →

H i−1(M•) are bijective and surjective respectively.

The map ker(diF )→ H i(M•) was already surjective, so we just have to show it
has kernel im(di−1

F ). If s is in this kernel, then f i(s) ∈ im(di−1
M ), so we may take

a ∈ M i−1 such that f i(s) = di−1
M a. If a denotes the class of a in coker(di−2

M ),
then (a, s) ∈ P i−1 maps to s and therefore s ∈ im(di−1

F ). Conversely, consider
t ∈ F i−1. Its image in P i−1 is a pair (a, s) such that di−1

M a = f i(s), so that
f i(s) ∈ im(di−1

M ), showing f i(s) is trivial in H i(M) and thus s is in the kernel.
We get an induced isomorphism H i(F •)→ H i(M•).

Now consider ker(di−1
F )→ H i−1(M•). Let a ∈ H i−1(M•) be a class represen-

ted by a ∈ ker(di−1
M ). Because di−1

M a = 0 = f i(0), we see (a, 0) ∈ P i−1 and
choose e ∈ F i−1 mapping onto (a, 0). Then e maps to zero in F i and to a in
H i(M), showing surjectivity.

By induction, we get a complex F • and a quasi-isomorphism F • →M• given
by (f•). Finally, we wish to show that F • is minimal, so take i ∈ Z. Note that
the map F i → P i we chose becomes an isomorphism after applying − ⊗ κ.
This means its kernel is contained in mF i. We finish up by showing im(di−1

F ) ⊂
ker(F i → P i), or equivalently, that the composition F i−1 → F i → P i is trivial.
By the definition of P i, this is trivial if and only if the compositions with the
maps to ker(di+1

F ) and coker(di−1
M ) are both trivial. The map F i−1 → ker(di+1

F )
is trivial because it is given by diF ◦ d

i−1
F and the commutative diagram

F i−1 P i−1 F i P i

M i−1 coker(di−2
M ) M i coker(di−1

M )
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shows F i−1 → coker(di−1
M ) is trivial as well, so we are done.

The main idea of the proof of the lemma below is from [1, Lemma 2.4.5].
However, because we have not quite developed as much theory as Ballard
does, we need to do some more work.

Lemma 3.16 ([1, Lemma 2.4.5]). Let X be a projective scheme over a field k
and F• ∈ Db

coh(X). Then F• furnishes a locally-finite cohomological functor
on Db

coh(X) if and only if F• is perfect.

Proof. If F• is perfect, then the same arguments as in the discussion on
locally-finite homological functors on Dperf(X) show Hom(F•,−) is locally-
finite. Conversely, assume Hom(F•,−) is locally-finite. We will show that F•
has finite Tor amplitude. For a closed point x ∈ X, the skyscraper sheaf Ox
is supported on {x}, hence Lemma 2.2 says

Hom(F•,Ox[i]) ∼= Hom(F•x , k(x)[i]).

By the previous lemma, there exists a minimal free resolution F •
∼→ F•x . This

resolution computes the groups Hom(F•x , k(x)[i]), meaning

Hom(F•x , k(x)[i]) ∼= Hom(F •, k(x)[i]) ∼= Hom(F i, k(x)).

At this point, the complex F• furnishing a locally-finite functor on Db
coh(X)

implies the k(x)-vector spaces Hom(F i, k(x)) are trivial for i outside a bounded
set, thus the same holds for the OX,x-modules F i. Hence F •

∼→ F•x is a quasi-
isomorphism of F•x with a perfect complex. This quasi-isomorphism extends
to an open neighborhood of x, so by quasi-compactness and the fact that
the closed points are dense in X, we get a finite open cover X =

⋃
Ui such

that each F•|Ui is perfect. The finitely many complexes F•|Ui all have finite
Tor amplitude and because ⊗ commutes with restriction, so does F•. By
Remark 3.3, we are done.

At this point, we have shown that the functor Dperf(X) → ∨Db
coh(X) is es-

sentially surjective and we trust the work done by Ballard to arrive at the
following theorem.

Theorem 3.17 ([1, Proposition 2.4.6]). Let X be a projective scheme over a
perfect field k. Then the functor Dperf(X)→ ∨Db

coh(X) is an equivalence.

3.3 Exceptional pullback

The following theorem is a generalization by Neeman to triangulated categories
of an exceptionally powerful theorem first proved by Brown in 1962.
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Theorem 3.18. Let C be a compactly generated triangulated category, together
with a homological functor H : Cop → Ab. Suppose H takes all coproducts to
products, that is, each of the natural maps

H

(∐
i∈I

Ai

)
−→

∏
i∈I

H(Ai)

is an isomorphism. Then H is representable.

We will not go into the proof here, as it is quite technical and requires the
introduction of a few notions we will have no use for. Instead, we refer to the
original work by Neeman [17, Theorem 3.1]. Our main use for this theorem is
the following, the proof of which we take from [1].

Proposition 3.19 ([1, Proposition 2.2.15]). Let C be a compactly generated
triangulated category and S a triangulated category. Let F : C → S be a trian-
gulated functor which commutes with coproducts. Then F has a right-adjoint
G : S → C.

Proof. For each B ∈ S, we have a homological functor Hom(F (−), B) : Cop →
Ab. For any coproduct

∐
i∈I Ai in C we have

Hom

(
F

(∐
i∈I

Ai

)
, B

)
∼= Hom

(∐
i∈I

F (Ai), B

)
∼=
∏
i∈I

Hom(F (Ai), B),

hence Hom(F (−), B) is representable, say by G(B). A morphism f : B → B′

provides a natural transformation of representable functors Hom(F (−), B)→
Hom(F (−), B′), which corresponds to a morphism G(B) → G(B′) by the
Yoneda lemma.

The fact that G(B) represents Hom(F (−), B) provides naturality of

Hom(F (A), B)
∼−→ Hom(A,G(B))

in the first argument and the definition of the morphisms G(B) → G(B′)
ensures naturality in the second argument.

Lemma 3.20 ([17, Theorem 4.1]). Let F : C → S be a triangulated functor
with C compactly generated. If F has a left-adjoint G, then F commutes with
coproducts if and only if G takes compact objects to compact objects.

Proof. Suppose G takes compact objects to compact objects. Let
∐
i∈I Ai be
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a coproduct in C. Then for any compact E ∈ S, we have

Hom

(
E,F

(∐
i∈I

Ai

))
∼= Hom

(
G(E),

∐
i∈I

Ai

)
∼=
⊕
i∈I

Hom(G(E), Ai)

∼=
⊕
i∈I

Hom(E,F (Ai))

∼= Hom

(
E,
∐
i∈I

F (Ai)

)
,

the isomorphism from the first to the last Hom-group being induced by the
natural morphism η : F (

∐
i∈I Ai) →

∐
i∈I F (Ai). By Lemma 1.10, we find η

is an isomorphism.

For the converse, a reordering of the chain of isomorphisms above shows that
for compact E ∈ S, the functor Hom(G(E),−) commutes with arbitrary cop-
roducts, hence G(E) is compact.

Corollary 3.21 ([17, Example 4.2]). If f : X → Y is a morphism of projective
k-schemes, then the right-derived pushforward Rf∗ : D(X) → D(Y ) of f has
a right-adjoint f ! : D(Y )→ D(X).

Proof. We have an adjunction Lf∗ a Rf∗ and Lf∗ takes perfect complexes to
perfect complexes. Because D(X)c = Dperf(X), this finishes the proof.

Example 3.22. For a projective k-scheme X, let f : X → Spec(k) denote the
structure morphism. Then we get the exceptional pullback f ! : D(Spec(k))→
D(X). In D(Spec(k)) we have the structure sheaf OSpec(k), so let us consider

one interesting property of the complex f !OSpec(k). If P• is a perfect complex,
then taking the tensor product with P•∨ := (Hom(P−i,OX))i is right-adjoint
to P• ⊗−. Hence if F• is a complex of quasi-coherent sheaves, then we have
natural isomorphisms

Hom(P•,F•)∗ ∼= Hom(OX ,P•∨ ⊗F•)∗ ∼= (f∗(P•∨ ⊗F•))∗

= Hom(f∗(P•∨ ⊗F•),OSpec(k)) ∼= Hom(P•∨ ⊗F•, f !OSpec(k))

∼= Hom(F•,P• ⊗ f !OSpec(k)),

which means − ⊗ f !OSpec(k) is what is called a Rouquier functor for the in-
clusion Dperf(X) ↪→ D(X). In general, if F : C → D is a functor of k-linear
categories, then a Rouquier functor for F is a functor RF : C → D such that
there are natural isomorphisms

Hom(B,RF (A)) ∼= Hom(F (A), B)∗.

Note that Hom(P•,−)∗ is a locally-finite cohomological functor on Dperf(X),
represented by P• ⊗ f !OSpec(k). This means that P• ⊗ f !OSpec(k) ∈ Db

coh(X),
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by Theorem 3.10 and in particular, taking P• = OX , we get f !OSpec(k) ∈
Db

coh(X). The functor f ! can also be defined for quasi-projective k-schemes,
but then we can not argue that f !OSpec(k) is a bounded complex of coherent

sheaves, because Hom(P•,−) need not be locally-finite on Db
coh(X). For the

dualizing nature of the functor −⊗f !OSpec(k), the complex f !OSpec(k) is called
a dualizing complex of X. We will not state the precise definition of this
term here. When X is a smooth projective variety, then there is also the
dualizing sheaf ωX , which we will see when we consider Serre duality and
Serre functors is closely related to the dualizing complex. Specifically, there is
a quasi-isomorphism f !OSpec(k)

∼= ωX [d], where d is the dimension of X.

One of the properties of the exceptional pullback that we will need is that it
behaves nicely under base change. Suppose

X ′ X

Y ′ Y

v

f ′ f

u

is a Cartesian diagram of projective k-schemes with u flat. Flat base change
says the functors f ′∗v

∗ and u∗f∗ are isomorphic, so the counit f∗f
! ⇒ Id of the

adjunction f∗ a f ! gives a natural transformation

f ′∗v
∗f ! ∼= u∗f∗f

! =⇒ u∗.

This transposes via the adjunction f ′∗ a f ! to a natural transformation v∗f ! ⇒
f ′!u∗. A theorem proved by Lipman in [11, Corollary 4.4.3] says that this is an
isomorphism of functors. The theorem is much more general than our setting,
so we will not be able to state it here. However, at least the following is true.

Theorem 3.23. Suppose one has a Cartesian square

X ′ X

Y ′ Y

v

f ′ f

u

such that the natural transformation f ′∗v
∗ → u∗f∗ is an isomorphism, with

f proper and u flat. Then the natural transformation v∗f ! ⇒ f ′!u∗ is an
isomorphism of functors.

The adjunctions yield even more. Suppose that f : X → Y is a morphism of
projective k-schemes. Then for F•,G• ∈ D(Y ), there is a natural morphism

f∗(f
!F• ⊗ f∗G•) ∼= f∗f

!(F•)⊗ G• −→ F• ⊗ G•,
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where the isomorphism is the projection formula. Like before, we transpose
this to get a natural morphism

f !F• ⊗ f∗G• −→ f !(F• ⊗ G•).

Taking F• = OY , we get a natural morphism

f !OY ⊗ f∗G• −→ f !G•

and if we assume furthermore that f is flat and G• is bounded above, then
again a theorem by Lipman says this is an isomorphism, see [11, Theorem
4.9.4]. Again, the following is just specialized form of the general theorem.

Theorem 3.24. If f : X → Y is a proper flat morphism of Noetherian sche-
mes, then for any G• ∈ D+(Y ), the natural morphism

f !OY ⊗ f∗G• −→ f !G•

is an isomorphism.

3.4 Pseudo-adjoint functors

In the following, we take X and Y to be projective schemes over a field k.
Where there is a construction resembling a duality, one hopes for this con-
struction to be functorial. The problem is, the duality between Db

coh(X) and
Dperf(X) is not symmetric, so we have to make do with something weaker.

Definition 3.25. If F : Dperf(X) → Dperf(Y ) is an exact functor, then a
functor F∨ : Db

coh(Y )→ Db
coh(X) is called a right pseudo-adjoint to F if there

are natural isomorphisms

HomDb
coh(Y )(F (A), B) ∼= HomDb

coh(X)(A,F
∨(B))

for A ∈ Dperf(X) and B ∈ Db
coh(Y ). Similarly, if G : Db

coh(X) → Db
coh(Y )

is an exact functor, then we call a functor ∨G : Dperf(Y ) → Dperf(X) a left
pseudo-adjoint to F if there are natural isomorphisms

HomDb
coh(Y )(A,G(B)) ∼= HomDb

coh(X)(
∨G(A), B)

for A ∈ Dperf(Y ) and B ∈ Db
coh(X).

Example 3.26. For a morphism f : X → Y , we have the left-derived pull-
back f∗ : D(Y ) → D(X) and its right-adjoint, the right-derived pushforward
f∗ : D(X) → D(Y ). These restrict to functors Dperf(Y ) → Dperf(X) and
Db

coh(X)→ Db
coh(Y ) respectively, so they form a pseudo-adjoint pair.

Lemma 3.27 ([1, Proposition 2.5.3 and Lemma 2.5.5]). A left- or right
pseudo-adjoint is unique up to unique isomorphism, if it exists.
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Proof. Say F∨ is right pseudo-adjoint to an exact functor F : Dperf(X) →
Dperf(Y ). Then for any B ∈ Db

coh(Y ), the object F∨(B) represents the functor
Hom(F (−), B) by the definition of F∨, hence F∨(B) is unique up to a uni-
que isomorphism. These isomorphisms are natural because the isomorphisms
Hom(F (A), B) ∼= Hom(A,F∨(B)) are natural. The proof for left pseudo-
adjoints is analogous.

Note that these pseudo-adjoints are not exact a priori. However, Ballard
proves in [1, Lemma 2.5.11 and Lemma 2.5.12] that any right pseudo-adjoint
is exact and so is any left pseudo-adjoint.

Lemma 3.28. Let F : Dperf(X) → Dperf(Y ) and G : Db
coh(Y ) → Db

coh(X) be
functors for which there are natural isomorphisms

HomDb
coh(Y )(F (A), B) ∼= HomDb

coh(X)(A,G(B))

for all A ∈ Dperf(X) and B ∈ Db
coh(Y ). Then exactness of F implies exactness

of G and vice versa. In particular, pseudo-adjoints are exact.

It is a natural question at this point to consider the left pseudo-adjoint of the
right pseudo-adjoint and vice versa. Indeed, this notion of pseudo-adjunctions
is symmetric, like it is for adjunctions in the usual sense. To be precise, if F
has a right pseudo-adjoint G, then F is left pseudo-adjoint to G. Moreover,
by Lemma 3.27, every left pseudo-adjoint is uniquely isomorphic to F .

Lemma 3.29 ([1, Corollary 2.5.6]). Suppose F : Dperf(X) → Dperf(Y ) is an
exact equivalence with inverse G such that both F and G have right pseudo-
adjoints F∨ and G∨, then F∨ is an exact equivalence with inverse G∨. Furt-
hermore, the functor G∨ extends F to Db

coh(X).

Proof. Pseudo-adjoints compose like usual adjoints do, hence F∨G∨ is right
pseudo-adjoint to GF ∼= idDperf(X). Of course, the identity functor Db

coh(X)→
Db

coh(X) is right pseudo-adjoint to idDperf(X), so by Lemma 3.27 we see F∨G∨

is isomorphic to the identity functor. Similarly, the composition G∨F∨ is
isomorphic to the identity as well, showing F∨ is an equivalence inverted by
G∨. There are natural isomorphisms

Hom(A,F (B)) ∼= Hom(G(A), B) ∼= Hom(A,G∨(B))

for A,B ∈ Dperf(Y ), showing F ∼= G∨|Dperf(X) through the Yoneda lemma.

An analogous proof shows the same statement for left pseudo-adjoints.

Lemma 3.30 ([1, Lemma 2.5.7]). Suppose G : Db
coh(X)→ Db

coh(Y ) is an exact
equivalence with inverse F such that both G and F have left pseudo-adjoints
∨G and ∨F , then ∨G is an exact equivalence with inverse ∨F . Furthermore, the
functor ∨F is a restriction of G to Dperf(X).
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Of course, none of this would be of any use if we could not show the existence
of these pseudo-adjoints. Luckily, in the present setting, these pseudo-adjoints
exist for every exact functor.

Proposition 3.31 ([1, Proposition 2.5.3]). Let F : Dperf(X) → Dperf(Y ) be
an exact functor. Then F has a right pseudo-adjoint.

Proof. If Φ: Dperf(Y ) → Veck is a locally-finite cohomological functor, then
so is Φ ◦ F , so we get an induced functor Dperf(Y )∨ → Dperf(X)∨. By the
equivalence in Theorem 3.10, this is the same as a functor Db

coh(Y )→ Db
coh(X)

and this is the desired right pseudo-adjoint.

Using Theorem 3.17 instead, the same arguments show the following.

Proposition 3.32 ([1, Proposition 2.5.4]). If k is perfect, then any exact
functor G : Db

coh(X)→ Db
coh(Y ) has a left pseudo-adjoint.

Lemma 3.33 ([1, Lemma 2.5.7]). If F : Db
coh(X) → Db

coh(Y ) is an exact
equivalence, then F restricts to an exact equivalence Dperf(X)→ Dperf(Y ).

Proof. Since F is an equivalence, the functor Hom(A,−) for A ∈ Db
coh(X)

is locally-finite on Db
coh(X) if and only if Hom(F (A),−) is locally-finite on

Db
coh(Y ). Thus F takes perfect complexes to perfect complexes. Likewise, an

inverse G to F restricts to the perfect derived categories as well, showing the
restriction is an equivalence. Note that for any two objects A,B ∈ Dperf(X)
we have

Hom(A,G(B)) ∼= Hom(F (A), B),

so that the restriction of F to Dperf(X) → Dperf(Y ) is left pseudo-adjoint to
G, thus it is exact by Lemma 3.28.

4 Derived Categories of Coherent Sheaves on Go-
renstein Varieties

4.1 Gorenstein varieties

The results in this subsection form in a way a minimal subset of the theory of
dualizing complexes developed in [7, Section V.2], say, containing the results
we will need in the later sections. We choose not to define dualizing complexes
in generality here, and provide direct proofs.

Let X be a smooth projective scheme over a field k. Then we have the ubiqui-
tous canonical bundle ωX , most important for the theorem of Serre duality,
stating the existence of a canonical isomorphism

H i(X,F) −→ Hn−i(X,F∨ ⊗ ωX)∗
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for locally-free sheaves F of finite rank. We want to consider more general
varieties, without losing the power of the canonical bundle ωX . The point is
that we consider schemes which are mildly singular, in the following sense.

Definition 4.1. A Noetherian local ring (R,m, k) of Krull dimension n is
called Gorenstein if it has finite injective dimension as a module over itself.

The following theorem is a small part of a list of equivalent conditions for a
Noetherian local ring to be Gorenstein. We do not state in its full form, simply
because we only need a small part of it. For the full statement and the proof,
we refer to [12, Theorem 18.1].

Theorem 4.2. Let (R,m, κ) be an n-dimensional Noetherian local ring. Then
R is a Gorenstein local ring if and only if one of the following equivalent
conditions hold.

1. For every i 6= n, it holds that ExtiR(κ,R) = 0 and ExtnR(κ,R) ∼= κ;

2. For some i > n it holds that ExtiR(κ,R) = 0.

Definition 4.3. A locally Noetherian scheme X is called Gorenstein if all of
its local rings are Gorenstein.

For any bounded complex of coherent sheaves F• we can form the dual F•∨ :=
Hom•(F•,OX), where Hom• denotes the derived internal Hom functor

Hom•(−,−) : D−(X)×D+(X) −→ D+(X).

Because the sheaf Hom(F ,G) is coherent for coherent sheaves F and G, the
above functor restricts to the appropriately bounded derived categories of
coherent sheaves. For general varieties X, if F• ∈ Db

coh(X) is not perfect,
then the dual F•∨ need not be bounded, but for Gorenstein varieties, it is
bounded.

Lemma 4.4. Let X be a projective Gorenstein k-scheme. Then the restricted
functor

Hom•(−,OX) : Db(X) −→ D+(X)

has image in Db(X).

Proof. Let F• be a bounded complex of quasi-coherent sheaves. For any point
x ∈ X we have a quasi-isomorphism

Hom•(F•,OX)x ∼= RHom•(F•x ,OX,x).

The local ring OX,x is Gorenstein, so OX,x has a finite injective resolution
OX,x

∼→ I•. We show that the complex RHom•(F•x , I•) has bounded coho-
mology. By definition of Ext the j-th cohomology is

Hj(F•x , I•) ∼= Extj(F•x , I•)
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and to compute this, we consider again the spectral sequence Eq. (3.2)

Ep,q2 = Extp(H−q(F•x), I•)⇒ Extp+q(F•x , I•).

Because injectives are acyclic for Hom(G,−) for any quasi-coherent sheaf G, we
see immediately that the term at (p, q) is the p-th cohomology of the complex
with terms Hom(H−q(F•x), Ii). Hence the terms Ep,q2 are bounded in p and q
and therewith so are the groups Extj(F•x , I•).

Now consider the cohomology sheaves Hi := HiHom•(F•,OX). Because ta-
king stalks is exact, the previous says that for each x ∈ X the sheaves Hix are
trivial for i outside a bounded set and this extends to an open set around x.
Because X is quasi-compact, we get a finite open cover X =

⋃
Uj such that

for each j the sheaves Hi|Uj are bounded in i. This implies the sheaves Hi are

bounded in i themselves, so that Hom•(F•,OX) ∈ Db(X).

Of course, this is just the functor sending F• to F•∨. We will call this functor
the dualizing functor and denote its restriction to Db

coh(X) by D. By the
lemma above, we can take the double dual (F•∨)∨ of a bounded complex
of coherent sheaves. For any locally-free sheaf F , the sheaf Hom(F ,OX)
is locally-free as well, hence D2 is the derived functor for the composition
D2 := Hom(Hom(−,OX),OX)) by the Composition Theorem [20, 10.8.2].
For coherent sheaves F , there are natural bijections

Hom(Hom(F ,OX),Hom(F ,OX)) ∼= Hom(F ⊗Hom(F ,OX))
∼= Hom(F ,Hom(Hom(F ,OX))),

so we get natural maps F → Hom(Hom(F ,OX))), forming a natural trans-
formation id⇒ D2. Taking right-derived functors, we get a natural transfor-
mation id⇒ D2.

Lemma 4.5. Let X be a projective Gorenstein k-scheme. Then the natural
transformation id⇒ D2 is an isomorphism of functors.

Proof. Let F• ∈ Db
coh(X) be represented by a bounded above complex of

locally free sheaves of finite rank. We know that locally-free sheaves are acyclic
for D2, so D2 is computed by directly applying D2 to F• and the natural
transformation id⇒ D2 goes degreewise on F•. Now, on finite rank locally-free
sheaves P, the natural map P → D2(P) is an isomorphism, so F• → D2(F•)
is an isomorphism as well.

Corollary 4.6. The dualizing functor D : Db
coh(X) → Db

coh(X) is an autoe-
quivalence.

One dual we want to make explicit for later use is that of the skyscraper sheaf
Ox of a closed point x ∈ X. Because the stalk of the sheaf Hom at y is just
the Hom of the stalks at y and because taking stalks is exact, we have an
isomorphism

Hom•(Ox,OX)y ∼= Hom•((Ox)y,OX,y)
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for any y ∈ X. For y 6= x, the module (Ox)y is trivial and for y = x it is just
k(x). This shows that the support of O∨x is precisely {x}. By Theorem 4.2,
the only non-trivial group among

Hi Hom•(k(x),OX,x) = Exti(k(x),OX,x)

is the one for i = n and it is isomorphic to k(x). Now, because for all i

(HiHom•(Ox,OX))x ∼= Hi(Hom•(Ox,OX)x) ∼= Hi Hom•(k(x),OX,x),

only HnO∨x is non-trivial. Furthermore, this shows both HnO∨x and Ox are
skyscraper sheaves with stalk k(x), showing HnO∨x ∼= Ox. Hence, we have

O∨x ∼= Ox[−n]. (4.1)

4.2 Serre functors

Definition 4.7. Let C be a k-linear category. An equivalence S : C → C is
called a Serre-functor if for any two objects A,B ∈ C we have an isomorphism

Hom(B,S(A))
∼−→ Hom(A,B)∗

natural in A and B.

In this parlance, the statement of Serre duality takes on the following form.

Theorem 4.8 (Serre duality). Let X be a smooth projective variety over a
field k. Then the composition

Db
coh(X)

−⊗ωX−−−−→ Db
coh(X)

[n]−→ Db
coh(X)

defines a Serre functor on Db
coh(X).

Proof. Let F•,G• ∈ Db
coh(X). Then both F• and G• are perfect, so we have

the following natural isomorphisms:

Hom(F•,G•) ∼= Hom(OX ,F•∨ ⊗ G•)
= H0(X,F•∨ ⊗ G•)
∼= Hn(X,F• ⊗ G•∨ ⊗ ωX)∗

∼= Hom(OX ,F• ⊗ G•∨ ⊗ ωX [n])∗

∼= Hom(G•,F• ⊗ ωX [n])∗

and taking the dual of both sides yields the desired isomorphism, because
Db

coh(X) has finite-dimensional Hom-spaces by projectivity.
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Remark 4.9. For less well-behaved varieties, one may not have the first and
fourth isomorphisms. The reason being the lack of finite locally-free resoluti-
ons. The weakest condition on the variety X ensuring the existence of these
resolutions is regularity. Indeed, to show that existence of finite locally-free
resolutions implies regularity, let x ∈ X be a closed point. By assumption, we
get a finite locally-free resolution F• → Ox. Taking stalks is exact, so we get
a free resolution

0 −→ F−mx −→ . . . −→ F−1
x −→ k(x) −→ 0

of the residue field k(x) of OX,x. Hence k(x) has finite projective dimension,
showing regularity of OX,x, see [12, Lemmas 19.1 and 19.2] for a proof. If

y ∈ X is any point, then the closure {y} contains a closed point x and OX,y
is a localization of OX,x. Hence OX,y is a localization of a regular ring, and
so it is regular itself.

One important property of Serre functors is the following, originally found in
[4]. For a nice proof, see [9, Proposition 1.46].

Proposition 4.10 (Bondal, Kapranov). Let S : C → C be a Serre functor
between k-linear triangulated categories. Then S is exact.

This functor, when it exists, is a powerful tool. Inspired by it, one may look to
study exactly the locally-Noetherian k-schemes X which have such a functor
on Db

coh(X). However, it turns out that among the projective varieties these
are just the regular varieties, so not much is gained. The following result seems
well-known throughout the literature, but we provide our own proof.

Lemma 4.11. Let X be a projective variety over k. Then X is regular if and
only if Db

coh(X) has a Serre functor.

Proof. If X is regular, then every complex F• ∈ Db
coh(X) is quasi-isomorphic

to a bounded complex of locally-free sheaves and the proof for the smooth case
still shows the existence of the Serre functor Db

coh(X)→ Db
coh(X).

Now suppose Db
coh(X) has a Serre functor. We show every local ring OX,x is

regular. By the previous remark, we only have to show that for each closed
point x ∈ X, the skyscraper sheaf Ox has a finite locally-free resolution.
Equivalently, we show Ox is isomorphic to a perfect complex in Db

coh(X) and
by locally-finite duality, this is equivalent to showing Hom(Ox,−) is a locally-
finite functor on Db

coh(X). Now, the Serre functor yields for every F• ∈
Db

coh(X) that

Hom(Ox,F•[n]) ∼= Hom(S−1(F•[n]),Ox)∗ ∼= Hom(S−1(F•),Ox[−n])∗.

Because the internal Hom functor Hom• lands in the bounded-below com-
plexes, we see both the left-most and right-most groups are trivial when
n and −n are small enough, respectively. This implies Hom(Ox,F•[n]) is
non-zero for only finitely many n. Because X is a projective variety and
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S−1(F•) ∈ Db
coh(X), each of these Hom-sets has finite dimension over k, so

we get ∑
i∈Z

dimk Hom(Ox,F•[n]) <∞.

Hence Ox is a perfect complex.

Definition 4.12. A locally-Noetherian k-scheme X is called categorically Go-
renstein if Dperf(X) possesses a Serre functor.

This differs from the usual definition of a Gorenstein scheme, but it turns out
that if X is a projective variety, then X is categorically Gorenstein if and only
if it is Gorenstein in the usual sense. If X is Gorenstein, then the dualizing
complex is a shift of an invertible sheaf, see [7, Proposition 9.3]. The functor
given by taking the tensor product with the invertible sheaf thus restricts to
the perfect derived category and is invertible. As we saw in Example 3.22,
this functor dualizes Hom-sets, hence furnishes a Serre functor on Dperf(X).
The converse is proven in the remark below the following lemma.

Lemma 4.13 ([2, Lemma 6.6]). If X is a projective k-variety of dimension
n which is categorically Gorenstein, then the Serre functor S : Dperf(X) →
Dperf(X) is given by −⊗ ωX [n] for some invertible sheaf ωX .

Proof. Recall from Example 3.22 that the complex f !OSpec(k) takes Dperf(X)

to Db
coh(X) and dualizes Hom-sets:

Hom(P•,F•)∗ ∼= Hom(F•,P• ⊗ f !OSpec(k)).

If F• is a perfect complex, we also get

Hom(P•,F•)∗ ∼= Hom(F•, S(P•)),

so plugging in F• = S(P•), the identity S(P•) → S(P•) provides a natural
morphism

S(P•)→ P• ⊗ f !OSpec(k).

This morphism induces isomorphisms

Hom(Q•, S(P•)) ∼= Hom(Q•,P• ⊗ f !OSpec(k))

for every perfect complex Q•, so it is an isomorphism itself, hence S is iso-
morphic to −⊗ f !OSpec(k).

This implies f !OSpec(k) = S(OX) ∈ Dperf(X), so S has a right-adjoint given by

−⊗ (f !OSpec(k))
∨, which inverts S because S is an equivalence. In particular,

we get
f !OSpec(k) ⊗ (f !OSpec(k))

∨ ∼= OX ,

so we have two perfect complexes P• and Q• for which the tensor product is
quasi-isomorphic to OX . We will show that this implies P• is quasi-isomorphic
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to a shift of an invertible sheaf. Let x ∈ X be any point. First, we replace the
stalks P•x and Q•x by minimal complexes P • and Q• of finite rank free sheaves
respectively, see Lemma 3.15. On taking the tensor product with k(x), the
differentials of P • and Q• become trivial and we get a quasi-isomorphism

(P • ⊗ k(x))⊗ (Q• ⊗ k(x)) ∼= k(x).

The left-hand side has trivial differentials as well and its term in degree n is⊕
i+j=n

(P i ⊗ k(x))⊗ (Qj ⊗ k(x)),

which is thus non-zero if and only if n = 0 and in this case it is isomorphic to
k(x). Considering dimensions in this direct sum, we find that there is exactly
one i such that P i, Q−i 6= 0 and furthermore that both vector spaces have
dimension 1. Now it follows from Nakayama’s lemma that P • and Q• are
concentrated in i and −i respectively and P i ∼= Q−i ∼= OX,x.

The quasi-isomorphism P•x ∼= OX,x[−i] extends to an open neighborhood of x,
showing that P• is locally quasi-isomorphic to a shift of the structure sheaf.
The support supp(Hi(P•)) of Hi(P•) is open by the previous and it is closed
because Hi(P•) is coherent. We have also seen that it is non-empty, so that
supp(Hi(P•)) = X by connectedness. Hence P• ∼= Hi(P•)[−i] and this sheaf
is invertible because P• is locally quasi-isomorphic to a shift of OX .

At this point we have f !OSpec(k) quasi-isomorphic to a shift ωX [i] of an inverti-
ble sheaf. Note that for x ∈ X a closed point, we have Hom(OX ,Ox[j]) = k(x)
for j = 0 and is trivial for j 6= 0, so that

Hom(OX ,Ox[j])∗ ∼= Hom(Ox[j], f !OSpec(k)) ∼= Hom(Ox, ωX [i− j])

is non-trivial only for j = 0. The right-hand side is isomorphic to

Hom(k(x),OX,x[i− j]) ∼= Exti−j(k(x),OX,x)

by Lemma 2.2, so that the equivalence of the conditions in Theorem 4.2 shows
i = n.

Remark 4.14. Of course, our use of Theorem 4.2 above also shows the local
rings OX,x of X at closed points are Gorenstein local rings. A localization of
a Gorenstein local ring R at a prime p ∈ Spec(R) is again Gorenstein, because
if

0 −→ R −→ I0 −→ I1 −→ · · · −→ In −→ 0

is an injective resolution, then so is

0 −→ Rp −→ I0
p −→ I1

p −→ · · · −→ Inp −→ 0,

which shows Rp has finite injective dimension. Hence X is a projective Go-
renstein variety.

Subsequently, when we talk about projective Gorenstein varieties, we assume
both the data of a Serre functor S and of a dualizing sheaf ωX so that S ∼=
−⊗ ωX [n].
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5 Reconstructing Varieties from the Derived Cate-
gory

The goal of this section is to prove an adaptation to Gorenstein varieties of the
following theorem, showcasing much of the power of derived categories along
the way. In this, we closely follow Matthew Ballard’s PhD-thesis [1], filling in
details and providing some examples along the way.

Theorem 5.1 (Bondal-Orlov Reconstruction Theorem). Let X,Y be two
smooth projective varieties over a field k with ωX ample. If there exists an
exact equivalence Db

coh(X)→ Db
coh(Y ), then X and Y are isomorphic.

In general, one calls two varieties derived equivalent if their derived categories
are equivalent as k-linear triangulated categories, for an appropriate realization
of “derived category”. For the many different derived categories in use, this
terminology needs to be specified further. In the following, we shall take it to
mean the perfect derived categories are equivalent. As one may suspect from
the previous chapters, one of the generalizations will be to work with a variety
X which is merely Gorenstein instead of smooth. The assumptions on Y can
be weakened greatly: we need only assume Y is a projective variety over k
and any requirement on smoothness can be dropped. Again, it is even enough
to only take Y quasi-projective, see [1, Proposition 3.1.2], but we choose to
just work with projective varieties instead. So, the result we will prove is the
following.

Theorem 5.2. Let X be a projective Gorenstein variety over a field k such
that the canonical sheaf ωX is ample or anti-ample. If Y is a projective variety
derived equivalent to X, then Y is isomorphic to X.

The proof uses the duality between Dperf(X) and Db
coh(X) in an essential way.

The most straightforward route to reconstruct a variety from some associated
category is by first identifying the points, then constructing the topology and
finally constructing the structure sheaf. Here, we take a different route. First,
we identify the closed points of X as objects in Db

coh(X). These let us identify
the locally free sheaves in Dperf(X), among which in particular the canonical
sheaf. Finally, we construct an isomorphism of canonical algebras, wrapping
up the proof. In particular, we use the projectivity of X and Y in an essential
way.

We already know that on a projective Gorenstein variety X, the Serre functor
Dperf(X)→ Dperf(X) is given by −⊗ωX [n]. As ωX is an invertible sheaf, this
functor extends to an auto-equivalence S′ : Db

coh(X)→ Db
coh(X) given by the

same formula.

Definition 5.3. Let X be a projective Gorenstein variety over a field k. An
object P• ∈ Db

coh(X) is called a closed point functor of codimension d if there
exists a finite extension k(P•) of k such that the following hold:
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(i) S′(P•) ∼= P•[d],

(ii) Hom(P•,P•[i]) = 0 for i < 0, and

(iii) Hom(P•,P•) ∼= k(P•) as k-algebras.

Remark 5.4. Our definition of closed point functors differs slightly from the
one found in [1]. The Serre functor SX has a right-pseudo adjoint

S∨ : Db
coh(X)→ Db

coh(X),

which is necessarily given by −⊗ω∨X [−n] and Ballard uses this functor instead.
However, it is sufficient for the results we prove to just use the extension of
SX to Db

coh(X) instead. This has the added merit of shortening our proofs, if
only slightly.

Remark 5.5. When X is smooth, every bounded complex of coherent sheaves
is perfect, so Dperf(X) ∼= Db

coh(X), and the locally-finite duality trivializes.
This means we can ignore the interpretation of an object P• ∈ Db

coh(X) as
a functor. The extension S′ overlaps with the Serre functor SX and we may
replace the first condition by SX(P•) ∼= P•[d]. In this setting, the closed point
functors are referred to as closed point objects.

Example 5.6. Suppose X is an elliptic curve. In this case, the canonical sheaf
is isomorphic to OX , which is neither ample nor anti-ample. We show that
the structure sheaf OX is a closed point object of dimension 1. Considering
the hom-sets, we see

HomDb
coh(X)(OX ,OX [i]) = ExtiCoh(X)(OX ,OX) ∼=

{
k if i = 0

0 if i < 0,

because HomCoh(X)(OX ,OX) = Γ(X,OX) ∼= k. The first condition is vacuous,
because ωX = OX , so that SX(P•) = P•[1] by definition. In the same way,
any coherent sheaf P ∈ Coh(X) with EndCoh(X)(P) ∼= k is a closed point

functor of codimension 1 in Db
coh(X). Coherent sheaves with this property are

called simple.

Example 5.7. Now let X be a projective Gorenstein variety. Again, not
necessarily with ample canonical sheaf. For any closed point ix : {x} → X we
have the skyscraper sheaf Ox = ix,∗OSpec(k(x)) on X, which is coherent. We
would not define the closed point functors as we did if these coherent sheaves
were not among them. The first condition is satisfied as seen through a simple
application of the projection formula. Writing O := OSpec(k(x)) for brevity, we
have i∗xωX

∼= O, because ωX is locally free of rank 1. We compute

S′(Ox) = ix,∗O ⊗ ωX [n] ∼= ix,∗(O ⊗ i∗xωX)[n] ∼= ix,∗(O ⊗O)[n] ∼= Ox[n],

where n = dim(X), so condition (i) holds for d = n. The second condition, like
in the previous example, is just vanishing of negative Ext groups in an abelian
category. For condition (iii), consider the following commutative diagram for
the adjunction i∗x a ix,∗:

36



Hom(OSpec(k(x)),OSpec(k(x))) Hom(Ox,Ox)

Hom(i∗xix,∗OSpec(k(x)),OSpec(k(x))),

ix,∗

−◦e

∼

where e is the counit morphism

i∗xix,∗OSpec(k(x)) −→ OSpec(k(x)).

Because ix is the inclusion of a closed subscheme, this morphism is an isomor-
phism and so ix,∗ is an isomorphism of k-algebras. Furthermore,

Hom(OSpec(k(x)),OSpec(k(x))) ∼= HomCoh(Spec(k(x)))(OSpec(k(x)),OSpec(k(x)))

∼= Homk(x)(k(x), k(x)) ∼= k(x)

also as k-algebras, showing condition (iii).

The first example shows that this notion of closed point functors is not strong
enough in general. We get too many of them. This is the first point in the
proof of Theorem 5.1 where we need ampleness of the canonical sheaf.

Proposition 5.8 ([1, Lemma 3.1.8]). Let X be a projective Gorenstein variety
with ample canonical sheaf. Then the closed point functors on Dperf(X) are
exactly the complexes Ox[i], for closed points x ∈ X and integers i ∈ Z.

Proof. By Example 5.7, at least the sheaves Ox are closed point functors and
because S′ commutes with translation and translation is an equivalence, we
see right away that each Ox[i] for i ∈ Z is such as well. Conversely, suppose
P• is a closed point functor of codimension d. By condition (iii), the complex
P• is non-trivial, so H := Hi(P•) 6= 0 for some i. Condition (i) yields

P• ⊗ ωX [n] = S′(P•) ∼= P•[d].

By exactness of the functor − ⊗ ωX , taking cohomology, we see d = n and
H ⊗ ωX ∼= H. Replacing ωX by some large (possible negative) tensor power,
we may assume ωX is very ample. Let i : X ↪→ Pmk be the corresponding
embedding into projective space, so ωX ∼= i∗O(1). Note that this is even an
isomorphism of ωX with Li∗O(1) in the derived category, because O(1) is
locally-free. The coherent sheaf i∗H on Pmk has support i(supp(H)) and

Ri∗H⊗O(1) ∼= Ri∗(H⊗ i∗O(1)) ∼= Ri∗(H⊗ ωX) ∼= Ri∗H

in D(Pmk ) implies i∗H ⊗ O(1) ∼= i∗H as coherent sheaves after taking 0th
cohomology. It follows that the Hilbert function l 7→ dim(Γ(Pmk , i∗H⊗O(l)))
of i∗H is constant, so its Hilbert polynomial has degree 0. This degree equals
the dimension of the support, hence i(supp(H)) and therewith supp(H) are of
dimension 0.
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Now, this holds for each of the cohomology sheaves of P•, so the whole com-
plex has zero-dimensional support. Write Z = supp(P•). Suppose Z is not
connected. Then we can write Z as a disjoint union Z1 t Z2. By Lemma 2.3,
our complex splits as

P• = P•1 ⊕ P•2 .

However, in this case, the endomorphism ring of P• has a non-trivial idempo-
tent given by id⊕ 0, contradicting the fact that it is a field. We conclude that
Z is a closed connected zero-dimensional subset of the projective variety X,
so it is a single point.

Suppose P• is supported on the closed point x ∈ X. Write H := Hm0(P•) and
H′ := Hm1(P•) for the bottom and top cohomology sheaves of P•. Because the
supports of bothH andH′ are precisely the closed point x, a morphism (ofOX -
modules) between them is the same as a morphism between their stalks at this
point. The stalks are non-trivial, finitely generated OX,x-modules supported
on {mx}, where mx is the maximal ideal. By Nakayama’s lemma, the k(x)-
vector space H′x/mxH′x is non-trivial, so there exists a surjection H′x/mxH′x →
k(x), which we compose with the quotient map H′x → H′x/mxH′x to get a
surjection H′x → k(x). Let us now show there exists an injection k(x)→ Hx.
The familyM := {ann(h) | h ∈ Hx\{0}} of ideals is non-empty because Hx is
non-zero. As OX,x is Noetherian, this family contains a maximal element, say
p := ann(h). This ideal is a prime ideal. Indeed, if ab ∈ ann(h) and a 6∈ ann(h),
then ann(ah) ∈ M and for any c ∈ ann(h) it holds that c(ah) = a(ch) = 0,
so that c ∈ ann(ah) and hence ann(h) ⊂ ann(ah). By maximality of ann(h),
this shows ann(ah) = ann(h) and therefore b ∈ ann(ah) = ann(h). Because
h is non-zero in (Hx)p, we see p ∈ supp(Hx) = {mx}, so ann(h) = p = mx.
The morphism OX,x → Hx given by a 7→ ah has kernel ann(h), so it yields an
injection k(x)→ Hx.

The composition H′x → Hx of these morphisms is non-trivial, so we obtain a
non-trivial morphism H′ → H. The complex P• is quasi-isomorphic to the
complex truncated to have non-zero terms only between m0 and m1, so let us
replace P• by this. We can form the composition

P•[m1] −→ H′ −→ H −→ P•[m0],

which is seen to be non-trivial by taking 0th cohomology. Hence

Hom(P•[m1],P•[m0]) ∼= Hom(P•,P•[m0 −m1])

is non-zero, which by condition (ii) together with m0 ≤ m1 implies m0 = m1.
Hence P• ∼= H[−m0] is simply a shift of a sheaf.

Finally, to show H is isomorphic to Ox, suppose it is not. Because Ox has
support {x} and stalk k(x), we get an epimorphism H → Ox and a monomor-
phism Ox → H like before. Neither is an isomorphism, so the composition
H → Ox → H is not invertible, contradicting condition (iii).
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Let us emphasize one of the steps we worked out in the proof above. It will
turn out to be useful again later.

Lemma 5.9. Let (R,m, κ) be a Noetherian local ring, with M a finitely gene-
rated R-module with supp(M) = {m}. Then there exist an injection κ → M
and a surjection M → κ.

Proof. Read the proof above with OX,x replaced by R, the residue field k(x)
replaced by κ and Hx and H′x replaced by M .

Definition 5.10. Let X be a variety over a field k. A complex Q• ∈ Dperf(X)
is called a locally free object if there exist integers n,m such that for any closed
point object P• of Db

coh(X) it holds that

Hom(Q•,P•[i]) ∼=

{
k(P•)m if i = n

0 otherwise.

If m = 1, then Q• is called an invertible object. The integer m is called the
rank of Q• and we say Q• is concentrated in degree n.

Intuitively, the condition just says Q• is concentrated in degree n and locally
free of rank m. When we were looking at closed point functors, we found that
in some cases there are too many. Thus, one may suspect that this notion of
locally free object may be too strong in these cases, and this is true.

Example 5.11. Let X be an elliptic curve. In Example 5.6, we saw OX is
a closed point object of Db

coh(X). Take any non-effective divisor D of degree
zero on X. Then OX(D) has no global sections and by Serre duality

H1(X,OX(D)) ∼= H0(X,OX(−D))

is zero as well. Hence OX(D) is a locally free sheaf with vanishing cohomology.
By Serre duality in Db

coh(X), we get for the closed point object OX

Hom(OX(D),OX [i]) ∼= Hom(OX [i],OX(D)[1]) ∼= Hom(OX ,OX(D)[1− i])

and this is isomorphic to R1−iΓ(X,OX(D)) ∼= H1−i(X,OX(D)), which is 0 for
all i. This shows OX(D) is not a locally free object of Db

coh(X), even though
it is locally free as a sheaf on X.

Example 5.12. If the closed point functors on Dperf(X) are precisely the
shifts of the sheaves Ox for closed points x ∈ X, then the free OX -module
OmX is a locally free object of rank m. Indeed, a straightforward computation
yields

Hom(OmX ,Ox) ∼= Hom(OX ,Ox[i])m = RiΓ(X,Ox)m =

{
k(x)m if i = 0

0 otherwise,

the final equality following because Ox is flasque. In particular, this holds on
a projective Gorenstein variety with (anti-)ample canonical sheaf.
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To show that the locally free objects are the shifts of locally free sheaves we
want them to be in nice cases, we will need the following lemma.

Lemma 5.13 ([1, Lemma 3.1.11]). Let X be a reduced quasi-projective scheme
over a field k. Let F• be a bounded complex of locally free coherent sheaves.
If there exists n ∈ Z≥0 such that F• ⊗ Ox is quasi-isomorphic to Onx for all
closed points x ∈ X, then F• is quasi-isomorphic to a locally free sheaf of rank
n.

Proof. Because X is locally Noetherian, we know the support of any non-
trivial coherent sheaf F contains a closed point. Then, because X is reduced,
there exists a closed point x ∈ X such that F ⊗Ox 6= 0.

Because locally free sheaves are acyclic for the tensor product, it holds that
F• ⊗Ox is just the complex

· · · −→ F−1 ⊗Ox −→ F0 ⊗Ox −→ F1 ⊗Ox −→ · · ·

and there is a natural morphism Hi(F•)⊗Ox → Hi(F• ⊗Ox) for any i ∈ Z.
If we consider its only non-trivial stalk, we get a map

Hi(F•)x ⊗ k(x) −→ Hi(F•x ⊗ k(x)),

which turns out to be injective. Indeed, if s ⊗ λ 7→ 0, then s ⊗ λ lies in the
image of di−1

x ⊗ k(x), say s⊗ λ = di−1
x t⊗ λ′. It follows that(

s− λ′

λ
di−1
x t

)
⊗ λ = s⊗ λ− di−1

x t⊗ λ′ = 0,

so that s− λ′

λ d
i−1
x t ∈ mx ker(dix) and thus

s⊗ λ =
λ′

λ
di−1
x t⊗ λ+ s− λ′

λ
di−1
x t⊗ λ = 0 + 0 = 0.

By assumption, for every closed point x ∈ X, it holds that the sheaf Hi(F•⊗
Ox) is non-zero only if r = 0, hence Hr(F•)⊗Ox is trivial for r 6= 0. By the
argument at the start of this proof, this shows Hr(F•) 6= 0 only if r = 0, so
F• is quasi-isomorphic to the coherent sheaf F := H0(F•).

Now, the quasi-isomorphism of complexes F ⊗Ox ∼= F• ⊗Ox ∼= Onx yields an
isomorphism F ⊗ Ox ∼= Onx , where ⊗ is the usual tensor product of sheaves.
Considering stalks of this isomorphism for all closed points x, we find the
dimension function ϕ : x 7→ dimk(x)(Fx ⊗ k(x)) is constant on closed points.
Because X is quasi-projective over k and ϕ is upper semi-continuous, this
function is constant everywhere and therefore F is locally free of rank n.

Lemma 5.14 ([1, Lemma 3.1.10]). Let X be a projective variety and F• ∈
Dperf(X). Then F• is quasi-isomorphic to a shift of a locally-free sheaf if and
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only if there exist integers m,n ∈ Z with m ≥ 0 such that for each closed point
x ∈ X it holds that

Hom(F•,Ox[j]) ∼=

{
k(x)m if j = n

0 otherwise.

Proof. If F• ∼= F [n] is a shift of a locally free sheaf of rank m, then F∨ has
rank m as well and thus F∨ ⊗Ox ∼= Omx . It follows that

Hom(F•,Ox[j]) ∼= Hom(OX ,F∨ ⊗Ox[j − n]) ∼= Hom(OX ,Omx [j − n]),

for all closed points x ∈ X. The latter group is non-trivial only when j = n
and in this case it is isomorphic to k(x)m.

Conversely, suppose the conditions on the Hom-sets hold. Let i denote the
inclusion of x into X. Because F• is perfect, we get

Hom(F•,Ox[j]) ∼= Hom(i∗F•,OSpec(k(x))[j]) ∼= Hom(OSpec(k(x)), i
∗F•,∨[j]).

The latter group is RjΓ(Spec(k(x)), i∗F•,∨), so Γ(Spec(k(x)), i∗F•,∨) is con-
centrated in degree n. The global sections functor is an exact equivalence on
affine schemes, with inverse given by taking the associated sheaf of modules.
This means Γ: Db

coh(Spec(k(x)))→ Db(veck(x)) is an equivalence as well. Now
Γ(Spec(k(x)), i∗F•,∨) is quasi-isomorphic to k(x)m concentrated in degree n
and taking the associated sheaf of modules shows i∗F•,∨ is quasi-isomorphic
to OmSpec(k(x))[−n]. Finally, by the projection formula,

F•,∨ ⊗Ox ∼= i∗(i
∗F•,∨ ⊗OSpec(k(x))) ∼= i∗i

∗F•,∨ ∼= Omx [−n],

so that the previous lemma applies to F•,∨[n], showing F•,∨ is quasi-isomorphic
to a locally free sheaf in degree −n.

Corollary 5.15 ([1, Lemma 3.1.10]). If the closed point functors on Dperf(X)
are precisely the shifts of the sheaves Ox for closed points x ∈ X, then the
locally free objects of Dperf(X) are precisely the shifts of the locally free sheaves
on X.

We are now ready to begin the proof of the reconstruction theorem. The proof
will be clearly divided into multiple steps.

Proof of Theorem 5.2. Let Φ: Dperf(X) → Dperf(Y ) be an equivalence. First
we show that the closed point functors on Dperf(Y ) are precisely the shifts of
the sheaves Oy for closed points y ∈ Y . For a scheme Z for which Dperf(Z) has
a Serre functor, we write P (Z) ⊂ Db

coh(X) for the set of closed point functors
on Dperf(Z). By Proposition 5.8, the set P (X) is in bijection with the set
of shifts of sheaves Ox for closed points x ∈ X. In particular, for any two
P,Q ∈ P (X), it holds that either Hom(P,Q[i]) = 0 for all i, or P = Q[j] for
some j.
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If Φ−1 denotes an inverse to Φ, then the functor Φ◦SX ◦Φ−1 is a Serre functor
on Dperf(Y ). Because the Serre functor commutes with k-linear equivalences,
the notion of closed point functors is invariant under our equivalence, meaning
Φ bijects P (X) with P (Y ). This also means that for two closed point functors
P,Q ∈ P (Y ) either all Ext-groups between them are trivial, or one is a shift
of the other. Take P ∈ P (Y ), and let y ∈ Y be a closed point in the support
of the top cohomology group of P, which lies in degree m, say. There is a
morphism P → Oy[−m], so it immediately follows that P is a shift of Oy, as
desired.

Now we will prove that the map induced by Φ on the underlying topological
spaces of closed points is an homeomorphism. The varieties X and Y are
determined by their subsets of closed points, so this will show X and Y are
homeomorphic as topological spaces. Let L0 denote a choice of invertible sheaf
onX, which is a locally-free object of rank 1 by Corollary 5.15. We write P (L0)
for the set of closed point functors P such that Hom(L0,P) 6= 0. Note that
this set bijects with the closed points of X, because Hom(L0,P[j]) = 0 for
all P ∈ P (L0) and all j 6= 0. Applying Φ, we see P (L0) is sent bijectively to
the set of closed point functors P for which Hom(Φ(L0),P) 6= 0, that is, to
P (Φ(L0)). Because Φ sends closed point functors to closed points functors, it
also sends locally-free objects to locally-free objects, so the P (Φ(L0)) bijects
with the closed points of Y and we get a bijection between the closed points
of X and the closed points of Y .

Let F (L0) denote the set of locally-free objects F in Dperf(X) such that
Hom(F ,P) 6= 0 for all P ∈ P (L0). For F ,F ′ ∈ F (L0) and α ∈ Hom(F ,F ′),
we define Zα to be the subset of closed points x ∈ X for which the induced
map

Hom(F ′,P) −→ Hom(F ,P)

is zero. Because X has enough finite locally-free sheaves, it turns out that
every closed subset of X is among the Zα. Indeed, let Z be a closed subset
of X, cut out by an ideal sheaf I. Then I is coherent, because X is a variety
and there exists an epimorphism F → I with F finite locally-free. Composing
with the inclusion I ↪→ OX , we get a morphism α : F → OX .

Let us show Z = Zα. Recall that for any closed point x ∈ X and all complexes
F ∈ Db

coh(X) we have Hom(F ,Ox) = Hom(Fx, k(x)). Hence, this is a local
question, so suppose Spec(A) ⊂ X is some affine open subset trivializing F .
We are set with a closed subset Z ⊂ Spec(A) cut out by a finitely generated
ideal I ⊂ A and an epimorphism An → I. The epimorphism An → I really is
a collection a1, . . . an of generators of I. The induced morphism of Hom-sets
for An → A becomes

A/mx
∼= Hom(A,A/mx)→ Hom(An, A/mx) ∼= (A/mx)n,

where mx is the maximal ideal corresponding to the closed point x and this
map is given by 1 7→ (a1, . . . , an). Clearly, this is trivial if and only if each ai
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is contained in mx, that is, if and only if (a1, . . . , an) ⊂ mx. So, this is exactly
the closed subset V ((a1, . . . , an)) cut out by the ideal generated by the ai. But
this ideal is just I, so we are done.

On Y , we have the analogous subset F (Φ(L0)), and Φ induces a bijection
F (L0) → F (Φ(L0)). As Φ induces bijections on Hom-sets, we see that our
bijection on closed points sends Zα precisely to ZΦ(α), from which it follows
that it is a homeomorphism. In particular, the dimensions of X and Y are
equal, given by d ∈ Z≥0.

If V is a projective variety together with a line bundle L, then L is ample if
and only if the subsets Zα for α ∈ Hom(L⊗i,L⊗j) with i ≥ j form a basis of
closed sets for the topology on the set of closed points of V . The proof of this
fact can be found below. We can not directly use this fact, because Φ does
not commute with tensor products in general, so we need something more.
Because Φ sends locally-free objects to locally-free objects, and also preserves
rank, it sends OX to a shift of a line bundle. We know that the restriction
of Φ to Dperf(X) commutes with the Serre functors SX and SY , which are
given by tensoring by the dualizing complex. Twisting Φ by Φ(OX)∨, we may
assume Φ sends OX to OY . We see that

Φ(ωX [d]) = Φ(SX(OX)) ∼= SY (Φ(OX)) = SY (OY ) = f !
YOSpec(k),

hence the dualizing complex f !
YOSpec(k) of Y is a shift of an invertible sheaf,

so Y is Gorenstein. As Y also has dimension d, its dualizing complex is
concentrated in degree −d, so say ωX [d] is sent to ωY [d]. Then furthermore,
because ωX = SX(OX)[−d], we may compute

Φ(ω⊗iX ) = Φ(([−d] ◦ SX)i(OX)) ∼= ([−d] ◦ SY )i(Φ(OX)) = ω⊗iY

and we see that ωY is ample or anti-ample, matching ωX .

We are done if we can show that the two canonical algebras
⊕

n∈ZH
0(X,ω⊗nX )

and
⊕

n∈ZH
0(Y, ω⊗nY ) are isomorphic. Indeed, by projectivity, both X and Y

are isomorphic to the Proj of the top or bottom half of the respective algebras,
depending on whether the canonical bundle is ample or anti-ample. Note that

H0(X,ω⊗nX ) ∼= Hom(OX , ω⊗nX ) ∼= Hom(OY , ω⊗nY ) ∼= H0(X,ω⊗nY ),

where the middle isomorphism is applying Φ. For m,n ∈ Z, we can interpret
the product of two sections s ∈ H0(X,ω⊗nX ) and t ∈ H0(X,ω⊗mX ) as a compo-
sition s ◦ t, where we consider s to be the unique morphism ω⊗mX → ω⊗n+m

X it
defines. In this way, we see that Φ induces an isomorphism⊕

n∈Z
H0(X,ω⊗nX ) −→

⊕
n∈Z

H0(Y, ω⊗nY )

not just of graded k-vector spaces, but of graded k-algebras.
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If we leave out the assumption on projectivity in the following, then we have
stated a result found in [10], but we have no need for the general statement.

Lemma 5.16. Let X be a projective k-variety, together with a line bundle
L on X. Then L is ample if and only if the sets Zα defined above for α ∈
Hom(L⊗i,L⊗j) with i ≥ j form a basis of closed sets for the Zariski topology
on the set of closed points of X.

Proof. Before we begin the proof, note that a morphism α : L⊗i → L⊗j is
given by multiplication by a global section s ∈ Γ(X,L⊗j−i). Considered this
way, for a closed point x ∈ X, the morphism

Hom(L⊗j ,Ox) −→ Hom(L⊗i,Ox)

is simply given by pre-multiplying by the residue class sx of the stalk. Because
there are natural isomorphisms Hom(L′,Ox) ∼= Hom(OX,x,Ox) ∼= k(x) for any
invertible sheaf L′, the induced map is just multiplication by αx ∈ k(x), so we
find Zα is precisely the vanishing locus of the section s.

First suppose L is ample. Let Z be a closed subset of X, cut out by an
ideal sheaf I. Then I is coherent, because X is a variety, hence I ⊗ L⊗r is
generated by global sections for some r. This yields an epimorphism OnX →
I ⊗ L⊗r, which we twist to an epimorphism (L⊗−r)n → I. Composing with
the inclusion I ↪→ OX , we get a morphism α : (L⊗r)n → OX . Like in the
proof above, one shows Z = Zα. To finish up, note that α is a direct sum of
n maps αi : L⊗r → I and subsequently that Zα is the intersection of the Zαi .

Conversely, say the Zα form a basis of closed sets. We show that for every
coherent sheaf F and any r � 0, the sheaf F ⊗ L⊗r is generated by global
sections. Pick a trivializing open cover X =

⋃
i Ui for L of affines Ui. By

assumption on L, there exist morphisms αij between tensor powers of L such
that Ui =

⋃
j Uij , where Uij = Zαij . By the discussion at the start of this

proof, the Uij are the non-vanishing loci in X of sections sij . Because Uij is
contained in U , it is just the non-vanishing locus of sij |U in U , which is affine.
The open sets Uij cover X, so we may choose a finite subcover. The result
of all this is a finite trivializing cover X =

⋃
i Ui for L of open affines Ui,

each of which is the non-vanishing locus of a global section si of an invertible
sheaf L⊗ri . Replacing si by its r−1

i

∏
j rj-th tensor power, we may assume the

powers ri are all equal to r :=
∏
j rj .

Each module F(Ui) is finitely generated, say by elements aij . The usual
arguments on extending local sections on non-vanishing loci show that there
exist integers eij such that s

⊗eij
i ⊗aij extends to a global section of L⊗eijr⊗F ,

see for example [8, Lemma II.5.14]. For any e ≥ maxij{eij}, we see sei ⊗ aij
all extend to global sections of L⊗er ⊗ F . Note that for each i, the sections
sei ⊗aij still form a generating set. Indeed, because si does not vanish on Ui, it
is an invertible element of L(Ui). This shows L⊗er ⊗F is generated by global
sections for e� 0, hence L⊗r is ample and therewith L is ample itself.
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6 Relatively Perfect Complexes and Fourier-Mukai
Transforms for Projective Gorenstein Schemes

Throughout this section, we will leave out the superscript • from the objects
of the derived categories we consider. This should not lead to any confusion,
because we do not use the more concrete description of an object F ∈ D(X)
as a complex.

6.1 Relatively perfect complexes

In this whole subsection f : X → Y will be morphism of projective sche-
mes over a field k. If C is a triangulated category, we will write [−,−]
for HomC(−,−) and leave the subscript C implicit. We will also leave the
subscripts on coproducts and direct sums implicit, when no confusion is pos-
sible. We only prove the results we need in the sequel and refer to [1] for a
more extensive account of the theory of relative perfection.

Definition 6.1. A complex E ∈ D(X) is called f -perfect or perfect relative to
f if f∗(E ⊗ −) : D(X)→ D(Y ) sends perfect objects to perfect objects.

Example 6.2. The perfect complexes of D(X) are precisely the idX -perfect
objects. Any tensor product of perfect complexes is perfect and conversely,
we easily see E ∼= idX,∗(E ⊗ OX) is perfect.

Example 6.3. If E ∈ D(X) is f -perfect, then for any perfect complex G, the
tensor product E ⊗G is also f -perfect. This follows from the fact that a tensor
product of perfect complexes is perfect.

In the next section, we are going to need a way to prove some complexes are
perfect relative to some morphism f . Simply checking f∗(E ⊗−) is perfect for
all perfect complexes can be too difficult and we would like to only have to
check complexes of a certain nice form. The following lemma, which summa-
rizes an argument used in the proof of [1, Lemma 4.2.17], lightens our burden
greatly.

Lemma 6.4. Suppose Ω ⊂ Dperf(X) generates Dperf(X). Then an object
E ∈ D(X) is f -perfect if and only if f∗(E ⊗ −) sends every element of Ω to a
perfect complex.

Proof. The only if part is obvious, so assume f∗(E ⊗ −) sends the objects in
Ω to perfect objects. Let D ⊂ Dperf(X) be the full subcategory of objects F
such that f∗(E ⊗ F) is perfect. By assumption we have Ω ⊂ D, so we just
have to show D is a thick triangulated subcategory, so that we can use Theo-
rem 1.12. Because f∗(E ⊗ −) is a triangulated functor and Dperf(Y ) ⊂ D(Y )
is a triangulated subcategory, it follows immediately that D is triangulated as
well. To show D is thick, suppose A⊕B ∈ D. The pushforward f∗ commutes
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with direct sums, so

f∗(E ⊗ (A⊕ B)) ∼= f∗(E ⊗ A⊕ E ⊗ B) ∼= f∗(E ⊗ A)⊕ f∗(E ⊗ B).

Because Dperf(Y ) is thick, it contains both summands, hence A,B ∈ D and
therewith D is thick.

Remark 6.5. Note that this proof generalizes directly to show the following
statement. Let F : C → C′ be a triangulated functor which commutes with
finite direct sums. Suppose Ω ⊂ C is a set of objects and D ⊂ C is the smallest
thick triangulated subcategory containing Ω. Furthermore, suppose D′ ⊂ C′
is any thick triangulated subcategory. Then F sends D into D′ if and only if
it sends Ω into D′.

Lemma 6.6 ([1, Lemma 4.2.3]). Let F : C → S be a functor of triangulated
categories, where C is compactly generated. Suppose F commutes with copro-
ducts and let G : S → C be its right-adjoint. Then G commutes with coproducts
if and only if F takes a generating set of compact objects to compact objects.

Proof. First, assume G commutes with coproducts. If A ∈ C is compact, then
for any coproduct

∐
Bi in S, we have natural isomorphisms⊕

[F (A), Bi] ∼=
⊕

[A,G(Bi)] ∼= [A,
∐

G(Bi)]

∼= [A,G(
∐

Bi)] ∼= [F (A),
∐

Bi],

showing F (A) is compact. For the reverse implication, suppose Ω is a set of
compact generators and that F (A) is compact for each A ∈ Ω. For any A ∈ Ω
and any coproduct

∐
Bi ∈ S, we can reorder the above chain of isomorphisms

to get

[A,
∐

G(Bi)] ∼= [A,G(
∐

Bi)]

and this shows the natural map
∐
G(Bi) → G(

∐
Bi) is an isomorphism by

Lemma 1.10.

Corollary 6.7 ([1, Lemma 4.2.2]). A complex E ∈ D(X) is f -perfect if and
only if Hom•(E , f !−) commutes with coproducts.

Proof. BecauseHom•(E ,−) is right-adjoint to E⊗−, the functorHom•(E , f !−)
is right-adjoint to f∗(E ⊗ −). The corollary is now just a combination of the
previous two lemmas and the fact that the compact objects of D(X) are pre-
cisely the perfect complexes.

Let us inspect the adjunction f∗(E⊗−) a Hom•(E , f !−) a bit more thoroughly.
The counit yields a natural map

f∗(E ⊗Hom•(E , f !G)) −→ G
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for every G ∈ D(Y ). Tensoring this withH ∈ D(Y ), the left-hand side becomes
isomorphic to

f∗(E ⊗Hom•(E , f !G))⊗H ∼= f∗(E ⊗Hom•(E , f !G)⊗ f∗H)

and the resulting morphism

f∗(E ⊗Hom•(E , f !G)⊗ f∗H) −→ G ⊗H

transposes to a natural morphism

Hom•(E , f !G)⊗ f∗H −→ Hom•(E , f !(G ⊗H)).

Lemma 6.8 ([1, Lemma 4.2.5]). If E ∈ D(X) is f -perfect, then the natural
map

Hom•(E , f !G)⊗ f∗H −→ Hom•(E , f !(G ⊗H))

is an isomorphism for any G,H ∈ D(Y ).

Proof. We show that for every G ∈ D(Y ), these natural maps form an isomor-
phism of functors

Hom•(E , f !G)⊗ f∗− =⇒ Hom•(E , f !(G ⊗ −)).

As ⊗ and f∗ are right-exact functors, they commute with arbitrary colimits
and indeed with coproducts. By the corollary above, the functorHom•(E , f !−)
commutes with coproducts as well, hence the two functors above both com-
mute with coproducts. By Proposition 3.19, both functors have right-adjoints
and thus Lemma 1.11 applies, hence we are done if we can show that

Hom•(E , f !G)⊗ f∗H −→ Hom•(E , f !(G ⊗H))

is an isomorphism for H perfect. First, note that for arbitrary F ∈ D(X) we
have natural isomorphisms

[(f∗H)∨,F ] ∼= [OX , f∗H⊗F ] ∼= [OY , f∗(F ⊗ f∗H)]
∼= [H∨, f∗F ] ∼= [f∗(H∨),F ],

so that (f∗H)∨ is naturally isomorphic to f∗(H∨).

For arbitrary F ∈ D(X), there are natural isomorphisms

[F ,Hom•(E , f !G)⊗ f∗H] ∼= [F ⊗ (f∗H)∨,Hom•(E, f !G)]
∼= [f∗(E ⊗ F ⊗ f∗(H∨),G]
∼= [f∗(E ⊗ F)⊗H∨,G]
∼= [f∗(E ⊗ F),G ⊗H]

∼= [F ,Hom•(E , f !(G ⊗H))].

The map from the first group to the last is induced by the morphism we wanted
to show is an isomorphism, so the proof is complete by the Yoneda lemma.
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Lemma 6.9 ([1, Lemma 4.2.6]). If E is f -perfect, then the two functors
f∗Hom•(E, f !−) and Hom•(f∗E,−) are isomorphic.

Proof. For any F ,G ∈ D(Y ), we have natural isomorphisms

[F , f∗Hom•(E , f !G)] ∼= [f∗F ,Hom•(E , f !G)] ∼= [f∗(E ⊗ f∗F),G]
∼= [f∗E ⊗ F ,G] ∼= [F ,Hom•(f∗E ,G)],

so the Yoneda lemma completes the proof.

Lemma 6.10 ([1, Lemma 4.2.7]). If E is f -perfect, then so is Hom•(E , f !F)
for any F ∈ Dperf(Y ).

Proof. We have to show f∗(Hom•(E , f !F)⊗−) takes perfect objects to perfect
objects. If G is perfect, then so is Hom•(G,OX), so E ⊗ Hom•(G,OX) is still
f -perfect. The above lemma yields

f∗(Hom•(E , f !F)⊗ G) ∼= f∗Hom•(E ⊗Hom•(G,OX), f !F)
∼= Hom•(f∗(E ⊗Hom•(G,OX)),F).

Because E is f -perfect, the complex f∗(E ⊗Hom•(G,OX)) is perfect, hence so
is the last complex in the chain of isomorphisms.

Hence the functor Hom•(−, f !OY ) restricts to an endofunctor on the full
subcategory of f -perfect objects in D(X). It turns out that this is an in-
volution.

Lemma 6.11 ([1, Lemma 4.2.9]). If E is f -perfect, then the natural morphism

ν : E −→ Hom•(Hom•(E , f !OY ), f !OY )

is an isomorphism.

Proof. For any F , the complex E ⊗ F is still f -perfect, so

f∗Hom•(Hom•(E , f !OY ), f !OY )⊗F ∼= f∗Hom•(Hom•(E ⊗ F , f !OY ), f !OY )
∼= Hom•(Hom•(f∗(E ⊗ F),OY ),OY )

by a twofold application of Lemma 6.9 together with the previous lemma.
Because f∗(E ⊗F) is perfect, the natural morphism from it to the complex at
the end above is an isomorphism. This shows that f∗(ν⊗F) is an isomorphism
for every perfect F .

Let K be the third vertex of a completion of ν to an exact triangle. Then
f∗(K ⊗F) is zero for every perfect object F . Applying [OY ,−], we find

0 = [OY , f∗(K ⊗F)] ∼= [OX ,K ⊗F ] ∼= [Hom•(F ,OX),K]

and because Hom•(−,OX) is an involution on Dperf(X), we see [G,K] = 0 for
every perfect object G, hence K = 0 and therewith ν is an isomorphism.
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Lemma 6.12 ([1, Lemma 4.2.10]). If E is f -perfect, then f∗(Hom•(E , f !OY )⊗
−) is left-adjoint to E ⊗ f∗−.

Proof. A simple computation yields for every F ∈ D(X) and every G ∈ D(Y ):

[F , E ⊗ f∗G] ∼= [F ,Hom•(Hom•(E , f !OY ), f !OY )⊗ fG ]

∼= [F ,Hom•(Hom•(E , f !OY ), f !G)]

∼= [f∗(Hom•(E , f !OY )⊗F),G].

6.2 Fourier-Mukai Transforms

Again, throughout this subsection, we will mean X and Y to be projective k-
schemes. Let p, q denote the projections from X×Y to X and Y respectively.

Definition 6.13. Let E ∈ D(X × Y ). The functor

ΦX→Y
E : D(X)→ D(Y )

F 7→ q∗(E ⊗ p∗F)

is called the Fourier-Mukai transform with kernel E . When no confusion is
possible, the superscript X → Y is left implicit.

Some authors choose instead to call these functors integral transforms and
reserve the name Fourier-Mukai transform for an integral transform which is
also an equivalence. We simply call these Fourier-Mukai transforms which are
also equivalences, or sometimes Fourier-Mukai equivalences.

Example 6.14. Let f : X → Y be any morphism. The graph Γ of f is the
scheme theoretic image of the morphism (id, f) : X → X × Y . Its structure
sheaf OΓ = (id, f)∗OX is a coherent OX×Y -module, so we may consider the
Fourier-Mukai transform D(X) → D(Y ) with kernel OΓ. This functor sends
F ∈ D(X) to

q∗(OΓ ⊗ p∗F) ∼= q∗((id, f)∗OX ⊗ p∗F) ∼= q∗(id, f)∗(OX ⊗ (id, f)∗p∗F),

which is isomorphic to
f∗(OX ⊗F) ∼= f∗F .

So the Fourier-Mukai transform ΦX→Y
OΓ

is just f∗. The same kernel also defi-
nes a Fourier-Mukai transform D(Y ) → D(X) and one finds this is just f∗,
through the same computation as above. In particular, for f = id: X →
X, one obtains the diagonal Γ = ∆ and finds that the identity functor
Id: D(X)→ D(X) is a Fourier-Mukai transform with kernel O∆.
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Example 6.15. Suppose L is a line bundle on X. Then for any i ∈ Z, we
have an automorphism of D(X) given by twisting by L[i], which also turns
out to be a Fourier-Mukai transform. Indeed, let ι : X → X ×X denote the
diagonal embedding and let Φ be the Fourier-Mukai transform with kernel
ι∗L[i]. Again, the same computation as above shows Φ ∼= −⊗ L[i].

Example 6.16. The raison d’être of the Fourier-Mukai transform is the deri-
ved equivalence between Db

coh(A) and Db
coh(Â) for an abelian variety A. The

Fourier-Mukai transform was first defined by Mukai in [13] in 1981 and this
specific example of which he calls a Fourier functor, hence the now conventio-
nal name. He noted that the normalized Poincaré bundle P on A× Â supplies
a Fourier-Mukai transform which is an equivalence Db

coh(A)→ Db
coh(Â). This

is proved in [13, Theorem 2.2]. In contrast to the reconstruction theorem
we proved in Section 5, this is an example of two varieties which are derived
equivalent, but not isomorphic, at least if the dimension of A is greater than
1.

The categories we are really interested in are Db
coh(X) and Dperf(X), but we

can not be sure that a Fourier-Mukai transform Φ restricts to these categories
in general. Of course, if we take the kernel to be in Db

coh(X), then because any
pushforward restricts to the bounded derived category of coherent sheaves, we
find Φ does so as well. However, if we want Φ to be an equivalence, then
by Lemma 3.30, we see Φ would also have to restrict to the perfect derived
categories, which again, does not always work. The answer to these questions
on restrictions turns out to be a natural application of the theory developed in
the previous subsection. The following fact about the external tensor products
of ample invertible sheaves, which seems to be well-known throughout the
literature, will be useful.

Lemma 6.17. Let X and Y be quasi-projective k-schemes. Suppose LX and
LY are ample invertible sheaves on X and Y respectively. Then LX � LY is
an ample invertible sheaf on X × Y . The same holds if we replace ample by
very ample.

Proof. Choose r � 0 such that L⊗rX and L⊗rY are both very ample. We get
closed immersions iX : X ↪→ Pn and iY : Y ↪→ Pm such that i∗XOX(1) ∼= L⊗rX
and i∗XOX(1) ∼= L⊗rX . As O(1, 1) ∼= OPn(1) �OPm(1), we get

L⊗rX � L⊗rY ∼= i∗XOPn(1) � i∗YOPm(1) ∼= (iX × iY )∗O(1, 1)

and O(1, 1) is very ample, so L⊗rX � L⊗rY is as well. This shows LX � LY is
ample. For the statement on very ampleness, we just take r = 1.

We will need a technical lemma, the proof of which is found in [1, Lemma
4.2.19].

Lemma 6.18. Let X be a quasi-projective k-scheme and G ∈ D(X) and OX(1)
a choice of a very ample line bundle on X. Then there exists an N ≥ 0 such
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that G is bounded if and only if for all 0 ≤ j ≤ N , the groups Hom(OX(j),G[l])
are bounded in l.

Recall that p and q denote the projections of X × Y to X and Y respectively.

Lemma 6.19 ([1, Lemma 4.2.18]). Suppose E ∈ D(X × Y ) is a complex
of coherent sheaves. Then ΦE takes Db

coh(X) to Db
coh(Y ) if and only if E is

p-perfect.

Proof. If E is p-perfect, then p∗(E ⊗ −) takes perfect complexes to perfect
complexes. Its right pseudo-adjoint takes Db

coh(X) to Db
coh(X × Y ) and it

coincides with the right-adjoint Hom•(E , p!−). In particular, the complex
Hom•(E , p!OX) is a bounded complex of coherent sheaves. Similarly, the com-
plex Hom•(Hom•(E , p!OX), p!OX) is in Db

coh(X × Y ) as well, but this is just
E . Hence ΦE takes Db

coh(X) to Db
coh(Y ).

Conversely, if ΦE takes Db
coh(X) to Db

coh(Y ), then the lemma above shows
E ⊗ p∗− takes Db

coh(X) to Db
coh(X × Y ). Indeed, if OX(1) and OY (1) are

choices of very ample line bundles on X and Y , then the external tensor
product OX(1) �OY (1) is very ample and we compute for G ∈ Db

coh(X):

Hom(OX(j) �OY (j), E ⊗ p∗G[l]) ∼= Hom(q∗OY (j), E ⊗ p∗G(−j)[l])
∼= Hom(OY (j), q∗(E ⊗ p∗G(−j))[l]).

As q∗(E ⊗ p∗G(−j)) = ΦE(G(−j)) is bounded by assumption, it follows that
E ⊗ p∗G is bounded.

In particular, we find for every F ∈ Db
coh(X×Y ) and every G ∈ Db

coh(X) that

p∗(E ⊗ F ⊗ p∗G) ∼= p∗(E ⊗ F)⊗ G

has bounded cohomology. We wish to show P := p∗(E ⊗ F) is perfect. For
any closed point x ∈ X, the tensor product P ⊗Ox has bounded cohomology.
Replacing Px by a minimal free resolution, we see that Px ⊗ k(x) has trivial
differentials, so that Px has to be bounded. Hence P is locally quasi-isomorphic
to a perfect complex and the usual arguments show P is perfect, finishing the
proof.

Lemma 6.20 ([1, Lemma 4.2.17]). Let E ∈ D(X × Y ). Then ΦE takes
Dperf(X) to Dperf(Y ) if and only if E is q-perfect.

Proof. If E is q-perfect, then q∗(E ⊗ F) is perfect for any perfect F . As p∗

takes perfect complexes to perfect complexes, we see ΦE takes Dperf(X) to
Dperf(Y ).

Conversely, suppose ΦE takes perfect complexes to perfect complexes. As
OX(1) � OY (1) is an ample invertible sheaf on X × Y , the set {OX(j) �
OY (j)[l]}j,l∈Z forms a generating set. See Example 1.9 and Theorem 1.12.
Keeping in mind Lemma 6.4, we are done if we show that

q∗(E ⊗ (OX(j) �OY (j)))
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is perfect for each j, where we note that every functor in sight commutes with
translations. By the projection formula, we get

q∗(E ⊗ (OX(j) �OY (j))) ∼= q∗(E ⊗ p∗OX(j))⊗OY (j) = ΦE(OX(j))⊗OY (j),

which is a tensor product of two perfect complexes, hence it is perfect and the
proof is complete.

In the smooth case, a Fourier-Mukai transform Db
coh(X) → Db

coh(Y ) always
has a left- and a right-adjoint. If E is the kernel, then the adjoints have kernels

EL := E∨ ⊗ q∗ωY [dim(Y )] and ER := E∨ ⊗ p∗ωX [dim(X)],

respectively. Indeed, if F ∈ Db
coh(Y ) and G ∈ Db

coh(X), then

Hom(F , q∗(E ⊗ p∗G)) ∼= Hom(q∗F , E ⊗ p∗G) ∼= Hom(q∗F ⊗ E∨, p∗G)
∼= Hom(p∗G, q∗F ⊗ E∨ ⊗ ωX [n] � ωY [m])∗

∼= Hom(G, p∗(q∗F ⊗ E∨ ⊗ q∗ωY [m])⊗ ωX [n])∗

∼= Hom(p∗(q
∗F ⊗ E∨ ⊗ q∗ωY [m]),G)

and the right-adjointness is showed similarly. The crux of this computation is
the fact that E∨ ⊗− is left-adjoint to E ⊗ −, which does not hold up when E
is not perfect.

As it turns out, when E is p-perfect and q-perfect, then ΦE still has left- and
right-adjoints. Note that the objects EL and ER are relative duals to E , in a
sense. In the smooth case, they are isomorphic to

EL ∼= Hom•(E , p!OX) and ER ∼= Hom•(E , q!OY )

and these are the kernels we should consider in the non-smooth case. These
final three results summarize the parts we need from [1, Lemmas 4.2.20 -
4.2.23].

Lemma 6.21. If E ∈ D(X × Y ) is p-perfect, then ΦEL is left-adjoint to
ΦE : D(X)→ D(Y ).

Proof. There are natural isomorphisms

Hom(F ,ΦE(G)) = Hom(F , q∗(E ⊗ p∗G)) ∼= Hom(q∗F , E ⊗ p∗G)

∼= Hom(Hom•(E , p!OX)⊗ q∗F , p∗G)

∼= Hom(p∗(Hom•(E , p!OX)⊗ q∗F),G) ∼= Hom(ΦEL(F),G),

where we use Lemmas 6.10 and 6.11 for the second isomorphism.

Lemma 6.22. If E ∈ D(X × Y ) is q-perfect, then ΦER is right-adjoint to
ΦE : D(X)→ D(Y ).
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Proof. There are natural isomorphisms

Hom(ΦE(F),G) = Hom(q∗(E ⊗ p∗F),G) ∼= Hom(p∗F ,Hom•(E , q!G))

∼= Hom(p∗F ,Hom•(E , q!OY )⊗ q∗G)

∼= Hom(F , p∗(Hom•(E , q!OY )⊗ q∗G)) ∼= Hom(F ,ΦER(G)),

this time using Lemma 6.8 for the second isomorphism.

Lemma 6.23. If E ∈ D(X × Y ) is both p-perfect and q-perfect, then the
adjoints ΦEL and ΦER to ΦE both take Dperf(Y ) into Dperf(X) and Db

coh(Y )
into Db

coh(X).

Proof. As E is q-perfect, the functor ΦE takes Dperf(X) into Dperf(Y ), by
Lemma 6.20. The kernel EL is p-perfect because E is, so that ΦEL takes
Dperf(Y ) to Dperf(X) as well. Because the restriction of ΦEL to Db

coh(Y ) is
left pseudo-adjoint to an exact functor taking Dperf(X) into Dperf(Y ), it also
takes Db

coh(Y ) into Db
coh(X).

The proof of Lemma 6.19 shows ΦE takes Db
coh(X) into Db

coh(Y ) whenever E is
p-perfect. The rest of the proof is analogous to the above, so we are done.

7 Equivalence Results for Fourier-Mukai Transforms

The main goal of this section is to prove some conditions under which spe-
cific Fourier-Mukai transforms are fully faithful, or even equivalences. One
corollary of these results is going to be an example of two derived-equivalent
Gorenstein varieties which are non-isomorphic, extending the fact that for
smooth varieties, the derived category does not quite determine the variety.

7.1 Fully-faithful functors and equivalences

Suppose X and Y are projective Gorenstein varieties and that E ∈ D(X × Y )
is a kernel. Then the kernel EL for the potential left-adjoint can be simplified
as

Hom•(E , p!OX) ∼= Hom•(E , p!f∗XOSpec(k))

∼= Hom•(E , q∗f !
YOSpec(k)) ∼= Hom•(E , q∗ωY [n])

∼= E∨ ⊗ q∗ωY [n],

because ωY [n] is perfect, where n is the dimension of Y . A similar argument
shows ER ∼= E∨ ⊗ p∗ωX [m], where m is the dimension of X.
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Theorem 7.1 ([9, Proposition 7.6]). Suppose X and Y are projective Go-
renstein varieties and let E ∈ Db

coh(X × Y ) be such that the Fourier-Mukai
transform ΦE : Db

coh(X)→ Db
coh(Y ) is full and faithful. If

dim(X) = dim(Y ) and E ⊗ p∗ωX ∼= E ⊗ q∗ωY ,

where p and q are the projections to X and Y respectively, then ΦE is an
equivalence.

Proof. Dualizing both sides of the isomorphism and twisting by p∗ωX ⊗ q∗ωY ,
we get

E∨ ⊗ q∗ωY ∼= E∨ ⊗ p∗ωX
and if we shift this by the common dimension of X and Y , we get ER ∼= EL.
This shows the left- and right-adjoints of Φ are isomorphic. We are done by
the following proposition, where we know Db

coh(X) is indecomposable if and
only if X is connected, by [9, Proposition 3.10].

Proposition 7.2. Let F : C → C′ be a fully-faithful exact functor between
triangulated categories. Suppose C contains an object not isomorphic to 0 and
that C′ is indecomposable. Then F is an equivalence of categories if and only
if F has a left-adjoint G and a right-adjoint H such that for any object B ∈ C′
one has G(B) ∼= 0 if H(B) ∼= 0.

Proof. See [9, Proposition 1.54].

Keeping in mind Proposition 1.2, we will find it useful to identify a well-
behaved spanning class for Db

coh(X). Here, again, the closed points turn out
useful. The proof of the following is adapted from [9], accounting for our lack
of a Serre functor on Db

coh(X).

Proposition 7.3. Let X be a projective Gorenstein variety. Then the objects
Ox where x ∈ X ranges over the closed points form a spanning class for
Db

coh(X).

Proof. We have to show that for any non-trivial F• ∈ Db
coh(X) there exist

closed points x1, x2 ∈ X and integers i1, i2 such that

Hom(F•,Ox1 [i1]) 6= 0, Hom(Ox2 [i2],F•) 6= 0.

Let us first check the former. Choose m ∈ Z maximal such that H :=
Hm(F•) 6= 0 and let x ∈ supp(H) be a closed point. There exists an epi-
morphism i∗H → OSpec(k(x)) where i : {x} → X is the inclusion and this yields
a non-trivial morphism H → Ox by adjunction. Because the cohomology of
F• is non-trivial only in degrees ≤ m, the natural map τ≤mF• → F• is an
isomorphism. This gives us a morphism F• → τ≤mF•. The latter complex
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has a natural map to (the shift by −m of) its m-th cohomology, which is just
H. The resulting composition

F• −→ τ≤mF• −→ H[−m] −→ Ox[−m]

gives back the map H → Ox on m-th cohomology, so it is non-trivial.

To show the latter, remember that by Lemma 4.5, we have an isomorphism

Hom(Ox[i2],F•) ∼= Hom(F•∨, (Ox[i2])∨).

By Eq. (4.1), the dual of Ox[i2] is Ox[−n− i2], so we have reduced to finding
i′2 and x ∈ X such that

Hom(F•∨,Ox[i′2]) 6= 0.

If no such x and i′2 exist, then F•∨ is zero by the first part of this proof.
Because F• is reflexive, this shows F• ∼= 0, contradicting non-triviality of
F•.

Lemma 7.4. Let X and Y be projective Gorenstein varieties and suppose
F : Db

coh(X) → Db
coh(Y ) is a triangulated functor with a left-adjoint and a

right-adjoint. Then F is fully faithful if and only if for every closed point
x ∈ X the homomorphism

k(x) ∼= Hom(Ox,Ox) −→ Hom(F (Ox), F (Ox))

is bijective and for any two closed points x, y ∈ X and any i ∈ Z, the group
Hom(F (Ox), F (Oy)[i]) is trivial if either x 6= y or i 6= 0.

Proof. This is just a result of combining the proposition above with Proposi-
tion 1.2.

7.2 Products of Fourier-Mukai transforms

Throughout this subsection, we let X1, X2, Y1, Y2 be projective Gorenstein
varieties, and consider two Fourier-Mukai transforms ΦP1 : D(X1) → D(Y1)
and ΦP2 : D(X2)→ D(Y2), where P1 and P2 are both perfect over both factors.
Then P1 and P2 can both be represented by complexes of coherent sheaves,
so that then P1 � P2 is a complex of coherent sheaves as well. We can define
a Fourier-Mukai transform

ΦE : D(X1 ×X2)→ D(Y1 × Y2)

in a natural way by taking E = P1 � P2 ∈ Dcoh((X1 × X2) × (Y1 × Y2)). It
turns out that this functor acts very nicely on objects of the form F1 �F2 for
F1 ∈ D(X1) and F2 ∈ D(X2). To be precise, it holds that

ΦP1�P2(F1 � F2) = ΦP1(F1) � ΦP2(F2). (7.1)
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The proof of this is short, but it can be difficult to keep track of all the
morphisms involved. Let pi, qi denote the first and second projections of Xi×Yi
and let x1, x2 and y1, y2 denote the first and second projections of X1×X2 and
Y1 × Y2, respectively. For legibility, we write r1 := x1 × y1 and r2 := x2 × y2.
For i = 1, 2, both compositions xi ◦ (p1 × p2) and pi ◦ ri = pi ◦ (xi × yi) are
equal to the projection X1 ×X2 × Y1 × Y2 → Xi, hence

ΦP1�P2(F1 � F2) = (q1 × q2)∗((p1 × p2)∗(F1 � F2)⊗ (P1 � P2))
∼= (q1 × q2)∗((p1 × p2)∗(x∗1F1 ⊗ x∗2F2)⊗ (r∗1P1 ⊗ r∗2P2))
∼= (q1 × q2)∗(r

∗
1p
∗
1F1 ⊗ r∗2p∗2F2 ⊗ r∗1P1 ⊗ r∗2P2)

∼= (q1 × q2)∗(r
∗
1(p∗1F1 ⊗ P1)⊗ r∗2(p∗2F2 ⊗ P2))

∼= (q1 × q2)∗((p
∗
1F1 ⊗ P1) � (p∗2F2 ⊗ P2))

(∗) ∼= q1,∗(p
∗
1F1 ⊗ P1) � q2,∗(p

∗
2F2 ⊗ P2)

∼= ΦP1(F1) � ΦP2(F2),

where we use Lemma 2.5 for the isomorphism (∗).

Hence, the product Fourier-Mukai transform acts in a straightforward manner
on complexes of the form F � G. Next on our list is to show that ΦP1�P2

restricts to a functor

Db
coh(X1 ×X2)→ Db

coh(Y1 × Y2)

and further to a functor

Dperf(X1 ×X2)→ Dperf(Y1 × Y2).

For this, it is enough to show P := P1 �P2 is perfect relative to both p1 × p2

and q1 × q2, where pi, qi denote the projections of Xi × Yi onto the first and
second factor respectively. The following lemma makes quick work of this.

Lemma 7.5. Let f1 : X1 → Y1 and g1 : X2 → Y2 be morphisms of projective
schemes over a field k, together with fi-perfect complexes Ei for i = 1, 2. Then
E1 � E2 is f1 × f2-perfect.

Proof. Let OX1(1),OX2(1) denote choices of very ample sheaves on X1 and
X2. Because OX1(1)�OX2(1) is a very ample invertible sheaf, the set of tensor
powers {OX1(j)�OX2(j)[l]}j,l∈Z is a set of compact generators for D(X1×X2),
see Example 1.9 and Theorem 1.12. By Lemma 6.4, we are done if we can
show that

(f1 × f2)∗((E1 � E2)⊗ (OX1(j) �OX2(j)))

is perfect for each j. By Eq. (7.1), this is straightforward enough. We compute

(f1 × f2)∗((E1 � E2)⊗ (OX1(j) �OX2(j)))
∼= (f1 × f2)∗((E1 ⊗OX1(j)) � (E2 ⊗OX2(j)))
∼= f1,∗(E1 ⊗OX1(j)) � f2,∗(E2 ⊗OX2(j))
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which is an external tensor product of perfect complexes by fi-perfection of
Ei, hence it is perfect.

Before we can apply our developed machinery, we need to know that the
product of two projective varieties which are categorically Gorenstein is again
categorically Gorenstein. One can show this algebraically, using the fact that
for projective varieties, being Gorenstein and being categorically Gorenstein
are equivalent. However, we choose to take the categorical approach here,
which is much more enlightening.

Lemma 7.6. Let X and Y be projective k-schemes. If fZ : Z → Spec(k)
denotes the structure morphism for a k-scheme Z, then the dualizing complex
of X × Y is isomorphic to

f !
X×YOSpec(k)

∼= f !
XOSpec(k) � f !

YOSpec(k).

Proof. We have a Cartesian square

X × Y X

Y Spec(k)

p

q fX

fY

where fY is flat because k is a field and fX is proper because X is projective.
Hence Theorem 3.23 says q!f∗Y

∼= p∗f !
X . Adjoints compose, so that f !

X×Y
∼=

p!f !
X . The base change q is also proper, hence Theorem 3.24 applies and we

can compute

f !
X×YOSpec(k)

∼= q!f !
YOSpec(k)

∼= q!OY ⊗ q∗f !
YOSpec(k)

∼= q!f∗YOSpec(k) ⊗ q∗f !
YOSpec(k)

∼= p∗f !
XOSpec(k) ⊗ q∗f !

YOSpec(k)

∼= f !
XOSpec(k) � f !

YOSpec(k),

completing the proof.

Corollary 7.7. If X and Y are projective k-varieties which are categorically
Gorenstein, then X ×Y is categorically Gorenstein as well. If ωX and ωY are
the corresponding dualizing sheaves, then ωX � ωY is the dualizing sheaf for
X × Y .

Proof. Say X and Y have dimensions m and n respectively. Recall that the
dualizing complexes f !

XOSpec(k)
∼= ωX [m] and f !

YOSpec(k)
∼= ωY [n] of X and Y

are shifts of line bundles. Thus

f !
X×YOSpec(k)

∼= (ωX � ωY )[m+ n]
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is a shift of a line bundle as well, showing that

−⊗ f !
X×YOSpec(k)

restricts to the perfect derived categories and induces a Serre functor

Dperf(X × Y )→ Dperf(X × Y ).

We wish to understand the product X × Y by considering the closed points
of its factors X and Y . Unfortunately, if the base field k is not algebraically
closed, there are no points like (x, y) in X × Y in general, where x ∈ X and
y ∈ Y . In particular, the sheaves Oz for closed points z ∈ X × Y do not seem
useful right away. We do have the sheaves Ox�Oy, however, and it turns out
that these form a spanning class, as we will show shortly. We will find it useful
to first consider the supports of these coherent sheaves. Let us write p, q for
the projections to X and Y respectively. Noting that for any z ∈ X × Y it
holds that

(Ox �Oy)z ∼= (p∗Ox)z ⊗ (q∗Oy)z
and considering

(p∗Ox)z ∼= (Ox)p(z) ⊗OX,p(z)
OX×Y,z

and similar for (q∗Oy)z, we can conclude immediately that the support of
Ox � Oy consists of the points z ∈ X × Y such that p(z) = x and q(z) = y.
This means it is the intersection, at least as a topological space, of the fibers
{x} × Y and X × {y} in X × Y , which is just {x} × {y}. In turn, this is
isomorphic to

Spec(k(x))× Spec(k(y)) ∼= Spec(k(x)⊗ k(y)).

As x and y are closed points of k-varieties, the residue fields k(x) and k(y) are
finite extensions of k, thus the ring k(x)⊗k(y) is naturally a finite-dimensional
k-vector space. Because an ideal I ⊂ k(x)⊗k(y) is also a linear subspace, any
strict chain of ideals is finite, and it follows that k(x) ⊗ k(y) is Artinian. All
in all, this implies

supp(Ox �Oy) ∼= Spec(k(x)⊗ k(y)) (7.2)

is finite discrete.

Lemma 7.8. Let X and Y be projective Gorenstein varieties over a field k.
Then the collection of objects Ox�Oy ∈ Db

coh(X×Y ) for closed points x ∈ X
and y ∈ Y forms a spanning class.

Proof. The proof of this lemma is similar to the proof of Proposition 7.3. Let
F• be a bounded complex of coherent sheaves on X × Y . We have to find
closed points x1, x2 ∈ X and y1, y2 ∈ Y and integers i1, i2 ∈ Z such that

Hom(F•,Ox1 �Oy1 [i1]) 6= 0, Hom(Ox2 �Oy2 [i2],F•) 6= 0.
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If we take m ∈ Z maximal such that the coherent sheaf Hm(F•) is non-zero,
and choose z in its support, then we get a non-trivial morphismHm(F•)→ Oz.
Let x, y denote the images of z in X and Y respectively. Because X and Y
are projective, the projections are closed, so that x and y are closed points.
By the discussion above, the point z is an isolated point of the support Z of
Ox �Oy, hence Z \ {z} is still closed in X × Y . The subsets

U = (X × Y ) \ (Z \ {z}) and V = (X × Y ) \ {z}

form an open cover of X × Y . Restricting to U , both Ox � Oy|U and Oz|U
are supported precisely on z, so Lemma 5.9 yields a monomorphism Oz|U →
Ox � Oy|U . Restricting to V , the sheaf Oz|V is zero, so here we have a
monomorphism Oz|V → Ox � Oy|V as well. Both morphisms are trivial on
the intersection U ∩ V , simply because Oz is zero there, which means they
glue to a monomorphism Oz → Ox � Oy on X. We compose the morphism
Hm(F•)→ Oz we found earlier with this monomorphism and get a non-trivial
morphism

Hm(F•)→ Ox �Oy.

Like in the proof of Proposition 7.3, we can truncate F• and form the compo-
sition

F• −→ τ≤mF• −→ Hm(F•)[−m] −→ Ox �Oy[−m]

to get
Hom(F•,Ox �Oy[−m]) 6= 0,

finishing the first part of this proof.

We can apply the same reasoning to F•∨ to find closed points x ∈ X and
y ∈ Y and an integer m such that

Hom(F•∨,Ox �Oy[−m]) 6= 0.

In Corollary 7.7, we showed X × Y is (categorically) Gorenstein, so we get an
isomorphism

Hom((Ox �Oy[−m])∨,F•) ∼= Hom(F•∨,Ox �Oy[−m])

by Lemma 4.5. Finally, because

(Ox �Oy[−m])∨ ∼= (Ox �Oy)∨[m] ∼= O∨x �O∨y [m] ∼= Ox �Oy[m− dX − dY ]

by Eq. (4.1), where dX and dY are the dimensions of X and Y respectively,
we get

Hom(Ox �Oy[m− dX − dY ],F•) 6= 0,

so we are done.

From this, we can prove the following proposition. Recall that we had two
Fourier-Mukai transforms ΦP1 : Db

coh(X1) → Db
coh(Y1) and ΦP2 : Db

coh(X2) →
Db

coh(Y2), where each Pi is perfect over both Xi and Yi.
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Proposition 7.9. If the Fourier-Mukai transforms ΦP1 and ΦP2 are fully
faithful, then so is ΦP1�P2.

Proof. We will use Proposition 1.2. The existence of left- and right-adjoints is
ensured by Lemmas 6.21 and 6.22. By Eq. (7.1), we get ΦP1�P2(Ox1 �Ox2) ∼=
ΦP1(Ox1) � ΦP2(Ox2) for any two closed points x1 ∈ X1 and x2 ∈ X2. An
application of the Künneth formula Lemma 2.4 yields

Hom(Ox1 �Ox2 ,Oy1 �Oy2) ∼=
⊕
i+j=0

Hom(Ox1 ,Oy1 [i])⊗Hom(Ox2 ,Oy2 [j]),

the isomorphism from right to left being given by (ϕi ⊗ ψj) 7→
∑
ϕi � ψj . In

the following we write [A,B] := Hom(A,B) and Φx := Φ(Ox) for any point x,
with kernels for Φ as expected. The isomorphisms in the computation around
Eq. (7.1) are all natural and Φ is additive, hence the square

⊕
i+j=0

[Ox1 ,Oy1 [i]]⊗ [Ox2 ,Oy2 [j]] [Ox1 �Ox2 ,Oy1 �Oy2 ]

⊕
i+j=0

[Φx1 ,Φy1 [i]]⊗ [Φx2 ,Φy2 [j]] [Φx1 � Φx2 ,Φy1 � Φy2 ]

∼

Φ
Φ

∼

commutes. As both ΦP1 and ΦP2 are fully-faithful, the left-most arrow is
an isomorphism, ensuring the right-most is as well. Hence ΦP1�P2 induces
bijections

[Ox1 �Ox2 ,Oy1 �Oy2 ] ∼= [ΦP1�P2(Ox1 �Ox2),ΦP1�P2(Oy1 �Oy2)],

finishing the proof.

Theorem 7.10. If the Fourier-Mukai transforms ΦP1 and ΦP2 are equivalen-
ces, then so is ΦP1�P2.

Proof. We have already shown ΦP1�P2 is fully faithful. By Lemma 1.3, we
only have to show the left-adjoint to ΦP1�P2 is fully faithful as well. If we can
show that this left-adjoint is the Fourier-Mukai transform ΦQ1�Q2 , where Qi
is the kernel for the left-adjoint to ΦPi for i = 1, 2, then we are done. Indeed,
these left-adjoints are fully faithful because the ΦPi are equivalences, hence
the product ΦQ1�Q2 is fully faithful also.

Recall that the kernel for the left-adjoint of a Fourier-Mukai functor ΦP bet-
ween projective Gorenstein varieties X and Y is P∨⊗ q∗ωY [n], where n is the
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dimension of Y . We compute

Q1 �Q2 = (P∨1 ⊗ q∗1ωY1 [n1]) � (P∨2 ⊗ q∗2ωY2 [n2])
∼= r∗1(P∨1 ⊗ q∗1ωY1 [n1])⊗ r∗2(P∨2 ⊗ q∗2ωY2 [n2])
∼= r∗1P∨1 ⊗ r∗1q∗1ωY1 [n1]⊗ r∗2P∨2 ⊗ r∗2q∗2ωY2 [n2]
∼= r∗1P∨1 ⊗ (q1 × q2)∗y∗1ωY1 [n1]⊗ r∗2P∨2 ⊗ (q1 × q2)∗y∗2ωY2 [n2]
∼= r∗1P∨1 ⊗ r∗2P∨2 ⊗ (q1 × q2)∗ωY1×Y2 [n1 + n2]
∼= P∨1 � P∨2 ⊗ (q1 × q2)∗ωY1×Y2 [n1 + n2]
∼= (P1 � P2)∨ ⊗ (q1 × q2)∗ωY1×Y2 [n1 + n2],

where the pi and qi are the projections from Xi×Yi to Xi and Yi respectively,
the ri are the projections X1 × X2 × Y1 × Y2 → Xi × Yi and the yi are the
projections Y1×Y2 → Yi. Now, the final complex in this chain of isomorphisms
is precisely the kernel for the left-adjoint of ΦP1�P2 , so we are done.

We close off this section by highlighting a family of examples of two non-
smooth non-isomorphic projective Gorenstein varieties which are derived equi-
valent, which will be almost trivial with the machinery developed prior.

Proposition 7.11. Suppose k is a field. Let A be an abelian k-variety and
X a projective Gorenstein k-variety with singular locus consisting of a single
rational point. If A is not isomorphic to its dual Â, then A×X and Â×X are
non-isomorphic projective Gorenstein varieties and Db

coh(A×X) ∼= Db
coh(Â×

X).

Proof. The “non-isomorphic projective Gorenstein varieties”-part is quickly
proved. The singular loci of isomorphic varieties are isomorphic and in this
case they are A×Xsing

∼= A and Â×Xsing
∼= Â.

The Poincaré bundle P on A × Â supplies a derived equivalence Db
coh(A) →

Db
coh(Â), see [18, Proposition 2.4]. The structure sheaf O∆ of the diagonal

∆ ⊂ X×X gives the Fourier-Mukai transform Φ∆, which is isomorphic to the
identity functor. Hence, by Theorem 7.10, the functor

ΦP�O∆
: Db

coh(A×X) −→ Db
coh(Â×X)

is an equivalence.
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